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We develop a theory for dielectric, piezoelectric, and elastic properties of
partially deuterated (quenched disorder) crystals of Rochelle salt with tak-
ing into account the piezoelectric coupling. Results of numerical calcula-
tions are presented for a completely deuterated Rochelle salt and com-
pared with available experimental data. Isotopic effect is explored within
the mean crystal approximation, as well as within the developed theory
using different trial sets of the fitting parameters. Theory predictions are
given for the temperature and composition dependences of the calculated
characteristics for partially deuterated crystals.
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1. Introduction

Rochelle salt (double sodium-potassium tartrate NaKC4H,Og - 4H50) has two
Curie points. The ferroelectric phase exists in a rather narrow temperature interval
from Ty = 255 K to Tee = 297 K (T = 251 K, T = 308 K in deuterated crys-
tals dRs). Spontaneous polarization is directed along the a axis; it is accompanied
by a spontaneous shear strain 4. Crystal structure is monoclinic C3(P2;) in the
ferroelectric phase and orthorhombic D3(P2,2,2;) in the paraelectric phases.

According to the classical concepts, based on structural data of Frazer et al. [1],
the phase transitions in Rochelle salt are pure order-disorder ones. The ferroelec-
tric polarization used to be attributed to rotation of hydroxyl groups of tartrate
complexes OHj between two equilibrium positions (see [2]). The actual situation is
far more complicated, and the mechanism of the phase transitions in Rochelle salt
remains rather obscure. More recent neutron scattering data indicate that the OHj
hydroxyl groups do not perform any orientational motion and therefore play little
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role in the phase transition, at least in deuterated Rochelle salt [3,4]. Furthermore,
experimental facts suggest that the phase transitions in Rochelle salt are displacive
[5,6] ones or of mixed order-disorder and displacive type [7,8]. According to X-ray
scattering experiments [9], spontaneous polarization in Rochelle salt is created by
cooperative displacements of tartrate molecules and water molecules in a frame of
K and Na ions. Recently Hlinka, Petzelt et al. [10], based on their X-ray diffraction
data, proposed that it is the order-disorder motion of OHg and OH;4 groups, cou-
pled with the displacive vibrations of OHg groups that is responsible for the phase
transitions in Rochelle salt, as well as for the spontaneous polarization. So far it has
not been definitively established the motion of which atoms is the order-disorder
one.

The most successful microscopic model for Rochelle salt was proposed by Mitsui
in [11]. It is based on the assumption that ordering structure elements move in
asymmetric double well potentials. The dipoles form two co-penetrating sublattices,
with the local potentials which are the mirror reflections of each other. Therefore,
even though the dipoles in each sublattice are always ordered (non-zero sublattice
polarization), there may be no total polarization at certain temperatures. Later
[12,13] the model was reformulated in terms of pseudospin operators; the model itself
and its modifications were used for a description of Rs, dRs, RbHSO4, NH,;HSO4 and
other crystals. It should be mentioned here that crystals of RbHSO,4 undergo a single
second order phase transition into the ferroelectric phase, whereas in NH,HSO, the
ferroelectric phase exists in a narrow temperature interval but, in contrast to the
situation with Rs, the lower phase transition is of the first order.

Thermodynamic characteristics of the Mitsui model within the mean field ap-
proximation (MFA) were calculated in [13-15]. Tunneling of ordering structure ele-
ments was taken into account in [14,15]. Relaxation phenomena in the crystals de-
scribed by the Mitsui model were explored within the stochastic Glauber model [16]
in [17] and Bloch equation method in [18]. Within the MFA the relaxation times for
Rs and dRs were calculated. It should be noted that in the mentioned papers only
one or very few physical characteristics of Rs and dRs were fitted to experimental da-
ta, whereas the other characteristics were not considered. Naturally, such a method
cannot prove the adequacy of the Mitsui model to Rochelle salt crystals, since it is
quite simple to get a good fit to experiment, when only selected characteristics are
calculated, and a sufficient number of the free parameters is invoked.

Ferroelectric crystals RbHSO,4 and NH,HSO, within the Mitsui model were stud-
ied in [19-21]. In these crystals the phase transitions are associated with ordering
of sulphate groups (see [19]). Thermodynamic characteristics were calculated with-
in the MFA and two-particle appoximation and compared with experimental data.
Overall a fair description of the data was obtained for RbHSO,4. As for NH;HSOy,
in [21] it was shown that within the MFA for the Mitsui model it is impossible to
describe the low-temperature phase transition in it. At the same time in [20] the
temperature curve of spontaneous polarization in NH,HSO, was described, assuming
that certain interaction parameters are temperature dependent.

Possibility to describe several systems with different numbers of phase transitions
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within a Mitsui model indicates an importance of exploring the phase diagram of the
model. One of the first approximate phase diagrams was presented in [14]; tunneling
was not taken into account. A more precise phase diagram with zero tunneling was
constructed in [22]. Regions with three phase transitions were shown to exist. In
[22] a Mitsui model with tunneling was considered as well. Within the MFA it was
shown that with non-zero tunneling there are such values of the model parameters
when the system undergoes a low temperature first order transition and a high
temperature second order transition, with the ferroelectric phase in between, as
observed in NH4HSO,4. The most thorough analysis of the phase diagram of the
Mitsui model was obtained in [23] within the MFA both with and without tunneling.

A more consistent attempt to describe the Rs, dRs and RbHSO, crystals within
the Mitsui model was undertaken in [24-26]. The free energy, spontaneous polar-
ization, entropy, specific heat, static and dynamic dielectric permittivity (the latter
within the stochastic Glauber model) of the Mitsui model were calculated. For the
first time there have been found such values of the theory parameters which provid-
ed a more or less satisfactory description of several characteristics of Rs, dRs, and
RbHSO,. The remaining contradictions between theory and experiment and doubts
in reliability of some experimental data for Rs, dRs, and RbHSO,4 were approached
in [27,28], where the fundamental dielectric dispersion in Rs, dRs, RbHSO,, and
RbHy 3Dy 7S04 was thoroughly examined, both theoretically and experimentally,
and the description of the experiment was much improved, especially for RbHSO,.
Recently a new approach to the fitting procedure for RbHSO, type crystals was ap-
plied [22]. This approach was developed in [29-31] for the description of the KHoPO,
family ferroelectrics. It was shown that at choosing the values of the theory param-
eters it is crucial to obtain a good fit to the experimental data for the contribu-
tion of the ordering subsystem to the specific heat. Following this method, for the
RbHSO,4 and RbH( 3D.7S0O4 a good description of all calculated characteristics was
obtained [22].

However, for Rs some qualitative discrepancies between theory and experiment
persisted. Thus, it was impossible to simultaneously fit the data for the spontaneous
polarization and static dielectric susceptibility; the temperature curves of polariza-
tion relaxation time and dynamic dielectric permittivity in the vicinity of the phase
transitions in Rs and dRs were qualitatively different from the experimental ones.
Method of fitting to the specific heat is useless here, because the specific heat pecu-
liarities at the Curie points in Rs crystals are very small, and no reliable experimental
data exist.

It should be noted (see also [32-34]) that the physical characteristics of Rs,
RbHSO,, and NH4HSO, can be essentially influenced by tunneling of the ordering
structure units [14,15,17,35] and by their interaction with phonons [36-38]. Let us
note that in [17,35] the isotopic effect in Rs;_,dRs, was attributed to the changes in
tunneling only. In [38] a generalized pseudospin-phonon model of a partially deuter-
ated order-disorder type ferroelectrics with asymmetric double-well potential was
proposed and studied. Using a decoupling procedure for the Green’s functions, within
which the pseudospin-phonon interaction can be taken into account more consistent-
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ly than within the random phase approximation, the Green’s functions, longitudinal
dielectric susceptibility, and coupled pseudospin-phonon vibrations of Rs;_,dRs,
and N(H;_,D,)4H;_,D,SO, ferroelectrics were calculated. Thermodynamic char-
acteristics of the systems were calculated within the mean field appoximation. No
numerical analysis of the results obtained in [38] was performed.

The origin of the remaining qualitative discrepancies between theory and exper-
iment for Rs and dRs was still unclear. Could it be that the MFA is a too poor ap-
proximation? The presence of chain fragments of ordering structure elements most
likely indicated the necessity of using a better approximation than the MFA. In
[39,40] a model of two chains of Ising spins moving in an asymmetric double well
potential was proposed; an interaction between the chains is taken into account
within the MFA, whereas the interactions between nearest neighbors within the
chains are taken into account exactly. In [41] the approach was further improved
by exact accounting for the interactions between the pair of chains. These improve-
ments were shown to “deform” the phase diagram (see [14,21]); temperature curve
of polarization at different values of the model parameters was explored.

Thus, the task to calculate the physical characteristics of the Mitsui model with-
in the two-particle cluster approximation appeared quite natural. It was fulfulled
in [42], where an original approach to the description of thermodynamic and dy-
namic characteristics of mixed order-disorder type ferroelectrics with asymmetric
double-well potential was proposed. Within the two-particle cluster approximation
for the short-range interactions and mean field approximation for the long-range
interactions, the thermodynamic potentials, static and dynamic Green’s functions
for annealed and quenched systems were calculated. The obtained expressions for
the thermodynamic and dynamic characteristics of Rs;_,dRs,, Rb(H;_,D,)SOy4, and
N(H;_.D,)sH;_.D,SO, crystals contained an increased number of the fitting param-
eters, which could potentially improve a description of experimental data, in particu-
lar for Rs, dRs, RbHSO,4. However, this has not removed the above mentioned quali-
tative and quantitative discrepancies between theory and experiment for Rs and dRs.

This problem was recently solved by considering the piezoelectric properties of
Rs crystals. In [43-45] we modified the conventional Mitsui model for Rs by taking
into account the piezoelectric coupling between the ordering structure elements and
the shear strain €4. It permitted us to calculate and obtain a good description of
experimental data for the elastic and piezoelectric characteristics of Rochelle salt, to
obtain dielectric permittivities of free and clamped crystals, and to properly describe
the temperature curves of relaxation times and dynamic dielectric permittivities near
the Curie points. In [45] the influence of shear stress o4 on the physical characteristics
of Rochelle salt was studied.

In the present work we explore the temperature and composition dependences of
thermodynamic, dielectric, elastic, and piezoelectric characteristics of the Rs;_,dRs,
crystals. A disordered Mitsui model is considered with taking into account the piezo-
electric coupling between the ordering structure units and shear strain 4. Calcula-
tions for the deuterated Rs within the model modified by piezoelectric effects have
been also presented for the first time.
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2. Thermodynamics of the system

Let us consider the behavior of a disordered (partially deuterated) piezoelectric
Rochelle salt crystal. So far it is unclear which structure elements of Rochelle salt
lattice play the role of ordering units in a phase transition. However, since there is a
certain (though rather weak) isotopic effect for the transition temperatures in these
crystals, we may assume that the order-disorder motion in the system somehow
involves the motion of hydrogens (protons or deuterons). We suppose that in mixed
(partially deuterated) crystals there are two interpenetrating subsystems of ordering
structure elements: one is associated with protons and the other with deuterons.

Calculations are performed within the Mitsui model with taking into account
the piezoelectric coupling. Then, we should introduce different constants for pair
interactions between the structure ordering units: 1) when both units are associated
with protons; 2) with deuterons; 3) when one unit is associated with a proton, while
the other with a deuteron. The model Hamiltonian then reads

N N .

H = 5 ’UC4E40€Z NU€(1)4E1 — 5UX1(1)E% E qu ff/ ( ) /f/(ﬁ)
qfa
a8

=Y [Dga = (HaBr = 20ua0)] S (). (2.1)

qfa

Three first terms in (2.1) correspond to that part of elastic, piezoelectric, and elec-
tric energies, which is attributed to the heavy ions lattice and independent of the
arrangement of the ordering units (c£?, ¥, x9 are the “seed” elastic constant, co-
efficient of piezoelectric stress, and dielectric susceptibility, respectively); v is the
unit cell volume. The lattice strain €4 and the “seed” constants are assumed to be
composition dependent and averaged over the crystal.

The fourth term describes a direct interaction between the ordering structure
units; Ry (Ollf) = Ryy ((;g) = Jog(af) and Ry (?g) = Ry (Ozlf) = Ky (af) are
the potentials of interaction between the ordering units belonging to the same and
to different sublattices, respectively; indices f, f/ = 1,2 number the sublattices,
whereas a, 3 = p,d correspond to subsystems of ordering units associated with
protons (p) and deuterons (d). The fifth term is the energy associated with the
assymetry of the potential profile (A, = —As, = A,). The sixth and seventh
terms are the interaction of the ordering structure elements with external electric
field and internal field created by the piezoelectric coupling [43], i, is the effective
electric moment per unit cell.

The operator of the internal degrees of freedom S () by which the state of the
ordering structure elements is described can be written in the following form

o) = X075y,

10 00 »
xp=(g0) xu=(97) xpexs—

where
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are the Hubbard operatores, obeying the following permutation relations
aﬁ Ol/ﬁ/ o aﬁ/ a/ﬁ
(XeP X! | = [ Xof g = Xe 80 1000

Hereafter, the thermodynamic and dynamic characteristics of the considered
ferroelectric systems will be calculated within the mean field approximation. After
an identity transformation of the quasispin operators

z z z z 1 = z
qf(a) - < qf(a)> + [Sqf(a) - < qf(a)>] = 5771‘(@) +A qf(a)’
the initial Hamiltonian (2.1) can be presented as
H=U+H +H, (2.2)
where
1 af\ _ _ N N .
U =g > Ru (ff’) ()i (8) + gvcﬁogi — Nvejyea By — §’UX1?E127
P
~ 1 af . ;
H/ = —5 qu/ (ff/) A qf(O[)ASq f’(/B)
q,f,a
af'8
o = — 3 ()5 ()
afe

and €¢(«) is the local field acting on the quasispins associated with protons (p) or
deuterons (d) in the fth sublattice

S0 = 5 30 RO + 5 3 KoHmO) + By — 2ipes + iy,
B B

ald) = 23 dofadyi(a) + 5 3 Kofad)b(a) + Ay — e+ pral

«

() = 5 3 D)) + 5 3 KoOn(B) — Ay — 2aes + By
B B
£(d) = % S Jolad)ila) + % S Koad)ii (@) — Mg — 20aazs + paFr - (23)

«

In further calculations the term H’ in the Hamiltonian will be neglected.

To obtain the observable quantities, we should perform both thermodynami-
cal and configurational (over sort configurations) averagings. We consider a case
of quenched disorder, when distribution of quasispins associated with protons or
deuterons over the lattice is fixed and temperature independent. Therefore, the
thermodynamical averaging refers to the spin degrees of freedom only. For instance,
for the single-particle distribution function one has

Ny(a) = Sp Sy(a)e P11 — (X2 tanh 23 (a))a = 7o tanh 2054(a)  (2.4)
Ne(a) = Spe—ﬂﬁo = qf tan 5 Er(a))s = x4 tan 5 Erla .
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(zo is the concentration of the a — component).
Let us introduce new variables (o) and a(a):

€)= 5 ) + ), Ed) = 5 () + mld)],
o) = 5 [ne) ~ )], o(d) = 5 () — ()] (25)

o 1 sinh v,
é‘(p) — ixp{ ta,nh 5[")/1 + 51] + tanh [’71 - 51]} COSh ,71 + COSh 51’
o 1 1 B sinh 7,
(d) = §xd{ tanh 5[’72 + 03] + tanh 5[72 - 52]} = T4 osh o + cosh &
) . 1 1 sinh &
a(p) = pr{ tanh 5[71 + 61] — tanh 5[71 o 51]} - xpcosh ~v1 + cosh &y’
() — X {t hl[ 8 — hl[ —5]}— T 20
a(d) = Qxd an 5 Yo + 02 an 5 Y2 2 —lfdcosh72+cosh52’ (2:6)
where
R+ p) - Rt pd ppF
= B B 2
B ( ) R_(pd) _ Ap
_RApd),, | RY(dd) huaes + L1
T = —5mb(p) + )__¢4d54+ KT
R (pd) _ R (dd) A
52 — 5T U(p) oT O'(d) + T )
and

R (af) = - Ko(aB) £ Jo(ad)

To calculate piezoelectric, elastic, dlelectrlc characteristics of the mixed Rochelle

salt crystals we shall use the thermodynamic potential (calculated per one pair of
quasispins)

Gie(4)
g1e(4) = Nen
_ Lo mo2 o L e
= —004e4 + gVCar €1 — vey, el — §UX11E1

b5 (B op)2€ ) + R (dd)r32(d) — R (op)alo(p) — R (dd)ro”(d))

+ %# (pd) .t (p)E(d) — %R (pd), a0 (p)or(d) — 2(, + 24)T n 2

osh 11— 51) —Txgln (cosh 72+ 02 cosh 22— 52) ,
2 2 2

(2.7)

)
—Tz,In (cosh n ; !
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(0 = #=). From the conditions:

1 /0 1 /0
t( glE) =0, t( glE) =-P
U\ Oy o v\ OF, s
we obtain that
s = B4 — B+ 1, 26 (0) + a2 (0, (2.9
Pr=ea+ X0E + pxpf<p>+%xds< ). (2.9)

Using expressions (2.6) and (2.9), let us calculate the static dielectric susceptibil-
ity of mixed Rochell salt type crystal along its a-axis for the case of a mechanically
clamped system

X11(0) = (8E1>€4—X11+ pr OF, 54-1- de o, 54—

1 2 2

T
STA, { Tp(apDp1 + colps) + /; Ta(boAgz + doAgs)

_’uz,udl'p(boApz + doAp4) — ’UM/ZM l'd(aoAdl + CoAdg)} (210)

= X11+

The notations used here are given in Appendix.
Similarly, for the coefficient of the piezoelectric stress we get

~(op, IE(p) pa (O6(d)Y
T (654) it v ( 024 E1+ o\ Ot Sy
1 . -
| { %¢4pxp(a0Apl + COAP3) - %w%l’d(aoAdl + COAdg)

€14 — TA4
Hd 7 Hp 5
+7w4dxd(bOAd2 + doAgs) — 7w4dxp(bOAp2 + dOAp4>} .

And from (2.8) and (2.6) we obtain an expression for the elastic constant of the
system at a constant electric field

80'4
“ = (a—) -
= Cf40 T {1/14;7% aoAp1 + colp3) + %dﬂfd(boAdz + doAas)

’TA
— Yupthaay (oo + doAps) — Vaptaata(aoDar + colgs) booo(2.11)
The other piezoelectric (hiy, dis, g14), dielectric (xg;) and elastic (cf;, s}) character-
istics of disordered Rochelle salt type crystal can be obtained from the above found

quantities, using known thermodynamic relations.
To find the specific heat of the system we use the free energy equal to

f(4) = glE(4) -+ T}PlEl + VO4Ey. (212)
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Respectively, molar entropy of the crystal associated with its quasispin subsystem
is as follows:

R (0f(4)
S4 = — — _ =
2\ 9T )p.,
Zp 1 1
= RS (zp+2aq) 1n2—|—51n Cosh§(71+51)cosh§(% —01)

1 1
+ % In (cosh 5(72 + d5) cosh 5(72 - 52)>

zpy1sinhyy 4+ 2,01 sinh 61 2472 sinh s + 2409 sinh d, }

2(coshy; + cosh dy) 2(cosh v, + cosh d5)

where R is the gas constant. Molar specific heat of the quasispin subsystem is ob-
tained by numerical differentiation of entropy

dsS,
AC =T — . 2.1
o3 (dT)g (2.13)

3. Relaxation dynamics in partially deuterated Rs

Dynamic dielectric characteristics of mixed ferroelectrics with the asymmetric
double well potential will be considered within the Glauber model [16]. Similarly to
[42,43] we obtain a system of equations for the single particle distribution functions
of quasispins

_ w%é(p) = &) - %xp [tanh %(% +01) + tanh %(% —o],
—7d) = &(d) - %xd [tanh %(72 + 03) + tanh %(72 —5)],
_ w%a(p) = o(p) - %xp [ tanh %(% + 6;) — tanh %(% ~)],
_ w%ﬁ(d) = o(d) - %xd [tanh %(72 + 03) — tanh %(72 —5)]. (31)

The general form of the system (3.1) is quite complicated. Hereafter we shall restrict
our consideration to the small deviations from equilibrium. Then &(«), () and the
electric field F; can be presented as sums of two terms each

Ea) = &la)+&(a),
g(a) = odola)+a(a),
E1 = E10 + Elt- (32)

In the case of these small deviations, the expressions tanh(v; £ 0;)/2 can be
expanded in &(«), d¢(a), Ey up to the linear terms in a quite wide temperature
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range. We obtain then systems of equations for the equilibrium functions (coinciding
with (2.6)) and for the time-dependent parts

d - _ _ E
— @aft(p) = a10&(p) + axéi(d) + asoa(p) + aso(d) — ago /;I;ﬂfa
d - _ _ E
—o—=&(d) = b1&(p) + ba&i(d) + bsoai(p) + bagor(d) — 500M>
dt 2kT
— 0S5 = cwhip) + enkild) + csor(p) + candild) — cool 22
dt 2kT’
d _ = = _ _ pal
- @aUt(d) d10&:(p) + dao&i(d) 4 d3o0t(p) + daode(d) — d00W> (3.3)

the quantities used here a;o, by, cio, dio (i = 0 — 3) are obtained from the given
in Appendix a;, b;, ¢;, d; (i = 0 — 3) by changing &(p) — &o(p), £(d) — &o(d),
a(p) — oo(d), o(d) — oo(d).

In the case E; = 0 the system of equations (3.3) can be reduced to a single
differential equation for & (p):

d® gt(p) n d® Et(p) na d® gt(p) ng dgt(p) ng z

1 V) 4+ — =0. 3.4
dtt e dt e dt? e dt 904&(27) (34)
Here
ny = aio+ by + c30 + dao
ny = 10 A20 @10 A30 10 A40 bao bso bao bag C30 C40
b1 bao C10 C30 dyo dao Co0 C30 dag dyo dsodso |’
@10 G20 G430 @10 G20 Q40 @10 A30 Q40 bao b3 bag
ny = b1o bao b3o |+ | bio bao bag |+ | 10 €30 Cao | + | €20 €30 Ca0 |,
C10 C20 C30 dyo dao dao dyo d3o dao dao d3o dao
Q10 Az 30 A4
bio ba bz bag
ngy =
Cio C20 C30 Ca0
dio dy dso dao
A general solution of (3.4) can be written as
! t
§(p) =) Ciexp(——), (3.5)
i=1 t
where C; are constant coefficients, and 7; are the relaxation times
T, 1
A —— (3.6)
2 q
G = pq are roots of the characteristic equation
n n n n
'+ =+ =+ g+ — =0 (3.7)
2 2 2 2
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Dynamic dielectric susceptibility is defined as

_ @dgt(]?) @dgt(d)
v dElt v dElt ’

X11(w) (3.8)
_ Let us solve the non-uniform system of equations (3.3) with respect to &(p) and
&:(d). Substituting these solutions into (3.8) and taking into account relations (3.6)
and (3.7), we obtain the dynamic susceptibility

: 1) : (2 : 3) 4) 4
(@) = 0+ (1w)3n(() + (iw)?ng ) + 1wn(() + né T (3.9)
vkgT L1+ iwr)
J=1 J
where
@“(()1) = M;aoo + puaboo »
4,02”(()2) = ,%2;(520@00 + ¢30a00 + dao@oo — az0Coo)
+ M?l(aloboo + ¢30b00 + daoboo — baodoo)
— fpita(br0Goo + a20bo0 + bsocoo — aaodoo),
4,03”(()3) = ,%2; [(baocso — bsoCao + baodao — baodzo + c30da0 — caodzo) ago
+ (ag0b30 — azobao — asodso + a0dso) cool
+ M?l [(a10€30 — @30c10 + @10da0 — asodio + c30ds0 — Ca0d30) boo
+ (b3ocao — baoCso — a10bao + aa0bio) doo)
- Mpud[(bloc3o — bagcio + biodao — b4od10)a00
+ (ag0C30 — az0Ca0 + a20dao — asodao)boo
+ (a10bso — asobio + bsodag — baodso)coo
- (&20540 — agobog + aspcao — a4OC3O)dOO]7
@ bao  b3o  ba Q20 azp Q40
804% = Mf, C20 €30 Cao |Qoo+ | bao D30 bao | cCoo
dao d3o dag dyg  dsg dao
@10 a30 Q40 @10 a30 Q40
+ ,ufl Cio €30 Cao |boo + | bio b30 bao | doo
dyg  dsg dao Ci1o0 C30 C40
bio bz bao Q20 azp A4
— HUplld Clo €30 Ca0 |Goo+ | C20 €30 Cao | boo
dyo  dso dag dyo d3o  dag
@10 a30 Q40 Q0 Q3o QA40
+ | bio bz bao |coo+ | bao b3 bao |doo
dio dso dao Co0 C30 C40

Expression (3.9) can be presented as a sum of simple fractions

_ X‘1 i X‘z n X‘3 n Xfi ’
14+iwrn 14iwrn 1+4+iwrg  1+iwny

X11(w) (3.10)
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whereas the system of equations for x; reads

Ny M2 M3 Nig X1 ny
g1 TN TNa3 No4 X2 n2
= , (3‘11)
n31 N3z N33 N34 X3 n3
N4g1 N4 T3 MNag X4 Ty
where the following notations are used
N11 = T2T3Ty4, Nig = T1T374,
N13 = T1T2T4, N14 = T1T27T3,
Nol = ToT3 + ToT4 + T37T4, Nog = T1T3 + T1T4 + T3T4,
Nog = T1Ty + T1T4 + ToT4, Nog = T1 Ty + T1T3 + T2T3,
7131:72+73+T4, 7132:71+73+T4,
7’ng=7’1+7’2+7’3, 7134:Tl+73+72,
ng =1, ngp=1, ng3 =1, ngy =1, (3-12)
ny = ! TTTTTL(l) Ng = ! TTTTTL(2)
1= 1T2T3T4 2 = 1727374
Vo kT 0 v kT 0
Ng = 1 TTTTTL(B) ng = 1 TTTTTL(4)
3 = 1727374 4= 1T2T3T4 .
v kT 0 v kT 0
Dielectric permittivity then is equal to
/ N/
en(w) = 1+4rx(w) = e}, (w) — ief; (w), (3.13)
where
4
41
/ (3
W) = ot Y T
11 [ee] bl
i1 1 + (CUTZ‘)2
4 (3‘14)
” AT XWT;
eh(w) = E T
— 1 + (wmy)

and €., = 1 +4m X is the high-frequency contribution to the dielectric permittivity.

4. Numerical analysis

Within the above proposed theory we can calculate the physical characteristics of
mixed Rochelle salt crystals with any deuteration level. The theory parameters that
have to be set include the parameters for the limiting cases of pure and completely
deuterated crystals (Jy(aa), Ko(aa), Ag, Vi, fia, Pas iy, X590 €9,) as well as the
parameters relevant to partially deuterated systems (Jo(pd), Ko(pd)). The case of a
pure crystal has been considered in [43]. In this paper we shall perform calculations
for a completely deuterated Rochelle salt and later will attempt to describe the

partially deuterated systems.
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4.1. Completely deuterated Rochelle salt

First, let us consider the case of a completely deuterated Rochelle salt (z, =
0,24 = 1). Fitting procedure for a pure Rochelle salt is described in detail in [43].
Here we follow the same procedure.

For the unit cell volume (per two quasispins) we use the same values as for
undeuterated Rs

v = 0.5219[1 + 0.00013(T — 190)] - 10~ *cm®.

Following the method proposed in [43], in order to describe the dielectric, piezo-
electric, and relaxational characteristics of Rs — second order derivatives of thermo-
dynamic potential, we need to determine the values of the effective dipole moment
p1p, by fitting to the values of dynamic permittivity €7, (7.1) and €,(7.2) (data of
[46] are used). It yields u14 as a function slightly decreasing with temperature

fi1a = [2.1+ 0.0066(308 — T')] x 10~ "®esu - cm.

It provides a good fit to the mentioned second derivatives of thermodynamic po-
tential, but a rather poor description of the data for spontaneous polarization (see
below). For 11,(T") of pure Rs in [43] we used

pi1p = [2.52 4 0.0066(297 — T)] x 10~ ¥esu - cm.

Table 1 contains the used values of the parameters J, K, A, 14 for pure [43]
and completely deuterated Rochelle salt crystals as well as the “seed” quantities,
obtained by fitting the theory to experimental data. Results of the fitting for deuter-
ated Rochelle salt are discussed below.

Theoretical dependences of spontaneous polarization P; and spontaneous strain
g4 of dRs are given in figure 4.1. As one can see, the maximal theoretical value of

2 €
P, (uC/cm
- (b ) 0.0010 4
- 0.0008 - RSN
03} . . A
A
0.0006 |
02}
0.0004 -
0.1r 0.0002
0.0 . - s 0.0000 : s s
240 260 280 300 T (K) 240 260 280 300 T (K)

Figure 4.1. Temperature dependences of spontaneous polarization P; and spon-
taneous strain of dRs at o4 = 0; B — [47], A — 4 = Pi(x{; — x31)/ (X$1X51P14),
where data for P; are taken from [47], for x{; — from [47], x§; — from [46], h14 —
from [48].
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Table 4.1. Theory parameters for pure [43] and completely deuterated crystals

of Rochelle salt

Tcl ) T627 j07 [~(07 Aa 1/}47 Cﬂoa 6947
K | K K K K K | dyn/ecm? | esu/cm?
Rs | 255 | 297 | 797.36 | 1468.83 | 737.33 | —760 | 12.8 x 10 | 1.d0 x 10*
dRs | 251 | 308 | 806.633 | 1499.532 | 751.861 | —600 | 10.5 x 10 | 0.15 x 10*

P; is by ~ 50 % lower than the experimental one. So far we have no solution to
this problem; it could be, however, that there is an error in the rather outdated
experimental data. Further meausurements here are thus definitely needed.

03

0.0

240 260 280 300 7 (K)
Figure 4.2. Temperature dependence on inverse static dielectric permittivity of
free and clamped crystals of dRs. Experimental points are taken from: B — [47]

(900 Hz), @ — [51], I are recalculated from the obtained in [46] Cole-Cole curves,
v - [48].

In figure 4.2 we showed the temperature dependences of inverse static dielectric
susceptibilities of free k7, = (x7,) ! and clamped k¢, = (x5,)~! crystals of deuterated
Rochelle salt. As one can see, the experimental data for kj,(7") of [48] and [46]
disagree. Experimental values of dielectric permittivity in the lower paraelectric
phase should be also verified, since below 240 K the values of €¢; [47] become smaller
than €5, obtained from the data of [46]. We get a satisfactory quantitative description
of experimental data for k{; of [47] and for k5, of [46] both in paraelectric phases
and in the ferroelectric phase except for its middle part, where the calculated inverse
susceptibilities are smaller than the experimental values.

In figure 4.3 the temperature curves of elastic constants at constant field ¢, and
at constant polarization cl; of deuterated Rochelle salt are depicted. The elastic
constant c%, is essentially temperature dependent, vanishing with the same rate at
both Curie points. Theoretical results for ¢} are in a good agreement with the data
obtained from the formula ¢}, = (x5,h14)%/ (x5, — X51)- The calculated cf; is almost
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10 2
14 c,, (10 dyn/cm’)
P
12 + c
10 B A A

S N B~ N ©

240 260

280

300

320 T (K)

Figure 4.3. Temperature dependence of elastic constants at constant field c;:

A

E _
T Cyy =

((x51h14)?) /(X9 — x51) and constant polarization ci;: A

P

(x31X51R%,)/ (XS1 — X§1) of deuterated Rochelle salt crystal. Points for x§; are
taken from [47], for x§; from [46], for hi4 from [48].

e, 04esu/cm2)

d, (lO’Sesu/dyn)

TGy =

160 |
v

i N
120 v

I v
80 | v

- v v
40 Y v vV

1 1 1 1 1 102 L L L L L
240 260 280 300 320 7" (K) 240 260 280 300 320 7 (K)
4 -8 2

h (10" dyn/esu) g (10" cm™/esu)
12 12 120 14
10 - 100
i W or v oS o w

L > w
6 60
4L 40 |
oL 20 |
[ ] ] ] A ] 0 L . L . L . L L

Figure 4.4. Temperature dependences of piezoelectric characteristics of deuter-
ated Rochelle salt. Experimental points are taken from: 7 — [48], O — [49], A —

dis = (xT1 — xi1)/(xi1h14), e1a = xi1h1a, 914 = (X1 — X11)/ (XT1x31h14), values
of x7; taken from [47], x§; from [46], h14 from [48].
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temperature independent in all phases and accords with the data obtain from the
relation cfy = x§;x51774/ (XT1 — X51)-

Figure 4.4 contains theoretical temperature dependences of piezoelectric charac-
teristics of dRs. The obtained curve for di4(7") well agrees with the data of [48,49]
as well as with recalculated via the given in caption formula in the entire explored
temperature range, except for the low-temperature paraelectric phase.

AC ° (J/ mol K)

240 260 280 300 320 T (K)

Figure 4.5. Temperature dependence of AC? for deuterated Rochelle salt.

The temperature dependence of the contribution from the ordering units to the
specific heat AC? of deuterated Rochelle salt is given in figure 4.5. The theory
predicts two positive anomalies of specific heat at both Curie points.

Let us now consider the dielectric relaxation in crystals of dRs. Figure 4.6 con-
tains the calculated temperature dependences of inverse relaxation times 7; ' and
75 ', as well as the values of 7; ' obtained in [46] from experimental data for e}, (v, T).
The latter points are well described by the proposed theory. Peculiar to the tempe-

1;1 (1010 C_1) y 1-;(1013 C_1)

1 L 1 L 1 L 1 L 1 6.2 L 1 L 1
240 260 280 300 320 T(K) 240 260 280 300 3207 (K)

(a) (b)

Figure 4.6. Temperature dependence of inverse relaxation times (71)~
(r2)71: W — [46].

L and
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rature curve of 7, '(T) is the presence of two finite minima at the transition points.
Let us note that any theory for Rochelle salt crystals which does not take into
account the piezoelectric effects yields zero values of 7, *(T) at these points and,
thereby, incorrect temperature dependence of dynamic permittivity in their vicinity.
The values of 7, are three orders smaller than those of 7.

300

200

100

20

150

100

50

E:11

Figure 4.7. Temperature dependences of real and imaginary parts of dynamic
dielectric permittivity €7, of deuterated Rochelle salt crystal at different frequen-
cies v (GHz): O — 0.6; o — 2.8; A — 4.29; 57 — 9.3; O — 24.0. Experimental points

are taken from [46].

15

10|

0 L L L L
150 175 200 225 250 275 T (K)

(a)

20

15

11

O L s
150 175 200 225 250 275 T (K)
(b)

Figure 4.8. Temperature dependences of real and imaginary parts of dynamic
dielectric permittivity €7, of deuterated Rochelle salt crystal at different frequen-
cies v (GHz): B — 102; o — 141; A — 180. Experimental points are taken from

[50).

Temperature dependences of real and imaginary parts of dynamic dielectric per-
mittivity for deuterated Rochelle salt at different frequencies are presented in figu-
re 4.7. Overall, a good description of experimental data [46] is obtained, except for

127



R.R.Levitskii et al.

g1, at 0.06, 1.5, and 2.8 GHz in the middle part of the ferroelectric phase as well as
for €, at v = 9.3 GHz at all temperatures studied.

Dynamic permittivity of deuterated Rochelle salt at very high frequencies in the
ferroelectric and lower paraelectric phases along with the experimental points of
[50] are shown in figure 4.8. As one can see, at these frequencies the theory only
qualitatively reproduces the temperature curves for £, and €, &/,(T).

Figure 4.9 contains the frequency dependences of dynamic permittivity at differ-
ent temperatures. As one can see, the agreement between the theory and experiment
[46] is particularly good in the upper paraelectric phase.

350 175

300 150}
250 125¢
200
150
100

50

0 “J : 1 O 8 ‘9 ‘10 ‘H
10 10 10 10y (Hz) 10 10 10 10 v (Hz)
a)
€44 €4
350 175
300} 150}
250 125¢
200 100}
150 5¢
100} 19 50F 1
2
SOW ol A
05 5 m 0 5
10 10 10 10'y (Hz) 10 10 10 10"y (Hz)
b)
€44 €4
350 175
300¢ . 150} «

250 125}

200 100

150 75+
100} 50t

50F 254

10 10 10" 10"y (Hz) 10 10 10" 10"y (Hz)

c)

Figure 4.9. Frequency dependences of real and imaginary parts of dynamic dielec-
tric permittivity €], of deuterated Rochelle salt crystal at different temperatures
(K): a — 308(1), 298(2); b — 263(1), 298(2); ¢ — 251(1), 243(2). Experimental
points are taken from [46].
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3
2 e (107)
. Pl (uC/cm”) o4
03 08f 00"
06}
02
04t
0.1 ozl
0.0b—ile ‘ au. 0.0 il : e
240 260 280 300 7 (K) 240 260 280 300 T(K)
o 10 2.
0 /2 f’44(10 dyn/cm’)

. Bl . ; 0 A . ¥
240 260 280 300 T (K) 240 260 280 300 T (K)

240

240 260 280 300 T (K) 10240 260 280 300 T (K)

40 , , , 4 \ \ ,
240 260 280 300 7(K) 240 260 280 300 T (K)

Figure 4.10. Temperature dependences of piezoelectric, dielectric, and elastic
characteristics of pure (solid line, solid symbols), partially (x = 0.5, dashed line)
and completely deuterated (dotted line, open symbols) Rochelle salt. Theory:
mean crystal approximation; experimental points are: P;: B, [0 — [47],
eq: B —[55], @ — [49], O — &4 = P1(xT; — Xi1)/(XT1XT1P14);
~ [56]); O — [47];
~[52], 0~ 03%;4 = ((x‘ihm);)/(x‘{l —Xi1);

4, 0-cy = (X(leilhm)/(X{fl - Xi1);
53], O — e1q = x31hia;
- [53]7 A - [57]7 0 - d14 = (X(171 - Xil)/(Xith)’
~ [54], O - (48]
g1a: M- [53], 0 — g1 = (XT) — x71)/(XT1xT1/m4)-
Values for Pj, x11, hi4 used to calculate the points for dRs are taken from [47]
(Pr, x31), [46] (X31) [48] (h1a).
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4.2. Partially deuterated crystals. Mean crystal appoximation

Let us now consider the isotopic effect in Rochelle salt crystals. First we shall
explore a pure model ([43]; the same formulas are obtained from the ones presented
in previous section by putting z, = 0 or z; = 0). We use the mean crystal ap-
proximation, attributing the isotopic effect to the monotonic changes in interaction
parameters. Thus, for a partially deuterated crystal with deuteration level x = x4
we take

J = Jo(pp)(1 — x4) + Jo(dd)zg, K = Ko(pp)(1 — z4) + Ko(dd)x,, ete, (4.15)

where the parameters for pure (pp) and completely deuterated (dd) crystals of
Rochelle salt are given in table 1.

Results of such calculations are given in figure 4.10. As one can see, the increase
of deuteration leads to the widening of the ferroelectric phase, to the increase of
the maximal values of spontaneous polarization P; and strain &4, and of constant of
piezoelectric strain g4 and to the decrease of static dielectric susceptibilities of free
x7; and clamped xj; crystals in the ferroelectric phase. In the paraelectric phases
the slopes of the temperature curves for (x¢,)~! and (x5;)~! are almost independent
of deuteration level.

Maximal value of the elastic constant ¢ in the ferroelectric phase is practically
the same for Rs and dRs, as well as the rate of changes in ¢} with temperature on
approaching the Curie points. Elastic constant cf; with the increasing = decreases
from 13-10' dyn/cm? for Rs to 10-10'° dyn/cm? for dRs.

1-11 (1 010 C_1)

12F

Yo 260 W0 30 T (K)
Figure 4.11. Temperature dependence of inverse relaxation time 7 L of Rs and

dRs crystals. Experimental points are taken from [0 — [46], B — [12].

Experimental points for the constant of piezoelectric stress hi4 for Rs and dRs
practically coincide at all temperatures, whereas the theoretical values of hy4 for
dRs are somewhat smaller that for Rs. The theory predicts that on increasing the
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deuteration level, the minimal values of the coefficients of piezoelectric stress e, and
strain dy4 decrease in the ferroelectric phase; the peak values of ey4 at the transition
points decrease as well.

In figure 4.11 the temperature dependences of inverse relaxation time (7;)~! for
Rs and dRs are compared. Deuteration decreases with values of 7, at the transition
points and in the paraelectric phases. In the middle of the ferroelectric phase, 7,
in Rs is smaller than in dRs.

4.3. Partially deuterated crystals. A general theory

Let us now consider a more general case and attempt to describe the deuteration
effects in Rochelle salt crystals within the framework of the above developed (“com-
plete”) theory. At the absence of experimental data even for transition temperatures
of partially deuterated crystals of Rochelle salt, we cannot determine the values of
Jipa) and Kpq). Therefore, we shall perform calculations at different trial values of
these parameters, in order to find out in what way the changes of these trial values
affect the calculated physical characteristics of partially deuterated system.

T, ®)
152

2555 308 |

255.0 F ©:2)

2545 306 (152)

2540 - 304 | (-15;0)

253.5 |

2530} 302

2525 200

252.0 |

2515 298 |

251.0

296 ) ) ) ) ) )
0.0 0.2 0.4 0.6 0.8 10 X 0.0 0.2 0.4 0.6 0.8 10 X

Figure 4.12. Composition dependence (z = x4) of transition temperatures of
mixed Rochelle salt crystals (deuteration levels indicated) calculated within a
complete theory.

First, let us define the arithmetic mean set values of the pd-parameters as

Jo(pp) + Jo(dd)

jarth () = 5 . JE(pd) = 802.0115 K,
) K Ko(dd -
i pd) = FPPLEIOD ) usiasi k. (116)

The sets of pd-parameters used in calculations are determined by a relative deviation
from the arithmetic mean set of the pd-parameters, denoted by two numbers (u, v).

o, _ Jolpd) — J5 (pd)

- 70 ) -100%,
Jo(pp) — Jo(dd)| )

131



R.R.Levitskii et al.

 _ Ko(pd) — K§™(pd)

_ 2o 0 -100%. (4.17)
| Ko(pp) — Ko(dd)|

Thus (—15;2) stands for

Jolpd) = J&(pd) — 0.15 - | Jo(pp) — Jo(dd)| = 800.61605 K,

Ko(pd) = K& (pd)+ 0.02 - |Ko(pp) — Ko(dd)| = 1484.79504 K,

whereas (0;0) denotes the arithmetic mean set of the parameters.

Figure 4.12 illustrates the composition dependence of transition temperatures in
mixed Rochelle salt crystals calculated within a complete theory at different sets of
parameters (u,v) given by (4.17). The arithmetic mean set (4.16) yields very weakly
non-linear dependences T;(z). The more the parameters .Jo(pd) and Ko(pd) deviate
from the arithmetic mean set, the more the composition dependence of transition
temperatures deviate from the linear one.

255.0 < 308 <
2515 geometric mean set 306 [0
— 3025
1 arithmetic mean set
L 302.0
254.0 | 3015
- mean crystal approximation 304 3015
2535 | 30105
2530 f / 302 -
2525 | ¢ 300 geometric mean set
- 253.4-
2520 | 232 arithmetic mean set
215 L s o o 298 1 mean crystal approximation
’ 1 L L L L L ! . I . I . I . I
0.0 0.2 0.4 0.6 0.8 X 0.0 02 0.4 0.6 0.8 X

Figure 4.13. Composition dependence (x = x4) of transition temperatures of
mixed Rochelle salt crystals (deuteration levels indicated) calculated within a
complete theory with the arithmetic (4.16) and geometric (4.18) mean sets of the
theory parameters as well as within the mean crystal approximation (4.15).

In figure 4.13 we show the composition dependence of transition temperatures in
mixed Rochelle salt crystals calculated within a complete theory with the arithmetic
(4.16) and geometric

J8°(pd) = £/ Jo(pp) Jo(dd),  K§°(pd) = 1/ Ko(pp)Ko(dd), (4.18)

mean sets of the theory parameters as well as within the mean crystal approximation
(4.15). As one can see, all these methods predict nearly the same slightly non-linear
dependences of Ti;(z).

As one can see in figure 4.14, deuteration effects for the other physical charac-
teristics of Rochelle salt predicted by the complete theory qualitatively agree with
those given by the mean crystal approximation.
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Figure 4.14. Temperature dependences of the physical characteristics of mixed
Rochelle salt crystals (deuteration levels x = z4 indicated). Lines: a complete
theory. Experimental points for 1/x5,(7") are taken from: m — [12], O — [46], V —
[48]; The rest of the points are the same as in figure 4.10.
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5. Concluding remarks

Despite the fact that Rochelle salt appears to be the first known ferroelectrics,
the mechanism of ferroelectricity in it has not been completely established. In this
section we shall analyse the major achievements and miscalculations made in the
studies of this type of crystals. It would be useful to compare the history of inves-
tigation of ferroelectric crystals with double asymmetric potential with that of the
KH5PO, family crystals, since both types of crystals are also piezoelectric.

The most prominent peculiarity of the study of the KH,PO, family ferroelectrics
is a close connection between theory and experiment. Ferroelectricity in KHoPOy
was discovered in 1938, and already in 1941 the first microscopic theory (Slater mod-
el) of the phase transition in it was proposed. Despite certain doubts in its validity,
the most important results for these crystals were obtained in the framework of the
proton ordering model (see [58]), yielding within a cluster approximation a good
description of experimental data for thermodynamic and dynamic characteristics.
of the deuterated members of the family. Later, a microscopic theory of deformed
deuterated crystals of this type was developed [63], within which a proper description
of pressure and electric field effects on their physical characteristics was obtained
[59-62]. Essential point in the theoretical studies was a development of the well-
grounded fitting procedure; especially we would like to mention the papers [29-31],
where it was shown that in the fitting it is important to have reliable experimental
data for the specific heat of the crystals. In our recents works [64,65] we modified
the proton ordering model in order to take into account the contributions of piezo-
electric coupling, which allowed us to improve the theory and properly describe the
experimental data for the elastic, piezoelectric, and dielectric characteristics of the
crystals.

There was no such a close connection between theory and experiment in the in-
vestigation of the Rochelle salt type ferroelectrics. Due to complexity of the crystal
structure of Rochelle salt, there is no much data about the microscopic mechanism
of the phase transitions in it. Neither there has been much theoretical effort after the
Mitsui model was proposed. The existing theoretical works were either incomplete
(only one or very few characteristics were calculated, which does not permit to test
the adequacy of the used model) or contradictory in a sense that, for instance, it
was impossible to simultaneously obtain a good description of spontaneous polar-
ization and static dielectric permittivity. Qualitatively incorrect were the calculated
temperature curves of relaxation times and dynamic dielectric permittivity in the
microwave region near the Curie points. Such a situation was to a great extent due
to the fact that strong piezoelectric coupling in Rochelle salt was not taken into ac-
count and, in fact, the models corresponded to a mechanically free crystal, whereas
at microwave frequencies a crystal is effectively clamped (theories of the KHyPOy
type crystals which do not take into account the piezoelectric effect, yield at least
qualitatively correct results due to the first order phase transition in the crystals).

It was fruitful to use an experience obtained in the study of the KHyPO, family
crystals. Because of a much simpler crystal structure and more detailed experimental
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structural data, the microscopic Hamiltonian with taking into account the piezoelec-
tric coupling for these crystals could be and was derived ab initio [63]. Performing
analogous calculations for the Rochelle salt type crystals, we came to a model which
allowed us to obtain elastic and piezoelectric characteristics of the crystals, calculate
dielectric characteristics of free and clamped crystals, and get a qualitatively (and
quantitatively) correct system dynamics near the Curie points [43,44].

An essential insight into the problem of the phase transitions mechanisms in
Rochelle salt type crystals can be obtained by investigation of the disordered (par-
tially deuterated) crystals, as it was for the partially deuterated crystals of the
KH5;PO, family, where the essential role in obtaining a proper description of exper-
imental data was played by taking into account the tunneling effects. Availability
of extensive experimental data for these crystals for several deuteration levels was
strongly helpful. Experimental measurements of the deuteration effects on the physi-
cal characteristics of the Rochelle salt type crystals have not been performed yet and
are therefore necessary. They would help to elucidate the role played by hydrogen
bonds subsystem in the phase transitions in the crystals. In the this work we present
the results of theoretical calculations for the partially deuterated Rochelle salt crys-
tals, performed within the mean crystal approximation and within the consistent
general theory of the disordered system. Due to the absence of any experimental
data for mixed Rochelle salt crystals, we were unable to determine the values of
certain fitting parameters and present results obtained with several trial values of
those parameters. Verification of the theory predictions is thus strongly required.
The obtained theoretical results can possibly be further improved by considering
the tunneling effects, electrostriction coupling, as well as by using approximations
higher than the mean field appoximation.
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Appendix
bg bg b4 Qo a3 A4 g a3 Q4 Qo a3 a4
Ap1 =|C C3 C4 |, Ap3 =|by b3 by |, ApQ =|C C3 C4 |, Ap4= by b3 by |,
d2 dg d4 d2 dg d4 dg d3 d4 Cy C3 C4
b1 b3 b4 a1 a3 au a1 a3 ay ai as ay
Ap=|cr c3 ca|, Agz= by b3 by |, Agp=|c1 c3 c4|, ADga=|b1 bz by
d1 dg d4 d1 dg d4 d1 dg d4 C1 C3 C4
ay Qo az a4
A= | b b b b
C1 Cy C3 C4
dy dy ds dy
ap =1 —&(p) — *(p), co = —2£(p)o(p),
by =1 —&*(d) — o*(d), dy = —2¢(d)o(d),
1 -~ 1 -
ar = 1= =R (pp)zy[1 = E(p) = * ()], &1 = 7mR (pp)2,2£ () (p)),
1 - 1 -
b= =B (pd)zy[1 = E(d) —o*(d)],  di = R (pd)z,2(d)o(d)],
1 - 1 -
a4 = =R (pd)a[l = €(p) = * ()], 2 = =R (pd)za2€ ()0 (p)],
1 - 1 -
by =1 — —RY(dd)z4[l — €(d) — 0X(d)], dy = — R (dd)z42¢(d)o(d))],
4T 4T
1 -~ 1~
a3 = == 1 ()2, 26 (p)o (p)]; ¢ =1+ R (pp)ap[l — &(p) — o*(p)],
1 -~ 1~
by = _ER (pd)x,26(d)o(d)], ds = ER (pd)z,[1 — £2(p) — o> (p)],
1 - 1 -
as = == R (pd)za2¢(p)o (p)); ca = 7wl (pd)zall = E(p) = *(p)],
1 - 1 -
b = — = R (dd)za26(d)o(d)) dy =1+ =R (dd)z 1 - €(d) - o(d)].
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I3oTONiYHUIN ePeKkT y HaCTKOBO AenNTepoBaHUX
n’e€30eNeKTPUYHUX KpucTanax cerHeToBoi coJli

PPJlesnupkuin ', 1.P.3a4ek?, A.M.Moina', A.A.AHgpycuk

IHCTUTYT Pi3nkM kKoHOeHCcoBaHMX cuctem, 79011, JibBiB, ByA.
CeeHujubkoro,1

HauioHanbHnin yHiBepcuTeT “JIbBiBCbKa NonitexHika”, 79013, J1bBiB, BY.
C.baHgepu, 12

Otpumano 4 notoro 2004 p.

3anponoHOBAHO TEOPID AIENEeKTPUYHUX, ME30ENEKTPUYHUX i MPYXKHUX
BJIACTUBOCTEWN YaCTKOBO AeTepOoBaHNX (HepiBHOBaXHWI 6e3napg, 3 No.-
HVUM COPTOBMM XaOCOM) KPUCTasiB CErHETOBOI COMi 3 BPAaxXyBaHHAM M'e-
30€eNeKTPUYHMX B3aemMoain. MNpeacraBneHi pesynbtatv YMCAOBUX PO3-
paxyHKiB A9 MOBHICTIO AENTEPOBAHOI CErHETOBOI COJli MOPIBHIOTHCS
3 HasIBHUMMW eKCnepMeEHTaNbHUMU JaHUMW. I130ToNIYHUIA edekT vmnce-
NbHO OOCNIAXYETLCA B HAONMXEHHI CEPEOHBbOro KpUcTany Ta B pamkax
3anpornoHOBaHOT TEoPIi NPW PiI3HKX NPOOHNX 3HAYEHHSAX NapamMeTpiB MO-
neni. HaeepeHri nepenbayeHri Teopieto Ans HacTKOBO AeTepoBaHNX CUC-
TEM 3aNIEXXHOCTI PO3Pax0BaHUX XapakTEPUCTUK Big, TeMnepaTypu Ta pis-
HS OEeNTEepyBaHHS.

KniouoBi cnoBa: cerHeroBa ciib, AeATePYBaHHS, M €30€1EKTPUYHN
epekTt

PACS: 77.22.Gm, 77.65.Bn, 77.80.Bh
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