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The specific sum rules in the theory of electrical double layer are formulat-
ed as the consequence of contact theorem. They concern the correlation
functions of electrolyte when one ion is located on the surface. A simple
interpretation of the obtained relations is given.
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with him during long time.

The contact theorem is one of the few exact results in the theory of electrical
double layer [1,2]. It is based on force balance consideration between the bulk pres-
sure and the force exerted by the fluid particles on the container wall. A formal
derivation of the contact theorem can be obtained by the direct integration of the
Yvon-Born-Green (YBG) equation [3]. For a restricted primitive model (RPM) elec-
trolyte at a uniformly charged flat hard wall, the contact theorem reduces to the
relation [1–3]

kTρ

(

z =
R

2

)

= P +
εE2

8π
, (1)

c© M.F.Holovko, J.P.Badiali 281



M.F.Holovko, J.P.Badiali

where ρ (z = R/2) is the contact value of the density profile ρ(z) = ρ+(z)+ρ
−
(z), R

is the diameter of ions, k is the Boltzmann constant, T is the absolute temperature,
P is the bulk pressure of the electrolyte, ε is the solvent dielectric permittivity,
E is the electric field at contact related to the uniform surface charge of the wall
τ = εE/4π.

The first term in relation (1) is connected with the contact theorem for non-
charged wall

kTρ

(

z =
R

2
, E = 0

)

= P. (2)

The second term describes the effect of charged wall

kT∆ρ

(

z =
R

2
, E

)

=
εE2

8π
, (3)

where
ρ(z) = ρ(z, E = 0) + ∆ρ(z, E). (4)

As the consequence of the contact theorem

kT
∂ρ (z = R/2)

∂E
=

εE

4π
, (5)

kT
∂2ρ (z = R/2)

∂E2
=

ε

4π
, (6)

∂nρ (z = R/2)

∂En
= 0, for n > 3. (7)

We can consider the Gouy-Chapman (GC) theory [4,5] as a simple example of the
theory within the framework of which the relation (3) is satisfied.

In GC approximation

ρ

(

z =
R

2

)

= ρ ch

(

βeΨ

(

z =
R

2

))

, (8)

where β = 1/(kT ), ρ is bulk density of ions, e is elementary electrical charge,
Ψ (z = R/2) is electrostatic potential drop at the wall which satisfies the equation

sh

(

β

2
eΨ

(

z =
R

2

))

=
1

2κ
βEe, (9)

κ = (4πβe2ε−1ρ)
1/2

is the Debye-Huckel parameter.
For the first derivative we have

∂ρ (z = R/2)

∂E
=

2ρβe

κ
sh

(

1

2
βeΨ

(

z =
R

2

))

=
βεE

4π
(10)

in accord with equation (5). For the second and for the higher derivatives we have
relations (6) and (7), respectively.
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In general the derivative [∂nρ (z = R/2)]/∂En can be treated as n-th response
of the electrolyte to the change of surface charge. This response can be expressed
explicitly in terms of correlation functions of (n+1) ions, one of which is fixed on the
wall. As a result, the relations (5)–(7) lead to the new special exact relations between
correlation functions of electrolyte near the wall. The analysis of such relations is
the subject of this paper.

The first, second and higher derivatives are connected with two, three and higher
structure functions

Sαβ(12) = δαβδ(12)ρβ(2) + ρα(1)ρβ(2)hαβ(12),

Sαβγ(123) = δαβδβγδ(12)δ(23)ργ(3)

+ δαγδ(13)ρβ(2)ργ(3)hβγ(23) + δαβδ(12)ρα(1)ργ(3)hαγ(13)

+ δβγδ(23)ρα(1)ρβ(2)hαβ(12)

+ ρα(1)ρβ(2)ργ(3)hαβγ(123), . . . (11)

by the relations

∂ρ(1)

∂E
= −β

∑

α,β

∫

d2
∂Wβ(2)

∂E
Sαβ(12), (12)

∂2ρ(1)

∂E2
= β2

∑

α,β,γ

∫

d2

∫

d3
∂Wβ(2)

∂E

∂Wβ(3)

∂E
Sαβγ(123), (13)

...

∂nρ(1)

∂En
= (−1)nβn

∑

α1...αn+1

∫

d2 · · ·

∫

d(n + 1)
∂Wα2

(2)

∂E
· · ·

∂Wαn+1
(n + 1)

∂E

× Sα1···αn+1
(12 · · ·n + 1), (14)

where

Wα(z) =

{

∞, z < R/2,

−zαeEzε−1, z > R/2

the potential of interaction between surface and ions of species α, z+ = −z
−

= 1;
1, 2, . . . denote the coordinates of corresponding ions,

∫

d2 =
∫

dr̄2, δαβ – is the
Kroneker symbol, δ(12) is the corresponding δ-function; hαβ(12), hαβγ(123) . . . are
pair, triplet and higher correlation functions of ions.

Since ∂Wα(z)/∂E = −zαezε−1, the comparison (12)–(14) and (5)–(7) and the
application of local electroneutrality condition [6]

ezα +
∑

β

ezβ

∫

d2ρβ(2)hαβ(12) = 0 (15)
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leads to the following identities

∂ρ (z = R/2)

∂E
=

eβ

ε

∑

αβ

zβρα

(

z1 =
R

2

)
∫

dr̄2

(

z2 −
R

2

)

× ρβ(z2)hαβ

(

z1 =
R

2
, r̄12, z2

)

= β
εE

4π
, (16)

∂2ρ (z = R/2)

∂E2
= β

ε

4π
=

e2β2

ε2

[

1

2
R

∑

αβ

zαzβρα

(

z1 =
R

2

)

×

∫

dr̄2

(

2z2 −
R

2

)

ρβ(z2)hαβ

(

z1 =
R

2
, r̄12, z2

)

+
∑

αβ

z2

βρα

(

z1 =
R

2

)

×

∫

dr̄2z
2

2ρβ(z2)hαβ

(

z1 =
R

2
, r̄12, z2

)

+
∑

αβγ

zβzγρα

(

z1 =
R

2

)

×

∫

dr̄2

∫

dr̄3z2z3ρβ(z2)ργ(z3)hαβγ

(

z1 =
R

2
, z2, z3, r̄12, r̄23

)

]

. (17)

For n > 3

∂nρ (z = R/2)

∂En
=

(

eβ

ε

)n
∑

α1···αn+1

zα2
· · · zαn+1

∫

d2 · · ·

∫

d(n + 1)z2 · · · zn+1

× Sα1,α2,...,αn+1

(

z1 =
R

2
, 23 · · ·n + 1

)

= 0. (18)

The identities (16)–(18) are the main result of this paper. They follow directly from
the contact theorem and can be considered as specific sum rules for the correlation
functions electrolyte near the charged hard wall. The first of them was formulated
by Blum, Henderson et al [7] and has the following meaning.

e
∑

β

zβρα

(

z1 =
R

2

)

hαβ (z1 = R/2, r̄12, z2) ρβ(z2)

is the excess charge density relatively to the ion with the charge ezα located at the
surface at z1 = R/2.

e
∑

β

zβρα

(

z1 =
R

2

)
∫

dr̄2

(

z2 −
R

2

)

hαβ (z1 = R/2, r̄12, z2) ρβ(z2)

can be considered as dipolar polarization of electrolyte related to the ion of species
α located at z1 = R/2. Thus, the relation (16) means that the sum of dipolar
polarizations relatively to cation and anion located at the wall is equal to the surface
charge τ = (εE)/(4π). For the noncharged surface both polarizations relatively to
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cation and anion have the same values but the opposite signs. As a result their sum
is equal zero.

The relation (17) includes the quadratic response of electrolyte

e2
∑

βγ

zβzγSαβγ

(

z1 =
R

2
, 2, 3

)

,

when the ion of species α is located on the wall and

e2
∑

βγ

zβzγ

∫

d2d3z2z3Sαβγ

(

z1 =
R

2
, 2, 3

)

can be considered as quadrupolar polarization of electrolyte related to the ion of
species α located at z1 = R/2. According to (17) the sum of the quadrupolar po-
larizations relatively to the cation and anion located at the wall is constantly equal
ε/4π which does not depend on the wall charge. Such conclusion is the result of the
semi-infinity symmetry of electrical double layer.

Due to semi-infinity symmetry of electrical double layer the sum of octupolar
and higher polarizations of electrolyte relatively to cation and anion located at the
wall is equal to zero. This is the meaning of the relations (18).
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Отримано 19 квітня 2005 р.

На основі контактної теореми сформульовані специфічні правила

сум в теорії подвійного електричного шару. Вони стосуються корел-
яційних функцій електроліту, коли один з іонів знаходиться на повер-
хні. Дана проста інтерпретація отриманих співвідношень.

Ключові слова: розчин електроліту, подвійний шар, контактна

теорема, правила сум
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