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On the statistical mechanics of an
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Different descriptions of an adiabatic process based on statistical thermo-
dynamics and statistical mechanics are discussed. Equality of the so-called
adiabatic and isolated susceptibilities and its generalization as well as adia-
batic invariants are essentially used to describe adiabatic processes in the
framework of quantum and classical statistical mechanics. It is shown that
distribution function in adiabatic ensemble differs from a quasi-equilibrium
canonical form provided the heat capacity of the system is not constant in
adiabatic process.
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1. Introduction

A concept of ensemble is one of the milestones in statistical physics. For a descrip-
tion of equilibrium states various ensembles are used — microcanonical, canonical,
grand canonical, and others, which are discussed in every fundamental course of
statistical physics (see, e.g., [1-3]).

Quasiequilibrium states which are realized in adiabatic processes differ from other
equilibrium states. Such adiabatic states are isolated from a heat bath but they
cannot be described with a microcanonical ensemble because its initial states usually
belong to canonical ensemble and are characterized by definite temperature value 7.

It is well known that for macroscopic systems different ensembles give practically
the same average values of physical (thermodynamical) quantities. For this reason,
in particular, the problem of adiabatic ensemble was not investigated for a long
time. One of the aspects of this problem was run into for the first time in the middle
of the twentieth century when the values of the so-called adiabatic and isolated
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susceptibilities were compared in the framework of linear response theory for isolated
spin-systems in solids [4,5].

Theory of linear response of macroscopic systems to a given external perturbation
is closely connected with the fluctuation-dissipation theorem [6] which was discussed
in a number of papers [7-11] with active participation of Yu.L.Klimontovich. The
results of this discussion were analyzed by Yu.L.Klimontovich in [12].

Linear response of a system or its susceptibility can be expressed in terms of
appropriate correlation functions [13]. This expression depends on the ensemble
used in its derivation. This nontrivial dependence on adiabatic ensemble and its
interesting but not well known consequences are discussed in section 2 of the present
paper in the framework of nonlinear response theory for isolated paramagnetic spin
system in solids. In section 3 properties of adiabatic and some other ensembles are
considered on the examples of one dimensional classical systems — a constrained
oscillator and a pair of identical Coulomb particles. Concluding remarks are given
in final section.

2. Nonlinear response theory and adiabatic ensemble for
isolated paramagnetic spin system in solids

Adiabatic process in macroscopic system in thermodynamical quasi-equilibrium
approximation can be described with the help of canonical distribution function or
density matrix of the form

_ ew(af) 1 W
Tr exp(—aH)’ kT

C
where “Tr” means summation of diagonal matrix elements and Hamiltonian H (t)
corresponds to its instant value which is determined by the external field magnitude
H(t) at the instant ¢. Temperature value T'(¢) depends also on initial values of Hy
and Ty and can be found from the conservation entropy condition

Tr peIn p. = (In p.). = const (2)
or the dynamic condition
- 9pe
TrH =0 3

which should be satisfied by any density matrix in accordance with quantum Liou-
ville equation for isolated system

L Op .
1715 = [H,p)]. (4)

In our case Hamiltonian H = H,, — M,H (t) contains the term H,. of dipole-
dipole interaction between the spins and the Zeeman interaction term between the
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total magnetic moment of the system —M.H (t) and the external magnetic field
H(t) = Ho+ h(t). From (1) and (3) it follows
d AHAM),
@ _ ng (5)
dh ((AH)?).

where AH = H — (H), and AM = M — (M)..

In the high temperature approximation

pe~ I —aH]/Tr 1 (6)

~

from (2) or (5) one obtains the following values of o, (M)., and adiabatic suscepti-
bility xs of the system

Tr H? H? + H? B B
alt) = a0< ) :(7) . Hy=H(0), ag=a(0). (7)

Tr H? H? + H(t)
R Tr M2
M c = a(t)H(t — = 8
(M) (t)H(t) o~y (8)
(M), | TrM? H? H? ©)
s = -0 = X ~ = )
X on " mem - m i

where H? = (Tr H2,)/(Tr M?), and x, denotes isothermal susceptibility.
In the same time from equation (4) in the first order of time-dependent pertur-

bation theory (TPT) with respect to h(t) it follows for magnetic moment A1)

e m?ér(;f /0 th(tl)TrM(t)[M (1), Holdt; =
— ih(r_x[‘z_f/ot h(tl)Ter(t)[Ml(tl),ﬁ[o]dtl =
ih% - ih@:[mw,ﬁo], (10)

where h(0) = 0. Adiabatic approximation means that the term with dh/d¢; in the
expression for M) can be neglected because adiabatic response should not depend
on relaxation parameters. From (10) for isolated susceptibility y;s one has

_dMO Tr M?

is — = B 11
X an g (11)

Here M, denotes nondiagonal part of M in the representation where Hy is diagonal.
The nondiagonal part M; appears in equations (10), (11) because the diagonal part
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Md = M — Ml gives no contribution to M 1) and to isolated susceptibility ;s in
contrast to the case of isothermal susceptibility xo which contains the total operator
M and differs from Xis if Hy # 0.

Thus, two different ways of calculating the adiabatic response give two expres-
sions (9) and (11) which are not identically equal to each other. However, for suffi-
ciently grand ( macroscopic) systems which can sustain internal equilibrium due to
internal interactions these expressions should be equal

_oH T 12)
XS_XOHZ?—FH(%_XIS_ Tl"I
Taking into account that Tr M? = Tr M? — Tr M2 one obtains from (12)
. -y H? Tr HyM)?
T = e i (X Ho M) (13)

H}+H  TrH?

The problem of equality xis = xs was discussed in many papers [4,5,14-27] but
it can hardly be considered as completely solved because it involves yet another
complicated problem about thermodynamical equilibration in an isolated system.

It is clear that equation (12) or (13) is a special case of more general relations of
this type. Consider, e.g., the case of sudden change of spin-system Hamiltonian from
H, to H due to abrupt change of magnetic field from initial value Hy to the final
constant value H = Hy + h, where h is not necessarily small as compared with Hy.
From the energy conservation relation Tr H po, = Tr Hpy, po = [I — agH,)/Tr I and
supposition concerning equilibrium form of the new density matrix p,, at sufficiently
long time it follows

[[ — oH] Tr HyH
Poo = — = a = (O —,
Tr 1 Tr H?

H? + Ho(Ho + h)

TrMps = xo(Ho+h
P = U ) 2

(14)

On the other hand, taking into account equation (4) with H = const, one can
express the new equilibrium density matrix in the form

Poo ~ [I Oé()({’]o)d]’ (15>
Tr1
where (ﬁ[o)d means diagonal part of Hy in the representation which diagonalizes H.
Such a form of p,, means that nondiagonal with respect to H part of p, gives no
contribution to mean values of physical quantities after retaining a new equilibrium
state of the system.
From the equality of the magnetic moment mean values obtained with the help
of (14) and (15) one has

-~
Tr Ny (Ho)y = Tr MH
a(Ho)a T A2

(16)
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This formula is of the same type as equation (13). However, in equation (16) diagonal
parts of operators correspond to the representation where H is diagonal.

Making use of the relations similar to (13) and (16) for factorization of traces of
diagonal part operator products in the higher order terms of TPT and neglecting
the terms irrelevant in an adiabatic approximation, one can obtain expression (8)
straightforwardly from a TPT-series for equation (4) without resort to quasiequilib-
rium canonical form of p [28].

If Hy = 0 and h(0) = 0 then for n-th order term of TPT series Tr Mp(t) =
3> M™ one has

M®™ = TrMp(") =

040 dh(t,) o [ D) .
Tr 1 / dty. / dtnh(t).o-hltn-1) =g - T {FOD (bt M (1)}
FO-0 = [NI(), N(t)] . M (6 )JGR), FO@) = M(2). a7

In this case operator M contains only nondiagonal part while this is not so for higher
order products of M.
Taking this fact into account one obtains

BT FODN () =Te {ES 2 M (ty1), M(E)]a} + Te {2 M (t-1), M ()] -

(18)
The second term on the right hand side of (18) contains at least the third-order cor-
relation function and for this reason it can be neglected in adiabatic approximation.
With the help of the relation

Tr {Ey" "2 (M (b 1), M(t)]a} =Tr {FO2 H} - Tr {[M (£, 1), M (t,)| Ho}/Tr H;,
(19)
from (18) one has

Tr FOY M (t,)

Q

1 dM( )| d
Ty { p(3) —o(t, — t,_ 20
H? r{ dt s }dt,ﬁ"( . (20)

(2

Tr M (t,) M (tn_1)
Tr M2

‘P(tn - tn—l) =

and after partial integration this gives for M)

—1)” 3 t tn—3 dh(t ,2) ~ ~
M(”w%(iA—/ dt / dt,_oh(t1)..h%(t, o) —2=22Tr EC=3 N (8, ).
i 2H2 ), 1 ; 2h(t1) (tn—2) t s r (tn—2)
(21)

Here the term containing the expression

dh et @2h(t,,)
th—1)— dt ty — b 22
et o+ [ at ot~ 1) (22)

is omitted because it also gives no contribution to M in adiabatic approximation.
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Continuing this process, one has finally for Ma(g) the following expression
1-3-5..2k+1) (h2@t)\""
ME = xoh(t)(—1)*
n =2k + 3, k=0,1,2..., (23)

which corresponds to (8) at Hy = 0.

If no adiabatic approximation is used, then with the help of the natural gener-
alization of the above considered procedure one can obtain an integro-differential
equation for nonequilibrium non-linear response of the spin system, which contains
correlation functions of all orders [29]. At Hy = 0 and h(0) = 0 this equation is as
follows:

wu = — Y / dtsh(ty)... / i dtnh(tn)ﬁGn(t,...,tn)E(tn), (24)
Golt,ty,...t,) = Tr [...HM(t),M(tl)]l,M(tQ)Lm]l%(m)(n—q

Gi(t,t1) = ot —t1),
where

dM(t,)

, By = Tr Hyp(0) = —xoH?
dt;

)

t
0

In adiabatic approximation from (24) it follows
H!M = —hE, (26)
and with the help of (25) this gives for E the equation H*dE/dt = —hd(hE)/dt

which has a solution
H2 1/2
E=FE|—"— . 27
() @
From (26) and (27) there follows the same expression for M as in equation (8)
at HO =0.
In the case of sudden change of magnetic field from zero value to h = const at
t > 0 equation (24) at sufficiently long times also reduces to equation (26) which in
this case gives
H2

: (28)

H?M = —hE = —h(Ey + hM M = yoh———.
i (Eo + hM), Oz )2

This expression for M coincides with expression (14) at Hy = 0. The case Hy # 0
was considered in [30].

It is worthwhile noting that equation (24) reduces to (26) both in adiabatic and
sudden approximations in the long-time limit because only the term with the lowest
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order correlation functions ¢(t — ¢;) at t = ¢; contributes to equilibrium or quasi-
equilibrium values of M and FE. This is in accordance with the known fact that
the properties of equilibrium states should not depend on relaxation parameters
[7,10,12].

In contrast to the mean values of energy and magnetic moment its fluctuations
depend on the ensemble used, i.e., on the form of the density matrix. In the canonical
ensemble, energy fluctuations are determined as follows

d(H)c
doe
where C' denotes the system heat capacity. However, quasi-equilibrium canonical
density matrix p. in general case is not a solution to equation (4) in the adiabatic
approximation [31]. From supposition that p. is a solution to (4) in the adiabatic

process it follows that C' does not change in this process

—@RP)., =1 ()

(AH)?)=c©?  C=

% = —2ad<(££>cj—z + 2a2d<é\;[>c + o®Tr [:[23—2 —20%(H) Tr H j—z =0. (30)
The first two terms on the right hand side of (30) cancel each other in accordance
with (5) while the last two terms are zero, if p. is a solution to equation (4).

The condition C' = const in an adiabatic process is met, e.g., for ideal gases
or for thermal radiation photons in perfectly reflecting cavity with slowly changing
volume. For the considered spin-system in the high temperature approximation the
value of C' is also constant in adiabatic process as it is seen from (29) and (7). In a
more general case the condition C' = const is not met so that the density matrix (1)
and equation (29) do not give a correct description of fluctuations in an adiabatic
process or in an adiabatic ensemble.

For this reason it useful to consider which expression for the energy fluctuations
can be obtained at less restrictive suppositions, not involving an explicit form of
the density matrix in adiabatic process. From equation (4) for energy fluctuations
evolution it follows

d 5 A

%<AH2) = —2(AMAH), (31)
where the brackets (. ..) mean the averaging with the help of an exact density matrix.
If one supposes the equality for ratios of the same fluctuations in quasiequilibrium

canonical and adiabatic ensembles [32]

(AMAH) (AMAH),

- = - , 32
@) (AR, o
then from (5), (31) and (32) one obtains the equation
d - 2da,, -~
—(AH?) = —Z—(AH? 33
the solution to which can be expressed as follows
AH? ? AH? . .
() maieme s =Rem. e
(AHg)o  \®o C (AHg)o. C
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where (...)o means the averaging over the initial density matrix py = p.(0).

Formula (34) is a generalization of canonical expression (29) to the case, where
the system heat capacity is not constant in an adiabatic process. The formula (34)
was obtained at the third order approximation with respect to the inverse temper-
ature in a different way [33] with the help of relations like (13) and (16) which are
a generalized form of the relation ys = xis-

It is interesting to note that in the high temperature limit, when (Aﬁ 3 =
Tr 2 / Tr ] is formally independent of temperature and the ensemble used, the ex-
pression (34) coincides with (7). The formula (34) was obtained also in [34] without
references to preceding papers.

The problem of statistical description of isolated system dynamical evolution is
a rather complicated one in the case of macroscopic (many particle) systems. For
this reason it is useful to consider an adiabatic ensemble behaviour of simple few
particle systems and compare it with other ensembles. It should be mentioned that
various aspects of this problem were considered in many papers (see e.g. [35-37] and
references therein).

3. Adiabatic and other ensembles of simple dynamical
systems

We consider here small systems composed of a one-dimensional oscillator and
one-dimensional symmetric Coulomb pair, whose motion is limited to absolutely
clastic walls on an interval [—L, L].

From the general expression for an adiabatic invariant [38]

G(E,L):Q/p-dx:Q\/Qm/ VE—-U(z)dz, (35)

(E is total energy of a particle, m is its mass, p is its momentum, [Zpin, Tmax] 18
the region of variation of the coordinate = admissible for the particle motion) for a
one-dimensional harmonic oscillator with Hamiltonial H (p,r) = p?/2m + mw?x? /2,
limited by adiabatically moving apart absolutely elastic walls on the interval [—L, L]
there follows the expression

G =Gi(y,L) = 2mwL? (\/yj + y - Arcsin (%)) : (36)

where y = E/U(L) = v?/w?L? + 1 > 1 is the mechanical parameter of system
perfection, U(L) is the potential energy of the particle at the point L, and v is the
particle velocity close to the wall. Note, that in the considered adiabatic process, the
oscillator trajectories naturally fall into three groups depending on the initial energy
FEy. For Ey < U(Lg) = mw?L%/2 the oscillator do not interact with the wall even
in the initial position. If the initial energy Ej is large enough, Fy > Ey > FE; the
interaction with the wall will persist in the final state as well; otherwise the oscillator
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will cease the interaction with the wall at the position L* before the wall reaches the
final position L. If Fy = F,, then L* = L. For Ey > E5 the value of y can be found
from the relation G1(y, L) = G1(yo, Lo). If U(Ly) < Ey < Es, the y value becomes
unity at the point L* < L determined from the condition G1(1, L*) = G1(yo, Lo)-
With a further increase of L the y value for a given trajectory is assumed to be equal
to unity and the total energy conserves the value £ = U(L*) = mwL*?/2 it reached
at the wall position L*.

The adiabatic invariant of the motion of a symmetric Coulomb pair has the form

G=Gyy,L) = \/2047”% (2\/y(y — 1) — Arcch (2y — 1)) : (37)

where y = E/U(L) = EL/a is the mechanical parameter of system perfection
and U(L) is the potential energy of the particle at the point L. It is taken into
account here that the motion of a one-dimensional Coulomb pair between elastically
reflecting walls on the interval [—L, L] is equivalent to the motion, bounded by the
wall on the interval [0, L], of a single charged particle with Hamiltonian H(p,z) =
p?/2m + a/z in the Coulomb repulsion field with a potential center at the origin of
coordinates.

In the limit y — 1 the adiabatic invariant of the bounded oscillator (36) tends
to well-known expression E/w = const for the adiabatic invariant of a free oscillator
with a slowly varying frequency. In the case of a symmetric Coulomb pair, in the limit
y — 1 expression (37) reduces to the form v/L(y—1)*? = const or vL?/? = const, i.e.,
the total energy of a Coulomb pair in an adiabatic process decreases continuously
with increasing L, as distinct from a bounded oscillator which at a certain value L*
stops interacting with the wall, after which its energy F = U(L*) remains unchanged.

In the inverse limit y — oo expressions (36) and (37) tend to the expression for
the adiabatic invariant of a free particle G = 4Lv2mE = const (or vL = const)
whose motion is bounded by absolutely elastic walls on an interval [—L, L]. Note
that such a simple mechanical system makes it possible to derive some relations of
thermodynamics of a monoatomic ideal gas because the ideal gas model does not
involve the interaction of particles among themselves, and the interaction with the
walls is decisive.

Representing the temperature © as a double kinetic energy of the particle, which
corresponds to each translational degree of freedom, expressing the mean pressure
P =2muv/2ST in terms of the momentum muo transferred by the particle to the wall
during collision for the period T" = 2L/v per unit area S = L* (k = 1,2,3 for
one-, two-, and three-dimensional cases), we obtain the equation of ideal gas state,
PV = © (V = L* is the system volume). Then substituting the relation vL = const
into the formula for P, we arrive at the equation of the adiabatic process for this
system:

(k+2)

o
in which the adiabatic index v is equal to 3, 2, and 5/3 in respectively one-, two-,
and three-dimensional cases, which corresponds to the indices known from thermo-
dynamics of ideal gases. The mechanical interpretation of an adiabatic process for

PV = const, v = k=123, (38)
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an ideal gas is mentioned, for example, in [39,40] for & < 3, but is usually nev-
er considered in the presentation of thermodynamics in the courses of general and
theoretical physics.

Before proceeding to a consideration of an adiabatic process, we shall compare
equilibrium canonical and microcanonical ensembles for bounded oscillator and sym-
metric Coulomb pair. For these small systems the distinction between different en-
sembles manifests itself not only for fluctuations, but also for average values.

The distribution functions of a canonical and microcanonical ensembles are as
follows, correspondingly:

pe(p,z) = A-exp(—H(p,x)/0), (39)
pu(p,r) = B-0(E— H(p,x)), (40)

where the temperature © and the total energy E are parameters of corresponding
distributions. The normalization constants

1
~ [T exp(—H{(p, z)/0)dpdz

and B=1/T(E, L) ( where T'(E, L) is period of the system oscillations) in (39) and
(40) are determined from the condition of equality to unity of the integral of the
distribution function over the entire range of variation of the momentum and the
coordinate.

The average kinetic energy in a canonical ensemble for a given systems has its
usual form (7). = ©/2. The average value of the total energy for the bounded
oscillator is described by the expression

A

(Ele=©(1—h(uw),  h~(u) = Vi /mREat (#) , (41)

where

20 2 [ ,
0

The average value of the total energy for the symmetric Coulomb pair is described
by the formula

I

(). =2 (2%; 1) W= [errar (12)

where = LO/a.

In the high temperature limit, where u > 1, expressions (41) and (42) tend
to the average energy (E). = ©/2 for a free particle and the heat capacity C, =
O(E)./0© = 1/2. In the low temperature limit as i — 0, the expression (41) tends
to the average total energy of the ensemble of the free oscillators (E). = ©, and
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from the expression (42) for the symmetric Coulomb pair using the L’Hopitale rule
we find (E). = a/L =U(L).

In the microcanonical ensemble the kinetic energy fluctuates instead of the full
energy. The average kinetic energy (T'),, with respect to the microcanonical distri-
bution for a bounded oscillator is given by the formula

_E y—1
T = 2 (1 N Y- arcsin(l/\/y)) ’ (43)

where y = E/U(L) > 1 if E > mwlL?/2 and (T),, = E/2, if E < mwL?/2. In
the case of symmetric Coulomb pair the expression for the microcanonical average
kinetic energy has the form

yy—1) —In(yVy++vy—1)

<T>Hl:E )
yy—D+In(yy+vy—1)

(44)

where y = L/2a = LE/a.

<T>,

<T>,

0.95
0.9 (2)
0.85
0.8
0.75} 1)

0.7

0.65]

0.6

Figure 1. Ratio of average kinetic energies in a canonical and microcanonical en-
sembles for equal average total energies (E). = (FE), for bounded oscillator (curve
1) and symmetric Coulomb pair (curve 2) versus the parameter u = ©/U(L).

For equal E and (E)., in a canonical and a microcanonical ensembles the average
kinetic energies (T'). and (T'),, for bounded oscillators and symmetric Coulomb pairs
depending on u show (see figure 1) a substantial distinction in their behavior. In
the case of the bounded oscillator (figure 1, curve 1) this distinction reaches its
maximum (7'),,,/(T"). = 0.69 at the point u = 1.44, where the fluctuation distinction
in canonical and microcanonical ensembles turn out to be the most considerable ( at
this point “microcanonical” oscillator ceases the interaction with the walls, whereas
the part of “canonical” oscillators continue to interact with the walls). In the case
of symmetric Coulomb pair (figure 1, curve 2) the distinction reaches its maximum
(T)m/{T). = 0.9 at the point p = 1.91. In the high temperature (1 > 1) and low
temperature (1 < 1) limits for both systems microcanonical and canonical average
kinetic energies coincide, in spite of different forms of the distribution functions.
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In considering an adiabatic process, which is the limiting case of nonequilibrium
processes, to find the distribution function one should analyze the dynamic evolution
of the systems of the ensemble on the phase plane.

If the Hamiltonian of the system is independent of time, the canonical and micro-
canonical distribution functions are equilibrium, i.e. invariable under the dynamic
evolution of the systems of the ensemble. This is explained by the fact that for
fixed energy the microcanonical distribution function is uniform with respect to
all the other variables, which means that it is uniform in time (time-independent).
The systems under consideration are obviously ergodic, i.e., the time average is co-
incident with the microcanonical ensemble average. The canonical ensemble is a
family of microcanonical ensembles distributed over the energy axis with a density
~ exp(—FE/O). The canonical distribution function is therefore also uniform in time.

To find the distribution function in a nonequilibrium process one should solve the
Liouville equation allowing for the dynamics of all systems entering the ensemble.
When considering the evolution of the initial equilibrium ensemble (depending on
energy only) in an adiabatic process, it is convenient to write the general solution
of Liouville equation in energy coordinates (E, —t) [42] canonically conjugated to
the coordinates (p,z) in which the coordinate E € [0, 00] (the total energy) fixes
the phase trajectory on the phase plane and the coordinate t € [0, T(E, L)] fixes the
position of the system on the phase trajectory. The general solution of the Liouville
equation in the coordinates (E, —t) has the form

oo pT(Eo,Lo)
(B, —1) = /O /O 5 (E — E(Eo, —to)) 8(—t + #(Eo, —to))po( Eo, —to)dEod(—to)

(45)
where F(FEy, —ty) and t(Ey, —to) are laws of evolution of the systems entering the
ensemble and T'(Ey, —t) is the initial period of oscillations of the system with energy
E().

In an adiabatic process the energy evolution law E(FEjy) (or Ey(E)) is determined
by the constancy condition for the adiabatic invariant G(E, L); the final total energy
E of the system depends only on one initial condition — the initial total energy Fjy
and does not depend on the position of the system on the phase trajectory, i.e. on
to. Uniformity of the distribution in time in an adiabatic process will hold provided
that the wall velocity is adiabatically switched on. If this condition is not met (wall
motion starts with a nonzero velocity), then uniformity in time will be violated in
spite of the low velocity.

We shall henceforth assume that in an adiabatic process the initial uniformity
in time is not violated. In this case, the relation between ¢, and t takes on a sim-
ple form t/ty = T(E, L)/T(Ey, Ly). Taking into account what has been said above
and passing over in expression (45) from the initial variables (FEy, —to) to the vari-
ables (E,—t) we arrive at the distribution function which comes from the initial
equilibrium distribution function in an adiabatic process

T(Ey, L) dEy

p(E, —t) = p(Eo(E)) T(B.L) db " (46)
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Considering that in an adiabatic process dG(E, L)/dE = T(E, L) [43] or dEy/dE =
T(E,L)/T(Ey, Ly), from expression (46) we obtain the distribution function which
comes from the initial canonical function in an adiabatic process

exp(—FEo(£)/O0)

pis(E, —t) = pe(Eo(E)) = =T (E, Lo) exp(—E/Oy)dE

(47)

For L = Ly we have Ey(F) = E and expression (47) passes over to the initial
canonical distribution function p. .

The adiabatic distribution function (47) identically meets the entropy constancy
condition Sis = (In pis)is = const, where (.. .)js is averaging over the adiabatic distri-
bution function. For quasi-equilibrium canonical distribution function this condition
is not an identity, but can be used to find the quasi-equilibrium temperature 6. in
an adiabatic process.

In general case, adiabatic and quasi-equilibrium canonical ensembles for small
systems differ not only in fluctuations but also in average quantities (see [44,45] and
references therein). At the same time, in the case of a linear relation between the
initial and final total energies of the system in an adiabatic process, the adiabatic
ensemble coincides with the quasi-equilibrium canonical one. The heat capacity C' =
O(FE)./00O of the system is then conserved in the adiabatic process and is equal to
its initial value CY.

1 B
095
#y=1
09 1
2
085
08 fy=2
1
075 )
07
1
065 #,=3 2

€

Figure 2. Adiabatic (1) and quasi-equilibrium (2) average total energies € nor-
malized to the initial value versus the extension parameter § = L/Lg for different
values of the initial parameter py = ©¢/U(Lg) for a bounded oscillator.

For the considered systems of independent bounded oscillators and symmetric
Coulomb pairs the linear relation between the initial and final total energies in an
adiabatic process holds in the limit y = E/U(L) — oo, where, near the walls,
both these systems behave like free particles for which the relation between the
initial Ey and final F total energies in an adiabatic process has the form of direct
proportionality Ey(E) = 3°E, where 8 = L/Lgy. Moreover, for Coulomb pair in the
limit y — 1 the relation between Ey and F in an adiabatic process also becomes
linear and is given by the expression

Ey=B*PE + Liou — B3, (48)
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Figure 3. Adiabatic and quasi-equilibrium average total energies € normalized to
the initial value versus the extension parameter 3 = L/L for different values of
the initial parameter pg = ©¢/U(Lg) for a symmetric Coulomb pair.

as follows from the formula vL?*? = const. Note, for the bounded oscillator in the
limit y — 1, as mentioned above, the relation between the initial and final total
energies in an adiabatic process vanishes at point f* = L*/Lg, where E = U(L*).
Such a distinction in the behavior of the considered system in the limit y — 1 has
a significant effect on the behavior of average energies in an adiabatic and quasi-
equilibrium canonical ensembles.

Figures 2 and 3 present f—dependence of the normalized on initial values av-
erage adiabatic and quasi-equilibrium canonical total energies for various values of

the initial parameter py = 60/U(Lg) for bounded oscillator and Coulomb pair,
respectively.

£(%) B=5
0,25
02
015

01

005 /\
Iy

5 10 15 20 ©0

Figure 4. Quantity ¢ = ((E)s — (E).)/(E).-100% versus the initial parameter pg
for various values of the extension parameter § for a symmetric Coulomb pair.

For Coulomb pair, average adiabatic and quasi-equilibrium canonical total ener-
gies practically coincide within the given graphical accuracy, as shown in figure 3.
The relative difference of average energies for Coulomb pair as a function of the
initial parameter pg for different 3 values is given in figure 4. The figure shows that
this difference first increases and then, on passing through the maximum, begins
decreasing and that the position and value of this maximum essentially depend on
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(. This is explained by the fact that in the limits ug — 0 and py — oo, for most
of the Coulomb pairs in the ensemble, the relation of the energies Ey(F) in an adi-
abatic process has a linear form and the adiabatic distribution function tends to
the canonical one. We note that for an ensemble of bounded oscillators the adia-
batic distribution function has a canonical form only in the high-temperature limit
Mo — O0.

In calculating the fluctuations in an adiabatic ensemble it is convinient to single
out the linear part explicitly in the expressions for Ey(FE) and E(FEy) relating the
initial and the final energies in an adiabatic process:

Eo(E) =1(B) + k(B)E + g(E, B), (49)

where [ and k are coefficients independent of E state and g(F, ) is a nonlinear
residue. Similarly

E(Ey) = L(B) + Eo/k(B) + f(Eo, B), (50)

where the coefficient [; is independent of Ey and f(Ep, ) is the corresponding non-
linear residue.

The expression for the averge total energy in an adiabatic ensemble, written
down in the “Schrodinger” form (the evolution is determined by the distribution
function) with the use of formula (49) looks like

[ ET(E, L) exp(—Eo(E)/O)AE [ Ee S T(E, L) exp(—E/O)dE
<E>is = Ooo = Ooo ) =
OfT(E, L)exp(—Eo(E)/BOy)dE Ofe*GTOT(E, L)exp(—FE/O)dE

_ (EB).(0, L) (51)
(B)c(©,L)
where © = Oy /k, B = exp(—g/©y), and (...).(O, L) is averaging over the canonical
ensemble with temperature © and wall position L. Differentiation of the expression
(51) with respect to © yields

IE)s 1
o ol
where ((AE)?)s = (E%);s — (<E>is)2'

Using for the (E);s the “Heisenberg” representation (the evolution is determined
by the total energy operator E(Ej)) and expression (50), we obtain

AE)?), (52)

E(EQ)T(EQ, LQ) eXp(—EO/@O)dEO
<E>is = =1+
T(Ey, Lo) exp(—Ey/©¢)d Ey

(E)c(©o, Lo)
k

+ <f>6(@07 L0)7

AE)  Co  (AFAE)(y, Lo)
20, kT 0y ’ (53)
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where Cy = ((AE)?).(0q, Ly)/O0* — is heat capacity of the system in the initial
state and Af = f — (f).
This directly implies

O(E);s (AfAE):(Oy, L)
= ) 4
50 Co+k o, (54)
Comparing (54) with expression (52), we finally arrive at:
1
(AE)?) = Cy0? + %@fAE)C(@O, L). (55)

Fluctuations of the total energy in a quasi-equilibrium canonical ensemble are
related to the heat capacity C of the system as ((AFE)?). = CO? where O, is the
temperature of the quasi-equilibrium ensemble.

In the case of a linear dependence Ey(FE) in expression (55), we have f = Af =0,
the adiabatic distribution function coincides with the quasi-equilibrium canonical
function, the temperatures are (2K );; = O, = © = Oy/k((), and the heat capacity
C' of the system remains constant (C' = Cp) in an adiabatic process. Equation (34)
will then hold identically.

clc, ¢

1-]

15 25

09
08
07|

1)

08

2

05

Figure 5. Ratios ¢ = ((AE)?)is/((AE)?). and Cy/C versus 3 for various values
of the initial parameter po for a bounded oscillator. The family of curves (1)
corresponds to the quantity ¢ and the family (2) corresponds to the heat capacity
ratio.

If the function Ey(F) is nonlinear, the adiabatic and quasi-equilibrium canonical
ensembles differ in the average values, in particular, the adiabatic temperature ©;; =
2(2K);s and the quasi-equilibrium canonical temperature 6. do not coincide with
each other and with the quantity © = ©y/k(3) in expression (55). Therefore, the
relation between the adiabatic and quasi-equilibrium canonical fluctuations of the
total energy will not generally be described by formula (34) which was derived for
large systems in the thermodynamic limit. The difference from formula (34) is clearly
seen in figure 5 which gives the ratios £ = ((AE)?)is/{(AE)?). and Cy/C as function
of 3 for different values of the initial parameter pg for the bounded oscillator. The
ratio of heat capacities (the family of curves 2) tends to a value 1/2, whereas the
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Figure 6. Dependence of the quantity ¢ = ((AE)?)s/{((AE)?). on the parameter
0 for various pg for a symmetric Coulomb pair.

ratio of fluctuations & (the family of curves 1) tends to another limiting value of
0.59.

As distinct from the bounded oscillator, for a symmetric Coulomb pair re-
lation (34) holds to a much higher accuracy. Figure 6 presents the ratio £ =
(AE)?)/((AE)?), as a function of 3 for various values of the initial parameter
to- This ratio coincides to the graphic precision with Cy/C. The intersection of
curves in the figure is due to the above-mentioned fact that the adiabatic ensemble
tends to the canonical one in the limits py — 0 and pg — oo.

The deviation from formula (34), depicted in figure 7, for a symmetric Coulomb
pair A = ((§ — Cp/C)/£)100% (where £ and Cy/C' change by more than 15%) does
not exceed three percent in the considered range of parameters. Thus, the behavior
of energy fluctuations in an adiabatic ensemble for Coulomb pairs turns out to be
rather close to the expression that describes energy fluctuations in an adiabatic
ensemble for large systems [30].

5 10 15 20 Ho

Figure 7. Dependence of A = ((¢ — Cyp/C)/£)100% on the initial parameter pug
for various § for a symmetric Coulomb pair.
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4. Conclusion

The results presented in this paper show that the relations of type xs = x;s play
a significant role in quantum statistical mechanics of isolated systems which can at-
tain statistical equilibrium due to internal interactions. The equality of adiabatic x
and isolated ;s susceptibilities stems from the subtle form of ensemble dependence
which manifests itself in the linear response theory for isolated systems. General-
izations of this equality can be effectively used in the theory of nonlinear response,
in particular, to obtain an adiabatic approximation of the nonlinear response or in
the description of the adiabatic ensemble which differs from the quasi-equilibrium
canonical ensemble if the system heat capacity changes in the adiabatic process.

From the results obtained in this paper there also follow specific features of
statistical ensembles for small (one-particle and one dimensional) nonideal indepen-
dent systems — the harmonic oscillator and the symmetric Coulomb pair — whose
motion is limited to motionless or slowly moving apart elastic walls. As expected,
the canonical and microcanonical ensembles for such systems differ not only in their
fluctuations but also in average values. Less obvious are the results of comparison
of quasi-equilibrium canonical and adiabatic ensembles. These ensembles also differ
in their average values (especially in the case of a bounded oscillator), but the be-
haviour of energy fluctuations in an adiabatic ensemble for Coulomb pairs appears
to be rather close to the expression (34) describing the energy fluctuations in an
adiabatic ensemble for large systems.
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J o0 cTaTuCcTUYHOT MexaHikv apiadbaTnyHoro aHcamonio

C.H.Anpgpees, A.A.Pyxanse, A.A.CamoxiH

IHCTUTYT 3araneHoi ¢isnku im. O.M.INMpoxoposa PAH Pocis,
119991 MockBa, Bysn. Basunosa, 38

OTpumaHo 26 rpyaHsa 2003 p.

O6roBopIOIOTLCS PIBHOMAHITHI NiAXoaM 40 onucy agiabaTuyHMX npoLe-
CiB Ha OCHOBi TepMOAMHaMIKM Ta CTaTUCTUYHOI MexaHiku. Ons onucy
afiabaTnYyHMX NPOLECIB B paMKax KJ1aCM4YHOI Ta KBAHTOBOI CTaTUCTUYHOI
MeXaHikn BUKOPUCTOBYIOTbCS PIBHAHHS O Tak 3BaHUX afiabaTtnyHoi Ta
i30/1bOBAHOI CIPUNHATHOCTEN i iX y3aranbHEHHS], @ TakoX agiadaTuyHi iH-
BapiaHTW. MokasaHo, Wo GyHKLis po3noainy B agiabaTuyHoMmy aHcamoni
BiOPISHAETLCA Bif, KBA3iPiBHOBAXHOI KAHOHIYHOI HOpPMU NpU YMOBI, LLO
TEMNOEMHICTb CUCTEMM NpU afiabaTMYHOMY NPOLECi € 3MIHHOIO.

KniouoBi cnoBa: agiabatnyHi npowecu, cTatucTnyHi aHcamoJii,
aykTyauii, NiHIGHWA Ta HENIHIVIHWUIA BigrykK

PACS: 05.20.Gg, 05.30.Ch
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