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We consider the 2D Hubbard model in the strong-coupling case (U >> ) and at low electron density (nal2 <<1).
We find an antibound state as a pole in the two-particle 7-matrix. The contribution of this pole in the self-energy

reproduces a two-pole structure in the dressed one-particle Green-function similar to the Hubbard-I

approximation. We also discuss briefly the Engelbrecht-Randeria mode which corresponds to the pairing of two

holes below the bottom of the band for U >> W and low electron density. Both poles produce nontrivial

corrections to Landau Fermi-liquid picture already at low electron density but do not destroy it in 2D.

PACS: 71.10.Fd Lattice fermion models (Hubbard model, etc.).
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Introduction

At low electron density ( nd 2l — practically empty
band) and in the strong-coupling case U >>W the
effective interactions in the 2D Hubbard model [1] can be
described in the 7T-matrix approximation (see Kanamori
[2]). In the low energy sector € <& and in the framework
of this description the 2D Hubbard model becomes
equivalent to a 2D Fermi-gas with quadratic spectrum and
short-range repulsion [3]. Thus it can be characterized by
the 2D gas-parameter of Bloom [4]:

for——— M)
In(1/nd*)

where n = p,%« /2= is the electron density in 2D (for both

spin projections, taking into account that ng =n_g =n/2

in the unpolarized case), pg is the Fermi-momentum, d

is the intersite distance. Accordingly many properties of
the 2D Hubbard model at low electron density, and in
particular the quasiparticle damping near the Fermi-surface
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have Landau Fermi-liquid character (amended with the
specific 2D logarithm) [5], where €, = (p2 /2m)—ep is
quasi-particle spectrum in the low-energy sector €<g&p
and f is given by (1). Correspondingly the averaging of
distribution  function

ImX(e,,p)with  Fermionic

nF(gp /T)

y(T)~ImX(T)~T*InT  in

produces the familiar result

2D. Accordingly the

OReX
o0

-1
quasiparticle residue Z ~(1— j is nonvanishing

for ® — 0. However, as first mentioned by J. Hubbard [1]
and P.W. Anderson [6], for U >>W the presence of a
band of a finite width produces at high energies an
additional pole in the two-particle 7-matrix, well separated
from all other poles, with the energy:

e~U>0. 2)

This pole is usually called the antibound state. Already
in the first iteration of the self-consistent 7-matrix
approximation this pole yields a non-trivial contribution to
the self-energy 2(€,p). As a result the dressed one-particle
Green-function acquires a two-pole structure, very similar
to the Hubbard-I approximation [1].
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The theoretical model

We consider the simplest 2D Hubbard model on the
square lattice:

SRR AT MR

<ij>c ic

where n;; = cjtc;s is the density operator of electrons on
site i with spin-projection ¢, U is Hubbard repulsion, ¢
is hopping integral, p is the chemical potential. The
bandwidth W =8; on the square lattice. After Fourier-

transforming we get:

=2 EpCpaC pG+Uz o€ i p-qiCpigt>
po pr'q

where ¢ p =—21(cos p,d +cos p,d)—p is the quasiparticle
spectrum of the uncorrelated problem. For low electron

density ppd <<1 we can often use the quadratic
approximation for the spectrum:

2 2
_pP ~PF (5)

€
P 2m

where m=1/2td” is the band-mass; p=—(W/2)+ Epis
chemical potential and

t, =€, +pn=-2t(cos pyd+cosp,d) =

We will mostly consider the physically more transparent
strong-coupling case U >>W at low electron density

nd? <<1.

T-matrix approximation

We start with the standard definition of the T-matrix
in 2D [4,7]:

2
= vd C©)
1-Ud 2J‘ p 1_nFG(8p)_anc(8q—p)
(275) (0—g,—g,_, +io0)

The poles of the T-matrix are governed by the condition:

p 1- nFG(S ) np_ G(Sq p)

(275) (o— €, €4 p+10)

=Ud? j 7

For the antibound state for which ® ~U we can expand
(7) and get (see also [8]):

1=Ud2.‘- dzp 1_nF(S(8p)_nF70(8pfq)x
(2m)’ ®
to+t, . —2
{Hw} ®)
(O]
where Ep =ty —W €y g =1, g—N=E4 .

Equivalently we can write:

dz 42
= @n ;) [1_nF°(8p)_nF—0(8p—q)J+
d2 d’p
U (2 ) I:l_nFG(SP)_nF—G(Sp—q)J(tp +tp—q_2“)

©
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and use that (t +i, )=0 when we integrate
—q

over the Br1110u1n zone. Thus:

vd* (. nd* nd? Ud2 d’p
l=—F1-—- o2 2‘ —20)-
od 22 (27)
,(10)
Ud2 d’p

—[nFG(sp)+nF_G(sp_q)J[sp +£p_q]

(@n)?

where we used that in unpolarized case ng =7n_
Note that

s =n/2.

d2 n./"d dpx n‘/[d dpy
2n

d2j

for the integration over the Brillouine zone. Hence:
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o o
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In the third term of (11) the integration is restricted by
Fermi-factors and hence we can use quadratic
approximation for the spectrum €, = ( p2 /2m)—¢gf . Then
for the third term we get:

Ud? 9 9 td 2+ 4% —2pgcos
——NzD(O) I &,de, + j dgpf—(p p g Pq (P—SF +
(,O Y

0 b4 2 2
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Idspj—[ —€p ||=

ep op 0 2m er o T 2m
Ud? 0 0 e Ud? 5 e
:—?NZD(O) 4 [ s,de,+2 | dzy -~ =—®—N20(0) ~2ek +2ep |, (12)
—eF —€F
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where we used that

2 d2p
( ) _[ np_ G(Sp) p+q (27_[)2'

In (12) Nyp(0)=m/2m is the density of states in 2D for
the quadratic spectrum. Hence:

JnF—G (gp_q )8

Accordingly for the antibound state:

2 2
o, ~U(1—nd*)— Uz“z o Und —| 22, -1 |,
U(l-nd”) 2U(1—-nd") m
15)
Or respectively
2u nd* q
~U(l-nd*)-—E 4 ep -
ab 1-nd? l—ndz[F 2Zm
2
=U(1—nd2)—2p—nd 2*2‘ nd . F-q—
1-nd”~ 1-nd 2m
=U(1-nd?*)-2u+ nd’ (65 —21)— nd’
1-nd? r l—na’2 2m
(16)

By analogy with attractive-U Hubbard model [9] we
can introduce “bosonic” chemical potential:

Mg = 2u-|Ey, (17)

where

2
|Ey|=U(—-nd*)+ nd S (&p —20) ~U(1—nd” )+ nd W
1-nd

(13)

Im>(o,k) =

2Tc)2
(p

d2p
=7 U(o+e,)0(o+e, +ug+
I(h)z P pTEB

where fermionic distribution function,

np(e,) is
np[~(P+K)* /4m")—pp] s
function. Having in mind that ppg =2y —|Ey|~-U we get
for U >>T [11]:

bosonic  distribution

1048

is a “binding” energy of antibound pair and —(q2 / 4m™)
for the spectrum, where the effective mass reads:

2
o (=nd?)

—>>m for nd* <<1. (19)
2nd

Then we can represent:

2

2
q q
®gp :|Eb|_2“_4m* ST (20)

which is quite nice. The spectrum (20) closely resembles
the pole of the attractive-U Hubbard model for |E|> &f

[9]. The important difference is, however, in the relative
sign between 2u and |Ej|. In the attractive-U Hubbard
model pp =2u+|Ep| and the real pairs are created below
the bottom of the band. Thus p~—(| £, [/2) and pg -0
at low temperatures. In the repulsive-U Hubbard model for
low electron density nd? <<1: u~—(W/2)+¢ r for low
temperatures. Only in the case of half-filled band nd 2-1
(one electron per site) the chemical potential p=U/2
“‘jumps” in the middle of the Mott—Hubbard gap
Ay =U.  The situation resembles that for a

semiconductor: the chemical potential for nd? =1lies in
the middle of the forbidden gap. Another important
difference is connected with the hole-like dispersion in

(20) that is with the sign “~” in front of q2 /4m*.
The T-matrix close to the pole reads [9]:
Uo
T(0.q) ~— . @)
o+ q—* +ug +io
4m

Imaginary part of the self-energy

In the first iteration to the self-consistent 7-matrix
approximation (see [10,11]):

p,p+k)[np(sp)+n3(gp +m)]:

2 2
) ){nF(spHnB[—“’”?
m 4dm

~up H (22)
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Thus:
d’p | _(p+k)’
ImZ(w,k) = 1IU_[—2 ——————up |d(o+e, +
(2m) 4m”
(p+k)’

+H,B +

g (e,).- (23)
4m

Here again we have the important difference with
attractive-U Hubbard model where at low temperatures
T —0: 2ng =n while ng =0. In repulsive-U Hubbard
model we have vice-versa ng =0 and n=ng for T — 0.

Having in mind that m"/m >>1 for nd* <<1 we can
neglect (p+k)>/4m* in (23). Thus we get [11]:
0
ImX(0,k) = -nNyp (Wpg [ de,d(o+e, +up)=

—ep

=—1tNyp (0)WUpg [B(0+pp)—0(0+ug —ep)]. (24)

Real part of the self energy

Correspondingly for the self-

energy[10,11]:

real part of the

ReX(w,k) =

2

:IReT(m+sp,p+k)[n3(w+ap)+nF(sp)] dp

(2mn)? 29

and again neglecting ng(w+¢,) for U >>T we get:

ReX(w,k) =

0)+8p
=UNp(0)[ np (e ))de,, TR

*

(26)
0)+8p+HB+

For m* /m>>1: (p +k)2 /4m™ is small and thus:

0 0+E,
ReX(w,k) =UN,p(0) [ de,——F—=
ey O)+SP+MB

de

0
=UNyp(0)| er —up _[ —L =
—SFO)+8P+“B

M}_ 27
lo+pg—ep|

Assuming that |+ pg|> & and expanding the logarithm
in the second term we get:

=UNyp(0)| ep —ppln

2
ReS(w,k) = UNyp ()2 —ynd_©
0O+ug 2 ot+ug

(28)
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Thus the pole of the dressed one-particle Green-function
[12] G Y(w,k) = Gy (0,k)—Z(w,k) reads:

2
o—g UM _© (29)
2 ot+pg
Correspondingly:
2
o’ J{“B —g — d J(D—skuB =0;
2 2
nd* Und?
Hp =& — Up =€ —
o+ - —€ =0
> 2 kB
As a result:
2
nd*® Und?
Hp =€ — B Hp =& —
W)y =— + +¢e .
1,2 ) ) kB
(30)

Having in mind that pg ~—U we can expand the square
root in (30). Then:

Und?
Hp —& —
Oy =——————=— %
1,2 )
Uy e Und?
B %k~
+ 4 CkMB - G1)
2 Und
Hp =& T,
Und*
We know that pg <0 and |ug|>>1|e; s [
That is why
e _Und2 e _Und2
Hp —€ ) __HB k 2
2 2
and hence:
Und?
Hp =& — 2
O 0 = — _
1,2 5 +
p—c Und?
T 2 + kHB . (32)
2 Und
Hp =€ — 2
1049
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Finally: Let us check the poles structure:
_ Ui’ld2 Erlp 2
wl——[uB—ﬁk— > ]— o O—p = 0+ HB—Sk—Und . Extp .
Up —&; — 2 T _Und
(33) S TP
€
o)) 12 5 O = €kMB
Und 2 Und?
M —& — _, Und
2 Hp —& 2
The dressed Green-function G(®,K) reads:
= — - x— —nd?
Glok) - ©+1p otpp 1 1 ) But pg =2p |Eb| |Eb| U(l1-nd”) and
T (0-o)(e-m;) op-o|o-0 0-o) > 5
Und ( ndJ
pnp— ~-U|l-——|.
2 2
(o +up I [opy+pp 1 N |
O —0y JO—0y W —0) JO—0) O—0) Ul’ld2
Of course |ug — >> ey |- Hence
2
_ 1 _ (Dl"ruB 1 _ (02+I"I’B 1
W] —Wy W) —0y jO—0 ®; — 0y 0)—0)2.
(34)
2 2 2 2 2
U(l-nd 1-nd
0-0 =0-¢g;, -U l—nd _aUlzn ): —-g, U l—nd +8k( nd?) _ U 1—ﬂ +€ _nd” =
2 nd? 2 nd? 2 2
—-ul1-" -2
2 2
2 2 2 2 2
U(-nd 1-nd
=0o-U 1—ﬂ —%8/{; O-0) =0+ gU(l=nd”) :o)—ak( & )~(D—8k l—ﬂ. (36)
2 2 1 nd* | nd* 2
Oy 2
In the same time the first term in (34) yields:
2 2
U 1—ﬂ +——¢; +Uup
1 (DI+HB_ 1 2 2 N
O-0 O -0y O—0 2 2 2\
1O ® Lyli=md | nd” g |1
2 2 2
(37)
nd? 2
Ul1-"2 |-U@-nd?)
o1 2 1 1_l—nd2 - nd*
O=0; nd? G| nd> | 20-w)
ul1-"4- -
2 2
The second term in (34) reads: Thus
2 2
o[22 o )
L B ~ ! ~ G(o,k) = 22 s+ 5
0=y O —Wy O—0 nd? nd nd nd
Ull-— O-Ull-——|-——¢, o-g|l-——r
2 2 2 2
39
1 UQ-nd® 1 nd* 39

. (38)
0—0 0w—0
2 U[l—m; J 2
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and we completely recover the Hubbard-I approximation
[1,13]. The first pole in (39) corresponds to the Upper

Hubbard band (UHB). Thus Z;;z =nd> /2. The second
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pole corresponds to the lower Hubbard band (LHB):

2
Z1us ={l—ni J Of course, Zyyp +Z; g =1. We can

rewrite G(w,K) as:

4%

G(ok)=—"7""—
w— SkZLHB +10

Z,
+ 2UHB ) (40)
(D_U[l_ngJ_ZUHBSk +1io

Note that the second iteration to the self-consistent
T-matrix approximation does not change the gross
features of (40). Thus the antibound state yields
nontrivial corrections to Landau Fermi-liquid picture
already at low electron density, but does not destroy it
in 2D. The simplest Hartree-Fock contribution to the
thermodynamic potential Q from the upper Hubbard band

2
AQ~IE(0),p)GO(m,p) d’p do with  Gp(w,p) and
(2n)? 27

(e, p) given by (28), (29) yields AQ ~ Zypnep ~ n°.

Engelbrecht-Randeria mode

For the sake of completeness let us discuss briefly the
Engelbrecht-Randeria mode[14] which also corresponds to
the pole of the 7-matrix for U >>W and nd? <<1.
According to [14] it has a spectrum for ¢ <2pg:

032
Q) zwq—exp{—T}%- (41)
0 F

Note that while antibound state exists also in 3D physics,
the Engelbrecht-Randeria mode is specific for 2D
Hubbard model.

2 1
q 2.
In (41) ®,=-—-2¢ and expi—— ;=nd~ in
agreement with (1). Note that for ¢ =0:

O)ER:—ng—ZSFnd2<O. (42)

The collective character of Engelbrecht—Randeria mode
is connected with the fact that in the absence of fermionic
background (for € =0) wgp =0 in (42). Moreover
Wgr <—2¢f. Hence this mode lies below the bottom of
the band and corresponds to the binding of two holes
(Recall that the antibound state lies above the upper edge
of the band).

In terms of the “bosonic” chemical potential Hp:

2

4
Wgr ®——Hpg,

4m “43)

where in terms of px—(W/2)+ep, pp =2u+|E, | and
the binding energy | E}, |= W+2£Fnd2 .

Conclusion and acknowledgements

We considered the excitation spectrum of the Hubbard
model at low electron density, where a small parameter
(gas parameter) allows a controlled expansion. On the level
of the first iteration to the self-consistent 7-matrix
approximation we found the contribution of the 7T-matrix
pole corresponding to the antibound state to the self-energy
>. As a result we got a two-pole structure of the dressed
one-particle Green-function which closely resembles the
Hubbard-I approximation.

It would be interesting to find the possible contribution
of the Upper Hubbard band to the ground-state energy or
compressibility and to build the bridge between the
Galitskii—-Bloom Fermi-gas expansion for the ground-state
energy (or compressibility) and the Gutzwiller type of
expansion for the partially filled band [15] when the
electron density is increased.

For the sake of completeness we also analyzed the
Engelbrecht-Randeria mode which corresponds to the
pairing of two holes below the bottom of the band.
According to [14] this mode, when keeping the full g-de-
pendence for 0<q <2pp, gives nonanalytic corrections
~ |0)|5/ 2 to the imaginary part of the self-energy ImZX(w)
in 2D. It also contributes to the thermodynamics at 7 =0
in the same order in density as the contribution of the
antibound state: AQ ~ gxn-nd 2 ~n® >0 — amounting to
an increase of the thermodynamic potential €2[14]. Thus
the Engelbrecht-Randeria mode as well as the Hubbard-
Anderson mode corresponding to the antibound state yield
interesting corrections to the Landau Fermi-liquid picture
in 2D already at low electron density, but do not destroy it
completely in contrast to the 1D-case, where we have the
Luttinger liquid state and a vanishing quasiparticle residue
Z — 0 for ® > 0 [16].
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