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The specific sum rules in the theory of electrical double layer are formulat-
ed as the consequence of contact theorem. They concern the correlation
functions of electrolyte when one ion is located on the surface. A simple
interpretation of the obtained relations is given.
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to contribute this paper to the special issue
dedicated to the 70" anniversary of D. Henderson,
one of the true leaders in the liquid state theory.
We have had a pleasure and benefit of collaborating
with him during long time.

The contact theorem is one of the few exact results in the theory of electrical
double layer [1,2]. It is based on force balance consideration between the bulk pres-
sure and the force exerted by the fluid particles on the container wall. A formal
derivation of the contact theorem can be obtained by the direct integration of the
Yvon-Born-Green (YBG) equation [3]. For a restricted primitive model (RPM) elec-
trolyte at a uniformly charged flat hard wall, the contact theorem reduces to the
relation [1-3]
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where p (z = R/2) is the contact value of the density profile p(z) = p, (2)+p_(2), R
is the diameter of ions, k is the Boltzmann constant, 7" is the absolute temperature,
P is the bulk pressure of the electrolyte, ¢ is the solvent dielectric permittivity,
E is the electric field at contact related to the uniform surface charge of the wall
T =cE/4r.

The first term in relation (1) is connected with the contact theorem for non-
charged wall

k:Tp(z:g,E:O):P. (2)
The second term describes the effect of charged wall
R eE?
ETA =—F|=—
p(:=5E) =% )
where
p(z) = p(z, E =0)+ Ap(z, E). (4)

As the consequence of the contact theorem

Op(z=R/2) eE

TTE T W )
?p(z=R/2) £
kT—aE2 = (6)
9"p(z = R/2)
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SE" 0, for n>3 (7)

We can consider the Gouy-Chapman (GC) theory [4,5] as a simple example of the
theory within the framework of which the relation (3) is satisfied.
In GC approximation

(H)ra(e(-B)

where § = 1/(kT), p is bulk density of ions, e is elementary electrical charge,
VU (z = R/2) is electrostatic potential drop at the wall which satisfies the equation

sh (ge‘l/ (z _ g)) _ iﬁEe, ()

k = (47Be®e~1p)"/? is the Debye-Huckel parameter.
For the first derivative we have

Op(z=R/2) 2pPe 1 _ R\\ peE
9E  x (556‘1’ (Z_S)) = (10)

in accord with equation (5). For the second and for the higher derivatives we have
relations (6) and (7), respectively.
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In general the derivative [0"p (2 = R/2)]/OE™ can be treated as n-th response
of the electrolyte to the change of surface charge. This response can be expressed
explicitly in terms of correlation functions of (n+1) ions, one of which is fixed on the
wall. As a result, the relations (5)—(7) lead to the new special exact relations between
correlation functions of electrolyte near the wall. The analysis of such relations is
the subject of this paper.

The first, second and higher derivatives are connected with two, three and higher
structure functions

Sap(12) = 0a30(12)ps(2) + pa
Sapy(123) = 0apdp,0(12)6(23)p,

P5(2)hap(12),

hﬁv(23> + 50435(12)/0a(1)/0v(3)ha7(13)
has(12)

+ pa(1)ps(2)py(3)hasy (123), .. (11)

by the relations

ag_g) - _5Z/d2mgﬁE(2)saﬁ(12), (12)
a,Byy

IP1) _ (g > /dQ---/d(n+1)aWa2(2)-- W, (n+1)

oEm OF oF
a1...0n41
X Sayeeani (12 + 1), (14)
where
00, z < R/2,
Wal(z) =
—z2peEze™l, 2> R/2
the potential of interaction between surface and ions of species o, 2z, = —2z_ = 1;

1,2,... denote the coordinates of corresponding ions, [d2 = [dry, 0,5 — is the
Kroneker symbol, 6(12) is the corresponding d-function; hag(12), hag,(123) ... are
pair, triplet and higher correlation functions of ions.

Since OW,,(2)/OF = —z,eze™ !, the comparison (12)-(14) and (5)-(7) and the
application of local electroneutrality condition [6]

€z + Z@Zﬁ/dQﬂﬁ Vhap(12) =0 (15)




M.FE.Holovko, J.P.Badiali

leads to the following identities

P O (2 8) fon o)

R el
X pa(22)hags (21 = 5,7712,22) = B_ﬂ_a (16)

R R R
X /d@ (222 - 5) pa(22)hags (21 = 577712, 22) + ZZEPa (21 = 5)
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Forn > 3
"p(z=R/2 ef\"
(aEn /> — <?) 1212042Zan+1/d2/d(n+1)z2zn+l
o1
R
X Sal,ag ..... Qni1 (21 = E,QBTL—}-].) =0. (18)

The identities (16)—(18) are the main result of this paper. They follow directly from
the contact theorem and can be considered as specific sum rules for the correlation
functions electrolyte near the charged hard wall. The first of them was formulated
by Blum, Henderson et al [7] and has the following meaning.

R
¢S an (1= ) has (1 = /2,70 20) )
B

is the excess charge density relatively to the ion with the charge ez, located at the
surface at z; = R/2.

R R
eZnga (21 = E) /drg (22 — 5) hop (21 = R/2, 712, 22) p3(22)

B

can be considered as dipolar polarization of electrolyte related to the ion of species
a located at z; = R/2. Thus, the relation (16) means that the sum of dipolar
polarizations relatively to cation and anion located at the wall is equal to the surface
charge 7 = (eF)/(4m). For the noncharged surface both polarizations relatively to
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cation and anion have the same values but the opposite signs. As a result their sum
is equal zero.
The relation (17) includes the quadratic response of electrolyte

R
e ZZ[@Z,YSQ[QV (21 =5 2,3> ,
By

when the ion of species « is located on the wall and

R
e? Z zgzv/d2d3zgzgsam (21 =5 2, 3)
By

can be considered as quadrupolar polarization of electrolyte related to the ion of
species « located at z; = R/2. According to (17) the sum of the quadrupolar po-
larizations relatively to the cation and anion located at the wall is constantly equal
e /47 which does not depend on the wall charge. Such conclusion is the result of the
semi-infinity symmetry of electrical double layer.

Due to semi-infinity symmetry of electrical double layer the sum of octupolar
and higher polarizations of electrolyte relatively to cation and anion located at the
wall is equal to zero. This is the meaning of the relations (18).
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KoHTakTHa TeopemMa i npaBusa cym y Teopii
NOABINHOIO eJIEKTPUYHOro wapy

M.®d.lonosko !, X.-M.Bagjani?

IHCTUTYT Pi3nkm koHaeHcoBaHMx cuctem HAH Ykpainu,
79011 JIbBiB, Byn. CBEHUjUbKOrO, 1

JNabopaTtopis enekTpoximii Ta aHaniTUYHOI XiMii,
Buwa HauioHanbHa wkona ximii B Mapuxi,
YHiBepcuTeT M'epa i Mapi Kiopi,

®paHuig, Mapwx, syn.Mepa i Mapi Kiopi,11

OTpumaHo 19 kBiTHS 2005 p.

Ha OCHOBiI KOHTakTHOI TeopemMn ChOPMYJIbOBaHI cneundidHi npaswuna
CyM B TeOpii NOABIMHOIO eNeKTPUYHOro wapy. BoHn CToCcyoThCs KOpen-
AUINHMX QYHKLUI eNeKTPONITY, KON OAVH 3 iOHIB 3HAX0AUTbCS Ha NOBEP-
xHi. laHa npocTa iHTeprnpeTaLis OTPUMaHMX CNiBBIAHOLWEHb.

Knio4oBi cnoBa: po3y4yuH enekTpoiTy, NoOABIVIHWI LUap, KOHTaKTHa
Teopewma, ripaswia cym
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