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A consistent approach to the description of kinetics and hydrodynamics of
many-Boson systems is proposed. The generalized transport equations for
strongly and weakly nonequilibrium Bose systems are obtained. Here we
use the method of nonequilibrium statistical operator by D.N. Zubarev. New
equations for the time distribution function of the quantum Bose system
with a separate contribution from both the kinetic and potential energies
of particle interactions are obtained. The generalized transport coefficients
are determined accounting for the consistent description of kinetic and hy-
drodynamic processes.
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1. Introduction

The theoretical investigation of nonequilibrium properties of vapour helium and
their change at transition with the decrease of the temperature lower than T, = 4.2 K
in a fluid state Hel, and lower than T = 2.17 K in a liquid state Hell that is charac-
terized by superfluidity, remains an urgent issue in the modern statistical theory of
nonequilibrium processes of quantum systems. To construct a nonequilibrium statis-
tical theory capable of consistensly describing vapour, liquid and superfluid helium in
view of phase transitions is a real problem for every theorist interested in the unique
physical properties of helium. The quantum system of Bose particles serves as a
physical model in theoretical descriptions of both the equilibrium and nonequilibri-
um properties of real helium. In particular, many articles [1-16] are devoted to the
hydrodynamic description of normal and superfluid states of such a system. A brief
review of the results of investigations within the framework of linear hydrodynamics
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has been carried out in an article by Tserkovnikov [16]. In papers [17-19] theoretical
approaches are proposed to the description of nonlinear hydrodynamic fluctuations
connected with the problem of calculating the dispersion for the kinetic transport
coefficients and a spectrum of collective modes in the low-frequency area for a su-
perfluid Bose liquid. Problems of building the kinetic equation for Bose systems
based on the microscopic approach were considered in papers [20,21]. For normal
Bose systems, the calculations of the collective mode spectrum (without accounting
for a thermal mode), dynamic structure factor, kinetic transport coefficients [9, see
the reference] are carried out based on the hydrodynamic or kinetic approaches.
Nevertheless, these results are valid only in the hydrodynamic area (i.e., small val-
ues of wave vector k and frequency w). For superfluid helium, some papers [22-24]
were devoted to the investigation of the dynamic structure factor and spectrum of
collective excitations.

In papers [25,26], a generalized scheme for theoretical description of dynam-
ic properties of semiquantum helium has been proposed based on the method of
nonequilibrium statistical operator. Here the set of equations of generalized hydro-
dynamics is obtained and the thermal viscous model with kinetic and hydrodynami-
cal collective modes is analyzed in detail. The closed system of the equations for time
correlation functions is obtained using the Markovian approximation for transport
kernels. Using these equations the analysis of dynamic properties of semiquantum
helium is carried out at two values of temperature above the transition to a super-
fluid state. Similar investigations were performed in papers [27-29] for helium above
the point of the phase transition.

In general, there exists a hard problem in describing the Bose systems going
out from the hydrodynamic area to the area of intermediate values of k and w,
where the kinetic and hydrodynamic processes are interdependent and should be
considered simultaneously. This is one of the urgent problems in the statistical theory
of nonequilibrium processes of transport in a quantum liquid. It should be noted that
in the paper by J.O.Tserkovnikov [30], a problem of building the linearized kinetic
equation for the Bose-system above critical temperature was considered using the
method of two-time Green functions [31,32].

The main step in this direction has been made when investigating semiquantum
helium [25,26]. A considerable success was achieved in papers [33-36] in which the
approach to the consistent description of kinetics and hydrodynamics of classical
dense gases and fluids is proposed based on the method of nonequilibrium statistical
operator by D.N.Zubarev [37,38]. In the present study, we apply this approach to a
consistent description of kinetics and hydrodynamics of many-particle Bose systems.

In the second part of the paper we shall obtain a nonequilibrium statistical oper-
ator of the system at the consistent description of kinetics and hydrodynamics using
the method of the nonequilibrium statistical operator. The quantum nonequilibrium
one-particle distribution function and the average value of the potential energy of
interaction (for which the closed system of the transport equations is obtained) have
been selected as parameters of this consistent description of a nonequilibrium state.

In the third part, the kinetics and hydrodynamics of weakly nonequilibrium
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Bose gas are considered. Here the self-consistent transport equations are obtained
for parameters of an abbreviated description based on their solutions, the kinetic
equation for the quantum one-partial distribution function is written in a form
where the transport kernels contain a renormalization of kinetical correlations by
hydrodynamical ones. Moreover, we also obtain the system of equations for time
correlation functions of parameters of a consistent description. From these equations,
the dynamic structure factor of the system as well as the time correlation functions
related to momentum and energy fluctuations are determined.

2. The nonequilibrium statistical operator for Bose system

Let us consider a normal Bose system with the Hamiltonian

2
7= P o+
=TT g
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where ap, and af; are the Bose operators of annihilation and creation of particles in
the state with momentum p, v(¢) = [ exp(—iqr)®(|r|)dr is the Fourier-component
of the interaction potential between particles, V' is the volume,

Pq = N >y qlipyg (2.2)

is the Fourier-component of the operator of number particles density, N is the total
number of particles.

The nonequilibrium state of such a quantum system is completely described by
the nonequilibrium statistical operator p(¢) which satisfies the quantum Liouville
equation:

0 . La
= 40) +iLxplt) =0, (2.3)

where Liouville operator iLyA = i/h - [A, H |. To solve the equation it is necessary
to set initial conditions. We shall use the method of nonequilibrium statistical op-
erator [37,38]. From the very beginning we consider the problem of selecting such
solutions to the equation (2.3) which correspond to the ideas of abbreviated descrip-
tion [38]. These solutions depend on time only through average values of the set of

~ t
observable quantities <Pm> and do not depend on the initial moment of time ty:

p(t) = p(... <I5m>t ...). Such solutions can be obtained by including an infinitesimal
source in the right-hand side of Liouville equation (2.3) [37,38]:

2 pU1) 1) = ~<(plt) — pu(1)), (2.4

where € — +0 after the limiting thermodynamic transition. The sourse breaks the
symmetry of the equation with respect to t — —t and selects retarded solutions
which correspond to an abbreviated description of the nonequilibrium system. The
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quasiequilibrium statistical operator p () is defined from the condition of an extreme
of the information entropy of the system at the conservation of the normalization
condition

S () = 1 (2.5)

~

and at fixed values of the quantities <Pm>t (parameters of an abbreviated descrip-
tion).

When investigating a hydrodynamical nonequilibrium state of the normal Bose
liquid, which is characterized by transport of energy, momentum and mass, the
observable quantities such as the average values of energy density <éq>t, momentum

A

t
Pq> , and particle number <,5q)t [10,14,16] are chosen as the parameters of an
abbreviated description. The averaging is defined as

(.. =Spl(...) p(1)]. (2.6)

The Fourier-components of the energy density and momentum density
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together with the number of particles density (2.2) satisfy local conservation laws.
Their averaged values satisfy the equations of the generalized hydrodynamics of
quantum systems (in the linear approximation of the equations of the molecular
hydrodynamics). The important feature of the densities of energy, momentum and
number of particles, which is locally conserved, is that they are defined through the
Klimontovich operator of the phase particles number density nq(p):

q(P) = @) g ipyg (29)
. 1 .
Pa= s > 1q(p); (2.10)
p
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where £, and églt are the Fourier-components of operators of kinetic and potential
energy density. The averaged values for these quantities can be written as:

(pa)’ = \/% g filp, a,t), (2.14)
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(Pq) = \/% Xp: p/i(p,q.1), (2.15)

(en) = \/Lﬁ 2 <2p—m - ;—m> i, t). (2.16)

The one-particle distribution function f(p, q,t) = (fiq(p))" satisfies the kinetic equa-
tion for the quantum Bose system. On the other hand (2.14)—(2.16), the average
value of the potential energy is defined through the quantum two-particle nonequi-
librium distribution function:

1 k-q , k-
(@) = X (pe S hee - S5 e
P p k

where
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At this stage there is a problem of a consistent description of kinetics and hy-
drodynamics of the quantum Bose system. For the hydrodynamical description of a
nonequilibrium state of the system it is enough to include in the set of parameters of
an abbreviated description the average values of particle number (pq)*, momentum

<15q>t and full energy (éq)t. On the other hand, the quantum one-particle distribu-
tion function, which satisfies the kinetic equation, is a characteristic parameter for
the kinetic description of the nonequilibrium state of the system. The agreement
between kinetics and hydrodynamics for very dilute Bose gas does not cause any
problem because in this case the density is a small parameter. Therefore, only the
quantum one-particle distribution function fi(p, q,t) can be chosen for a parameter
of an abbreviated description.

At transition to quantum Bose liquids, the contribution of collective correla-

tions, which are described by average potential energy of interaction <églt>t (2.17), is
more important than the one-particle correlations connected with fi(p,q,t). From
this fact it follows that for a consistent description of kinetics and hydrodynam-
ics of a Bose liquid, the quantum one-particle nonequilibrium distribution function
fi1(p, q,t) and the average potential energy of interaction <éi(ft>t are indispensable in
order to be choosen as parameters of an abbreviated description for a nonequilibrium
state. Similar problems of the consistent description of kinetics and hydrodynamics
of classical dense gases and liquids, as was already noted above, were considered in
papers [33-35]. Therefore, using papers [33,35,36,44], we shall find the quasiequi-
librium statistical operator, which has been entered in (2.4), from the condition of

the extremum of information entropy at the conservation of normalization condition
o\t
(2.5) for fixed values of (fq(p))’ = fi(p,q,t) and <églt> :

Pat) = exp{ = ®(1) = 3" Bq(t) 5" = XD v-q(Pit) g (p) - (2.19)

q
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The Lagrangian multipliers §_q(), 7—q(p; t) are defined from the self-consistent
conditions:

(e5) = <éicft>:a (q(p))" = (7tq(P)) (2.20)

(- ))q = Spl(-- ) pa(®)]:

The Massieu-Planck functional
¢(t) =In Sp exp{ — > Bq(t) X 227 p)} (2.21)
q

is determined from the normalization condition (2.5).

At the given quasiequilibrium operator pq(t) (2.19) we shall find the nonequi-
librium statistical operator p(t) that satisfies the quantum Liouville equation it the
presence of a source. For this purpose we shall write down the equation (2.4) as [38]:

[ O (= P0)iLy + ] (1) = pa(t) = = (1 = Pu(®)) ilwpalt),  (2:22)

where the generalized Kawasaki-Gunton projection operator acts only on statistical
operators

P(1)p = [ﬁqu)—g;{}i@; (8 - 2.2.5 M ;>>

/‘lnt/\/ 5pq ) ﬁ ~
+E <€m> )+ DS s Sl (22

and has the following properties:

Fy(t)p" = pq(1), Foy(t)p(t) = pa(t), Fo(t)Py(t') = Py(t).

The formal solution of the equation (2.22) is of the form:

(fq(p))" | Sp#'

pt) = palt / At explelt’ — D} Tolt, ) (1= Polt) Jilwial®),  (224)

where

Ty(t, 1) = exp+{ /dt (1 — >1LN} (2.25)

is the generalized evolution operator which takes into account the projection. Fur-
ther, we shall act by operators (1 — Py(t'))iLy on pq(t') in the right-hand side of
(2.24). As a result, we obtain

1

(1= Pu(®))ilwpa(t) = — / {Zﬁ 1" (g, t)
P RGIACY 0}Ga) ", (2:20)
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where the generalized flows are:

I"(qt) = (1- P(t))ilyel", (2.27)
Li(p,a,t) = (1— P(t))ilyil"(p). (2.28)

Expressions (2.27) and (2.28) contain the generalized Mori projection operator:

PO = (), Gt — () + 55 e )~ o)), (229

which acts only on operators of physical quantities and has the properties:

P(t)iq(p) = nq(p),  P(t)g" =&5",  P()P(t) = P(1).

Let us substitute (2.26) in (2.24). Then for the nonequilibrium statistical operator
of Bose system we shall write:

p) = palt) + 3 [ A explelt! — )} Ty(t,1)

q _

x [ Ar(oq(#))7 1 (@, ) (g (1) ()
33 [ exple( ~ 0} Ty(t.t)

x / d7(p (1) (P, @, 1) (po(t') " 1-a (P, 1). (2.30)

The nonequilibrium statistical operator (2.30) is obtained at a consistent de-
scription of kinetics and hydrodynamics of the Bose system. Using it we shall find
the non-closed system of transport equations for the parameters of an abbreviated
description fi(p,q,t), (€5*)t. For this purpose we use the identities:

O A t) = 5 lial®)) = (0D + (@)
0

Ain -int sint, 4 in
§<€qt>t = (6q )" = (8q ) T (I™(a))", (2.31)
where
;i RSN - int in
ng(P) = iLnnq(P), gy =iLyemt. (2.32)

Now we shall perform the averaging in right parts (2.31) with the nonequilibri-
um statistical operator (2.30). As a result, we shall find the set of equations for
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the nonequilibrium distribution function fi(p, q,t) and average value of interaction
energy density (£0°)":

B
- {a(p))’ = +Z/wmms — )b, P, a1 )5 (F)
+> > / dt’ exp{e(t’' — 1)} pnn(q, p.d, d', £, 1) y—q(P'. '),
qa p’ —00
8 . 1nt
et = (&, Z(Léﬁew&@—ﬂwg@qiﬂﬁ(ﬂ
DM / dt’ exple(t — )} o™ (q, ', P 1, t)y_q(P, ). (2.33)

In the equations (2.33) the generalized transport kernels are introduced, which de-
scribe dissipative processes in the system:

i 1
ap.a ) = Sp [la b 0T ) [ draOR G A7), @230

int

eo(a,q,p,t,t') = Sp I”‘t (q,t")T,(t, 1) /qu p,q,t)péf(t’)], (2.35)

Onn(q, P, 4, P, 1, t") = Sp |L,(q,p, t)T4(t, 1 /dqu In(p’,q’,t)péf(t’)], (2.36)
B 0

i 1
G gt t) = Sp | 1@ )T ) [ drgf) 2 )l ()] 23)
) 0

The system of equations (2.33) for the one-particle distribution function and aver-
age density of potential energy presents a strongly nonlinear system and can be used
for the description of both strongly and weakly nonequilibrium states of the Bose
system at a consistent description of kinetics and hydrodynamics. These transport
equations for the Bose systems are new. Projecting them on the values of compo-

nents of the vector ¥(p) = (1, p,p2/2m — q2/8m), according to (2.14)—(2.16), we

shall receive the equations of nonlinear hydrodynamics in which the transport pro-
cesses of kinetic and potential parts of energy are described by two interdependent
equations.

It is obvious that such equations of hydrodynamics of nonlinear processes enable
us to describe more in detail the processes of mutual transformation of kinetic and
potential energy of particles at the transition from a vapour to a liquid state at the
change of density, pressure and temperatures.

The system of the transport equations becomes considerably simpler and is closed
for weakly nonequilibrium processes. We shall consider such a case in the next
section.
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3. Kinetics and hydrodynamics of nonequilibrium state near
equilibrium

For kinetics and hydrodynamics of nonequilibrium processes which are close to an
equilibrium state, the parameters of an abbreviated description (7q(p))*, (€2)* slow-
ly change in space and time and slightly differ from their equilibrium values. Then it
is sufficient to consider the deviations of parameters 34(t), 74(p, t) from equilibrium
values using the linear approximation. In this approximation, the generalized trans-
port equations (2.33) [39] transform into a transport equation for fi(p;t) = (i (p))’,

B (e) = (hi)’

0 ik -
g f(pst) + —— P flpit) =
lk p / . int
= nfo( Jea(k) D fi(p'st) + iQn (k, p) g (t)
p/
t
—Z / At " Do, (k,p,p';t, 1) fi(p'; )
_ /dt’ =00 (K, sty )R (), (3.1)
9 int 1 e(t'—t) / /
ahk ) = ik, p) fi(p; ) Z / dt' e onn(k, p;t, 1) f(p; t')
p
/ At @Dy, (ks t, 1) R, (3.2)

where iQ,,(k, p), i, (k, p) are normalized static correlation functions:
iQu(k,p) = ((P) A7)0y (K), (3.3)
p

100, D) = 3 (. 74P (B D), (3.4)

p/

where
hint = & — / dpdp’ (&1 () 0P (P’ P)uc(P) = 5 — (& 7x)0 S5 ' (k) , (3.5)

N
Z (frihe ™™, ine=3 e ™™ (3.6)

it =

N)I*—‘

are the Fourier-components of densities for the interaction energy and the number of
particles, respectively. Further, it is more convenient to use instead of the dynamical
variable of energy £ the variable Ai™ (3.5) which is orthogonal to fiy(p) by means
of the equality:

(hi*A )0 = 0. (3.7)
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From the structure of the dynamical variable ﬁft (3.3) it can be seen that it corre-
sponds to a potential part of the Fourier-component of the generalized enthalpy hy
which is introduced in the molecular hydrodynamics [25,26]:

hi = éx — (Exi_i)ofe = A + bl (3.8)
where )
ht = — (G R_i)0S5 ' (k) fuc (3.9)
is a kinetic part of the generalized enthalpy,
N

p2

~kin __ I —kr

Ex — E 2—6
=1 m

is the Fourier-component of the kinetic energy density. So = (nyn_x)o is the static
structure factor of the system.

5(p// _ p/>
n fo(p")

where (k) denotes a direct correlation function which is connected with the cor-

relation function ho(k) as: ho(k) = co(k)[1 — neo (k)] 1.

pun(k, P, P8 1) = Y (Lu(k, P)To(t, ) L(—k, P"))o @i (P D), (3.11)

1

oM (p",p) = — (k) (3.10)

onn(k,pit,t) = Z (I (R)To(t, ) (=K, D))o Py (P, D), (3.12)
pan(k, pit,1") = (Ln(k, p)To(t, ) 1" (=)o Py (k). (3.13)
pnn(kit, ) = (I (k) To(t, )" (—k))o Py (k) (3.14)

are the generalized transport kernels (memory functions) which describe kinetic and
hydrodynamic processes.

[n(ka p) = (1 - ’PO)ﬁk(p)a (315)
IM(k) = (1 — Py)hit (3.16)

are the generalized fluxes in the linear approximation, ﬁk(p) = iLnnk(p), ﬁft =
iLNhiM, Ty(t,t') = e=*)1=Po)ilx js the time evolution operator with the projection
operator Py which acts on the dynamical variables Ay

PoAi = Y (Awh™) 0@t (k)2 + 57 S (Awi_k(p))o®i (P, P)i(p).  (3.17)

k’ k pp’

The system of transport equations (3.1), (3.2) is closed. We shall use the Laplace
transform with respect to time, assuming that at ¢ > 0 the quantities fx(p;t = 0),
hi™*(t = 0) are known

A(z) = i/oo dt e A(t), z=w+ e, e — +0. (3.18)
0
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Then, equations (3.1) and (3.2) are presented in the form:

el 2) + P (i) =~ P p)es(i)

x> fP'2) + San(k, p; 2) byt (2)

- Z @Tm(ka p; p/; Z)fk(p/; Z) + fk(p;t = 0)7 (319)
>
2h(z) = San(k, 5 2) fu(D'; 2) — onn(ks 2) it (2) + bt (t = 0), (3.20)
>

Son(k, p; 2) = iQun(k, ) — @un(k, P; 2), (3.21)
Sin(k, p; 2) = i (k, P) — ©na(k, P; 2). (3.22)

In the next subsection, based on the system of transport equations for Fourier
components of the nonequilibrium one-particle distribution function and the poten-
tial part of enthalpy (3.21), (3.22), we shall obtain equations for time correlation
functions. We shall also investigate the spectrum of collective excitations and the
structure of generalized transport coefficients.

4. Time correlation functions, collective modes and genera |-
ized transport coefficients

Using combined equations (3.1), (3.2) one obtains a system for time correlation
functions:

(kP P'51) = 3 {ie(p; )1-ic(P"; 0))o i (P, ), (4.1)
Ppn(k, pit) = %ﬁ (M ()7 (p'; 0))o®i (P, P), (4.2)
O (k, pit) = (fuc(p; t)A"%(0))o@pp (), (4.3)

Oy (ki t) = (I (£)A7(0))oDi (K), (4.4)

where 7 (p; t) = e LN (p; 0), M (t) = e ILNthnt ().
One uses the Fourier transform with respect to time

() = / dt e {a)t,
Then we write the system of equations (4.1), (4.2) in the form:

—iw(nK(p))w = Z Yok, p, P w +18) (e (P))e + X (k, p; w + id(ﬁft}w, (4.5)
p/

—iw(h, = 3 Sk, plsw + ie) (A () — onn(k; w + ie) ()., (4.6)

P
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where
S (K, p, psw + i) = iQ(k, P, P') — ©nn(k, p, psw + ig), (4.7)
Znh(ka p,w + 16) = lth(k, p) - (pnh(ka p,w + i€), (48>
Yhn(k, pyw + i) = iQ4n (K, P) — @an(k, Piw + ic). (4.9)

It is more convenient to present the system of equations (4.5), (4.6) in a matrix

form:
—iw(an), = S(k;w + ie) () , (4.10)

where dy = col(fx(p), hi™) is a vector-column and

Zp/ Z]nn(ka b, p,a W+ 15) 2nh(ka p;w + 16)

S(k;w + ig) = _ .
Yo Zhn(k, piw + i) —onn(k;w + ie)

. (411)

Y(k;w + i) = / dt '@t (k: 1),
0

Now, one uses the solution to the Liouville equation in approximation [40,41] without
introducing the projection operator Pq(t):

0 (IL‘N t) = Qq it / dt’ esW' D iln(t'=1) <§t —|—1LN> (xN;t’) )

Then, from the self-consistency conditions (ax)" = (ax); we obtain a system of equa-
tions which connects the average values (A (p))., and (him)

of time correlation functions:

» with spectral functions

iwd(k;w + i) (di) = [B(k) — i(w + i) D(k;w + ie) | (), (4.12)
where

Zp/ nn(k’p’p’;w —+ i{-:) @g}f(k,p;w + i{-:)

bl w +ie) = . . .
PO Ptk p'iw +ie)  —®(k;w + ie)

Let us multiply equation (4.10) by the matrix ®(k;w + ie) and compare the result
with equation (4.12). So we find

20(k;2) = Y(k; 2)®(k; 2) — D(k),  2z=w+ie,
Blk;2) =i [ Tt Fh(k; b), e 0 (4.13)
0

or in an explicit form:

20, (k, p,P';2) = > San(k, p, P’ 2) P (k, p”, P'; 2)

p//

+ Zon(k, p; 2) Pt (k, p's 2) — Pun(k, P, D), (4.14)
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20 (k,p; 2) = Y Sk, p,p";2) @0 (k, P73 2)

o
Sk, p; 2) P (O 2), (4.15)
2@y (k,p's2) = D Tpa(k, p":2) 0y (k, P, P'; 2)
o
— onn(k; 2) @y, (k, P's 2), (4.16)
D05 2) = 3 Sl 2O ' 2)
p”
— onn(k; 2) P (k; 2) — P (k), (4.17)

where the condition ®,(k,p’) = ®,,(k, p) = 0 is taken into account.

The system of equations (4.14)—(4.17) for time correlation functions of weakly
nonequilibrium Bose system is obtained based on a consistent description of ki-
netics and hydrodynamics. These are new equations for the quantum Bose-system.
Projecting them on eigenvalues (1, p) of quantum one-partial distribution function
fi1(p, q,t) we shall obtain the corresponding system of equations for time correlation
functions which can be derived based on the equations of molecular hydrodynamics
or the method of Green functions [10] (in view of the connection of time correlation
functions with corresponding Green time functions).

Moreover, designing the system of equations (4.14)—(4.17) for higher moments
of the quantum one-partial distribution function results in the corresponding sys-
tems of hydrodynamical equations for the time correlation functions related to the
densities of operators of particle number, momentum, enthalpy, generalized tensor
of viscous tension and generalized flow of enthalpy. Similar equations for the Green
time functions have been obtained in papers by Tserkovnikov [10,13,15]. A princi-
pal interest in such an approach is the study of collective modes and generalized
transport coefficients such as viscosity and thermal conductivity of quantum Bose
systems.

In order to solve the system of equations (4.14)—(4.17) we also apply the projec-
tion procedure [42,43]. Let us introduce the dimensionless momentum & = k(muwg) ™,
vg = (mB3)~". Then the system of equations (4.13)—(4.17) can be rewritten in the
matrix form [43]:

(ks €,¢52) — Sk &, 8 2)B(k; &, ¢ 2) = —D(Kk; &, €, (4.18)

where it is clear that the integration must be performed with respect to the repeating
indices £"”. Further, let us introduce the scalar product of two functions, ¢(§) and

P(E), as
(olv) = Z ¢ (¢ ¥(E). (4.19)

Then, the matrix element for some operator M can be determined as

(P M) = Z dg’ " ()M (&, &) fo(€)(€). (4.20)
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Let ¢(&) = {¢.(§)} be the orthogonalized basis of functions with the weight fo(§),
so that the following condition is satisfied:

(Guldu) = s D ld) (bl =1, (4.21)

where
Gu(€) = Gumn(€) = (Umn)) ™2 Hy(&,) Hpn (&) Ha(E2), (4.22)

Hy(&) = 27Y2H(£/2), Hy(€) is a Hermite polynomial. Then, each function in the
system of equations (4.18), which depends on momentum variables £, &', can be
expanded over functions ¢, (§) in the series:

(k Z¢ u(k; 2)0u(€) fol€)), (4.23)
S(k Z¢> u(k; 2)0,(€) fol&), (4.24)

where
. (k; 2) = (0] D(k: €, €5 2)[d) = zﬁ> O(k;€, €5 2)0u(€),  (4.25)
Sou(k; 2) = (6 [S(k; €, € 2)[ ) = Z¢ Sk €. €52)0u(€). (4.26)

Let us substitute expansions (4.23)—(4.26) into equation (4.18). As a result, one
obtains:

®,,(k; 2) Zzw ki 2) = —,,(k). (4.27)

In actual calculations, a finite number of functions from the set ¢, (£) is used. Taking
into account this fact let us introduce the projection operator P which projects
arbitrary functions 1 (§) onto a finite set of functions ¢,(&):

P= Z 66 =1-Q, Pl = ilwwm (4.28)

Here n denotes a finite number of functions. Then, from (4.27) we obtain a system
of equations for a finite set of functions ¢,(¢),

znj [sz —iQ,, (k) + D, (k; z)} D, (k;2) = —d,,(k), (4.29)

7=1

where

Dou(k;2) = (6,lo(ki2) + £k 2)Q [z — QE(k 2)Q] QS(ks2)[6,)  (4.30)

are generalized hydrodynamic transport kernels and

100, (k) = (6, [i0(K)]6,) (4.31)
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is a frequency matrix. Note that matrices iQ(k) and @(k; 2) are defined according
to (4.3), (4.4) and (4.11)—(4.14).

Let us find solutions to the system of equations (4.19) in the hydrodynamic region
when a set of functions ¢,(£) presents five moments of a one-particle distribution
function:

MO=1  6O=6, hl6)=—E-)

Then, the following relations are fulfilled:

(L&) = muc(€) = fuc,

S

3
(& (&) = Z nk(€) & = Dy
3
(6712(&% = 3) (&) = Y (&) 6722 — 3) = & — 3Bt = A, (4.33)
3

for the Fourier components of densities for the number of particles, momentum
and the kinetic part of generalized enthalpy (for the Bose system). Besides that, the
microscopic conservation laws for densities of the number of particles and momentum
can be written in the form:

(1|uc(€) = —ik,pym !,
(alnc(€) = —ik, TR,

where TR is a Fourier component of the stress tensor.

If we choose the direction of wavevector k along oz-axis, then ¢,(§), v =1,2,3
will correspond to longitudinal modes, whereas ¢, () at v = 4,5 they will be related
to transverse modes.

From the system of equations (4.29), at v = 4,5, ¢4(§) = &, ¢5(§) = &, one
obtains an equation for the Fourier component of the time correlation function
connected with the transverse component of the momentum density ®44(k; z). From
this equation one finds:

(4.34)

1
Dyy(k; 2) = Py (k; 2) = R ast (4.35)
where

DL (K; 2) = (& Pun(k, &, €5 2)|EL), (4.36)
Dy (k; 2) = DM (k; z) + D™ (k; 2), (4.37)
D (k; 2) = (Eelpnn (k. €, €5 2)IE1), (4.38)

Dii(i2) = (&l Sk . €52)Q [ — QS £.652)Q] QSk&.52)] 1),
(4.39)
lep(k; z) = ik’ n(k; z)(mn) !, (4.40)
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where 7(k; z) denotes a generalized coefficient of shear viscosity (for the Bose
system). Such a coefficient consists of two main contributions. The first one is
D;p(kin)(k; z), whereas the second contribution lep(int)(k; z) describes an interplay
of kinetic and hydrodynamic processes. The investigation of the contributions
D) (k: z) and D0 (k; z) in the shear viscosity of the quantum Bose system
at the decrease of temperature to 2.17 K presents a significant interest in connec-
tion with the beginning of the superfluid component.

If we put v = 1,2,3, 61(6) = 1, 62(€) = &, 05(€) — 6712(€2 — 3) in the system
of equation (4.29), then we obtain:

2Bk 2) — 10 (K) Dy (K: 2) = — D (), (4.41)

2P, (k; 2) — 19, (k) Pra(k; 2) + Dﬂp(k; 2) P (ks 2) — Xppmin (K; 2) Ppring (ks 2)
— Y ppint (K; 2) Ppine, (k5 2) = —Ppa(k), (4.42)

Zq)hkina(k; Z) - thinp(k; Z)q)pa(k; Z) ~+ Djin pxin (k; Z)q)hkina(k; Z)
+ thinhint (k, Z)@hinta(k; Z) == _®hkina(k>’ (443)

2P pintg (K5 2) — Epineyy(K; 2) Ppa (K; 2) 4+ Dpineprin (K; 2) Ppiing (K; 2)
+ Dhinthint (k, Z)@hinta(k; Z) == _thnta(k), (444)

where a = {7, P, 25", hi™} and
%), (4.45)

iQu4(k) and Dgy(k; z) are determined according to (4.31), (4.30) and describe the
correlation between the viscous, kinetic and potential parts of the generalized en-
thalpy of the Bose system.

From the system of equations (4.41)—(4.44) one can define the Fourier compo-
nents of the particle number density correlation functions

O (ks 2) = ui(ks 2) = (1P (k, &, €5 2)[1),
as well as of the longitudinal component of the momentum density
Ol (k; 2) = Pos(k; 2) = (&:|Ppn(k, &, €5 2)[EL),
for the kinetic part of generalized enthalpy
Dppangion (ks 2) = Py (ki 2) = (672(6 = 3)|Pua(k, £,€52)[672((€)* — 3))

as well as for the potential part of generalized enthalpy ®pinepme(k;2) and cross
correlation functions, especially ®pineprin(K; 2), @puin (ks 2), Pppine (K; 2), Pppian (K; 2),
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P, pine (K; 2). Solving the system of equation (4.41)—(4.44) at a = n, one obtains an
expression for the correlation function “density-density” ®,,,(k; z)

D, (k; 2) = =S5 (k) lz - ian(lf)lliQpn(k>] h (4.46)
z+ Dpp(k; 2)
where
D), (k; ) = D, (k: 2) = Sppaan(k; 2) [ + Dpsangn(k; )] Spaany (K 2)
— Sypine (K3 2) [z + Dipintgins (; 2)] ™1 Spine (ks 2), (4.47)
Lppiin (K; 2) = Eppan (k; 2)
— Zppine (K; 2) [2 + Dpnepion (5 Z)]_l Dpintpian (K5 2), (4.48)
Spuiny (K; 2) = Spiany (ks 2) —
— Dyanpint (k; 2) [z 4 Dpneine (K; Z)]il Dpinp (K; 2), (4.49)

thinhkin (k, Z) - thinhkin (k, Z)
- thinhint (k, Z) [2 + Dhinthim (k, Z)]_l Dhinthkin(k; Z) (450)

In expressions (4.47)-(4.50) we can observe an interesting renormalization of the
functions ¥, and D, via the generalized transport kernels for fluctuations of flows
of the potential part of enthalpy density. However, Dlup(k; z) is connected only with
the generalized longitudinal viscosity nll(k; ), since the densities of the number of
particles ny, and momentum py are included in the set of variables of an abbreviated
description. In our case D;Up(k§ z) takes into account both thermal and viscous dy-
namical correlation processes. Excluding from (4.46) the imaginary part @/ (k;w)
of the correlation function ®,,(k; z), one obtains an expression for the dynamical
structure factor S(k;w) in which the contributions of transport kernels correspond-
ing to the kinetic and potential parts of the enthalpy density hy are separated. It
is evident that the main contribution of the transport kernel Dpineyini(k;2) to the
S(k;w) for liquids was in the hydrodynamical region (the region of small values of
wavevector k and frequency w), whereas Djinpuin (K; 2) will contribute to the kinetic
region (of the order of interatomic distances and small correlation times).

It is natural, that their contributions will significantly differ in both the imperfect
Bose gas and Bose liquid. We can expect then that the difference of contributions
from Dyinpiin (K; 2) and Dyinepine (K; 2) will show itself in the dynamic structure factor
of semiquantum Bose system in the region of intermediate values of k, w [25,26]. In
the region of intermediate values of wavevector k and frequency w, it is necessary
to take into account all the transport kernels 3, uin (k; 2), Eppine (K; 2), Dpxingrin (k; 2),
Dpinspiin (K; 2), Dpinegine(k; 2). Since it is impossible to perform exact calculations of
the above described functions, it is necessary in each separate region to accept
models corresponding to the physical processes. Obviously, it is necessary to pro-
vide the modelling on the level of generalized transport kernels ¢, (k, p, p’;t,t'),
Onn(k, pst, 1), orn(k, 0’58, 1), rn(k;t,t") (4.11)—(4.14). In the limit £ — 0, w — 0,
the cross correlations between the kinetic and potential flows of energy and shear
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flows become not so important and the system of equations (4.46)—(4.50) gives a
spectrum of the collective modes inherent in molecular hydrodynamics [25]. For in-
termediate values of k and w, the spectrum of collective modes can be found from
the condition

z (k) 0 0

i, (k) = + DH (K 2) 5 en (K 2) an(2) | _o (gs1)
0 Ehkm (k Z) zZ+ thinhkin(k; Z) D jxinpint (k, Z) ’ .

O tht ( Z) Dhinthkin (k, Z) z _'_ Dhinthint (k, Z)

in which the contributions of kinetic and potential parts of generalized enthalpy
are separated. This will be reflected in the structure of a heat mode at concrete
model calculations of the wavevector- and frequency-dependent transport kernels
Dyanpin (K; 2), Dyinpine (K; 2), Dpintpiin (K; 2), Dyinepine (K3 2) depending on k and w.

The system of equations (4.41)—(4.44) for time correlation functions allows us an
extended description of collective modes in the quantum Bose system, which includes
both hydrodynamic and kinetic processes. Including some additional functions based
on the functions ¢, () (4.32),

WO =@ -9a  wlie = L - s, (152

which correspond to a 13-moment approximation of Grad, one obtains a system of
equations for time correlation functions of an extended set of hydrodynamic variables

{ﬁkv f)ka iLlliina ﬁka ka ili(nt} ( ﬁk = ZE @H(g)ﬁk(g), Qk = Z{ @Q(&)ﬁk(g))

0 i, O 0 0 0 ]
iQn 0 iQpen Q1 0 10, e
cH o O iQhkinp O O iQhkinQ O
R =10 oy, 0 0 iQmo O (4.53)
O O iQQhkin IQQH O iQthnt
0 Qi O 0 Qg O

is an extended hydrodynamic frequency matrix,

00 0 0 0 0
H H H H H

O Dpp Dphkin DpH DpQ Dphlnt
~H O thin thinhkin thinH thinQ thlnhlnt
k;2) = P 4.54
Pilkiz) =1 Duy Duwen Dmn Dpg  Dign (4.54)

O DQp DQhkin DQH DQQ Dthnt
L O Dhintp Dhinthkin DhintH DhintQ Dhinthint i

is a matrix of generalized memory functions, elements of which are transport kernels
(4.30) projected based on the functions ¢, (&) (4.32), (4.52). For such a description,
the spectrum of generalized collective modes of the system is determined for inter-
mediate k and w by the relation det ‘z[ 0" (k) + @H(k)‘ = 0 which takes into
account kinetic and hydrodynamic processes. In the hydrodynamic limit & — 0,
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w — 0, when the contribution of cross dissipative correlations between the kinetic
and hydrodynamic processes practically vanishes, the system of equations for the
time correlation function, after some transformations, can be reduced to a system of
equations for time correlation functions of densities for the number of particles ny,
momentum py, total enthalpy ﬁk, the generalized stress tensor T, = (1 — Py )iLy Dk
and the generalized enthalpy flow qx = (1 — Py)iL Nﬁk, where Py is the Mori oper-
ator constructed on the dynamical variables {ny, P, izk}

In this case, in the hydrodynamic limit £ — 0, w — 0 the spectrum of collective
excitations coincide with the spectrum [25,26] for semiquantum helium.

However, at fixed values of k and w, the transport kernels ¢, ¥z0, Yor, Y00
are expressed via the generalized transport kernels D, (k; z) of matrix (4.54), i.e. via
Onn (K, P, Pt 1), onn(k, Pyt 1), orn(k, 5t 1), onn(k; t,t') (4.11)—(4.14), according
to the definition D,,(k; z) (4.30). Here, it is important to point out that passing
from the system of transport equations of a self-consistent description of kinetics and
hydrodynamics to the equations of generalized hydrodynamics, we can connect the
generalized transport kernels (4.11)—(4.14) with the hydrodynamic transport kernels
D,,(k;z) in (4.51) or (4.54).

5. Conclusion

In this work we have introduced the statistical approach of a consistent descrip-
tion of kinetic and hydrodynamic processes for quantum Bose system far from a
point of phase transition. For this purpose we used a method of nonequilibrium
statistical operator by D.Zubarev. For parameters of a consistent description, the
nonequilibrium one-partial distribution function and average potential energy of in-
teraction Bose particles have been chosen. As a result, the generalized equations of
transport (2.33) have been obtained, which in a case of weakly nonequilibrium pro-
cesses are closed (3.1), (3.2). By means of the latter we have obtained a new system
of consistent equations for time correlation functions (4.14)—(4.17) from which the
projection method can define a dynamic structure factor, the functions ” flow-flow”,
etc. based on the eigenvectors of nonequilibrium one-partial function. In the hydro-
dynamical limit this system can be transformed to a system of equations for time
correlation functions constructed on the dynamic variables related to the density of
particle number, momentum, enthalpy, generalized stress tensor and enthalpy flow
for which the spectrum of collective excitations is known [25,26]. However, a special
feature here is that the generalized memory functions are constructed on memo-
ry functions (2.34)—(2.37) initially obtained in the coupled system of equations for
nonequilibrium one-partial distribution functions and average potential energy of
interaction. In this way the relation between one-particle and many-particle corre-
lations is traced. It can be actual in a relationship with the studies of the kinetics
of one-particle and pair-particle Bose condensate [45,46].

In our approach, a part of the average potential energy of interaction connected
with the nonequilibrium distribution function of a pair condensate can be extracted
at once. Further we can obtain the system of equations for time correlation func-
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tions with separation of an one-particle and pair-particle Bose condensate both in
Hamiltonian [46] and in expressions. Moreover, in our approach we can start with
the relevant statistical operator (2.19) to construct a chain of BBGKY equations
for nonequilibrium distribution functions of particles with the modified boundary
conditions (taking into account multipartial correlations), which is similar both for
classical [43] and Fermi systems [47]. This research can be carried out above and the
below the points of phase transition with the allocation of condensation distribu-
tion functions. In the area of phase transition to a superfluid state of the quantum
system, the account of kinetic and hydrodynamical nonlinear fluctuations is impor-
tant. Here our approach can be modified by choosing as parameters a consistent
description of the Wigner nonequilibrium distribution function and nonequilibrium
distribution function of collective variables: density of particle number, momentum,
energy. In this case the relevant statistical operator can be presented as:

2t) = exp {=8(0) = 31 0ig(p) = [ () ).

where f(a;t) = Spf(a)o(t) is the nonequilibrium distribution function of collective
variables a,x: f(a) =(a—a) =12 [Tk 6 (i — ami), and Gy = Ay, Gox = f’k,
asxk = €x. f(a;t) satisfies the generalized Fokker-Plank-type equation [38]. These
problems will be considered in our subsequent papers.
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Y3roa)xeHuin onuc KiHeTUKM Ta rigpoauHamikum
KBaHTOBUX 003e-cuctem

M.A.Mywak, M.B.Tokapuyk

IHCTUTYT i3nkm koHaeHcoBaHMx cmctem HAH Ykpainm,
79011 JibBiB, ByNn. CBEHUjUbLKOrO, 1

OTpumaHo 8 cepnHsa 2004 p.

3anponoHOBAHO y3rofXeHun nigxig, Ans onucy KiHeTuky Ta rigpoanHa-
Mikn 6arato®030HHUX cucteMm. OTpUMaHO y3arafnbHeHi PiBHAHHSA nepe-
HOCY ANsi CUJIbHO i cnabo HepiBHOBaXKHMX B03e-CUCTEM 3 BUKOPUCTAH-
HAM METO[y HEPIBHOBaXHOIo ctaTucTu4Horo onepartopa .M. 3ybape-
Ba. OTPMMAHO HOBI PIBHSIHHA AJ11 HACOBUX KOPENSAUinHNX OYHKLN 3 BU-
OiNeHMM BHeCKaMu Bif, KIHETUYHOI eHeprii | NoTeHLjianbHOI eHeprin B3a-
emogaii yactnHok. OTpMaHo y3aranbHeHi koedilieHTU NnepeHocy 3 ypa-
XYBaHHSAM Y3roaXXeHOro onncy KiHeTUYHUX i rigpoanHamivHMX NPoLLECIB.

Knio4oBi cnoBa: 603e-cuctema, renin, KiHetvka, rigpoanHamika,
KopensuiiHa QyHkUis, KoeilieHTH nepeHocy

PACS: 67.40.-w, 47.37.+(
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