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Here some aspects of the physics of wind-driven sea are investigated theoretically. It is demonstrated that the

effective four-wave nonlinear interaction plays the leading role in the formation of the spectra of turbulent

waves. In particular this interaction leads to non-linear damping which exceeds standard data at least by the or-

der of magnitude. The theory developed here is compared with the available experimental data.
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1. Introduction

In the presented talk we discuss some theoretical as-
pects of the physics of wind-driven sea. On our opinion,
some important questions of this theory are not clarified
enough and must be elucidated. This clarification is neces-
sary to provide an adequate comparison of the theory and
the experiment, otherwise costly and laborious field and
laboratory measurements could not be properly interpreted
and understood.

The first question is about the correct definition of wave
action N (t), which obeys the Hasselmann kinetic equa-
tion

dN
I Syt + Sin + Sdis

(1.1)
augmented by the source and the dissipation terms. How to
find the current action spectrum N (¢) from experimental
data? What is measured in the best experiments, is the
space-time spectrum

(1.2)

Here my,, is the Fourier transform of the surface elevation.
The most advanced definition of wave action, used in
many research papers (see, for example [1,2]), is the fol-
lowing:
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Formula (1.3) is certainly correct for waves of very small
amplitude in the limit @ — 0, where p is a characteristic
average steepness of the surface. At a finite steepness, it
can be treated as the first term in expansion

Ny = No(k)+ 2 Ny(k) +---. (1.4)

Now N, (k) is given by (1.3), while N, (k) is the subject
for determination. One can think that this question is not
very important because even for the most steep young
waves p2 ~0.01, and the accuracy of (1.3) looks good.
However, our preliminary estimates show that the ratio
Ny(k)/ Ny(k) is a fast growing function on k£, thus for
spectral tails the difference between N, and Nj(k) might
be essential.

Now we formulate the inverse problem. Suppose we
know N . How to find Oy, ?

In the linear approximation, at p — 0, the answer is
known:

Oro = w—zk(Nk S(o-wp)+ N d(o+oy)). (1.5)

What happens if p is finite? In the neighborhood of
o = o, we should perform replacement

1 r
8(w—wy) —>——kz, (1.6)
n(O)—G)k) +Fk
where @, =y + uzmlk +--- is renormalized frequency
and ') ~ T Iy +--- is effective dissipation due to four-
wave processes. As far as uz is small, one can think that

both shifting of ®; and blurring of & -function are weak
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effects. However, the quotients oy /@, and T, /o, are
growing functions on k , thus for k> k, (k, is the wave
number of spectral peak) derivation from simple formula
(1.5) could be essential. There is one more important ef-
fect. In the real sea all waves could be separated in two
classes: «resonant waves» with @ ~ ®; and «slave har-
monics» caused by quadratic nonlinearity of primitive dy-
namic equations. The slave waves do not obey dispersion
relations, as a result their frequency spectrum for the given
k is a broad function, not concentrated at ® ~ .

Accurate determination of N(k) at given (O, and
Ore at given N(k) is possible but it is technically cum-
bersome problem. In Chaps. 2, 3 we are taking first but
important steps to their solution. In Chap. 4 we study axial-
ly symmetric solutions of equation

Su =0, (1.7)

that is known since 1966 ([3], see also [4,5]). This equation
has exactly two powerlike solutions:

P 1/3 |
Nl(k)ch [—Zj —
g

s (1.8)

1/2
1
Ny(k)=¢, [g3_Q/2J PEETR (1.9

Solution (1.8) is known as Zakharov—Filonenko spectrum
[4]. Here P is the flux of energy from small wave num-
bers and Q is the flux of wave action from high wave

numbers. Kolmogorov constants ¢, and ¢, were not
known but now they are calculated:
¢, =0.219, ¢y =0.227. (1.10)

General isotropic solutions of Eq. (1.7) depend on two
constants P and Q. In Chapter 5 we discuss the general
anisotropic solution of this equation. We show that the
solution is defined by one arbitrary constant, the flux of
wave action from high wave numbers, and one arbitrary
function on angle. In the axially symmetric case this func-
tion degenerates to the constant P . The general anisotrop-
ic solution of (1.7) describes angular spreading of spectrum
growing with frequency. The last Chapter 6 is the most
important from the practical view-point. We discuss the
balance equation in the universal domain ®> ©,,,

S

nl+Sin+Sdis=0' (111)

Apparently in some domain on k -plane S, +Sgs > 0.
Suppose that S;, = y(k)N, . We notice that §,; can be
presented in the form

S

nl:Fk—rka, (112)

and the nonlinear wave interaction process is predominat-
ing if I’y >y, . We show that this condition is satisfied in
majority of realistic cases, if the waves are not very young.
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It means that, as we claimed before, the nonlinear wave
interaction is the dominating process in the wind-driven
sea.

2. What is the wave action?
This is the widely used Hasselmann equation:

ON 0HON

o okor @b

Sul :ng2j|T Ty oy [ 8(k-+hy ~ky 3 )30+, — oy, —y )%
2.2)

Here ()% :qgktanth , H iS. depth, Tk/.qkzk?, :Tklkk2k3 =
= Tjokzkky = Thiksk, are coupling coefficients, and

(k) = (k) + 2 [ Tty 1y N 2.3)

is renormalized frequency.
As it was mentioned before, the nonlinear interaction
term §,; can be presented in the form

Sp = F —Tp Ny, (24)

where
2 2
b =mng J| Tikyhoky |70k +hy —ky — k3 )x
X S(Q)k + (Dkl - (,Okz - 0)k3 )Nkl Nk2 Nk3 dkldkzdk3 (25)

and T, the dissipation rate due to the presence of four-
wave processes, is the following:

2 2
[y =mng _[ | They gy |~ DKy =iy —he3 )@ +00p =) =03 )
X (]Vk1 Nk2 -f—Nk1 Nk3 _Nk2 Nk3 )dkldkzdl@, .
(2.6)

One can say that in the real nonlinear sea the dispersion
relation ® = w; is renormalized and becomes a complex
function
.1,
O —> O +51Fk. (27)

Equations (2.1), (2.2) are written for the wave action
spectrum N (r,t). What is the exact definition for the
wave action? How N, (r,f) can be expressed through the
observable measurable quantities? These are not that sim-
ple questions.

Making a snapshot of the surface from two points one
can get its stereoscopic image and restore the shape of ele-
vation n(r). If we perform nonsymmetric Fourier trans-
form and define

1
(2n)?

In(r) e dr, (2.8)

Nk =

we can introduce the spatial spectrum
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O =<y I*>. (2.9)

Making a serial of snapshots in consequent moments of
time one can restore the full space-time spectrum

Oro =<I Mt 7> (2.10)
Apparently,
o0
O = [ Qo do. 2.11)

What is the wave action N ? In some articles and mo-
nographs we can find the following definition:

N, :g—z. (2.12)

This is just a widely spread carelessness. Spectrum @, is
an even function, Q_; = Oy, while N, certainly does not
obey this restriction. One can present the spatial spectrum
in the form

O = (g ), (2.13)
where ;. is the wave action. We deliberately denoted it by
low-case letter, because n;, and N, are different wave
actions.

The wave field consists of «resonant» and «slave» har-
monics. The resonant harmonic with wave vector k has a
frequency close to the renormalized frequency @; . The
most strong slave harmonics appear as a result of interaction
of two resonant harmonics. Suppose they have wave vectors
k;,K, . In the first order of nonlinearity they generate four
slave harmonics with wave vectors p;,p,,—p;,—p, and fre-
quencies €,0,,—Q,-Q,. Here p;=k,;—k,, p, =k +k,,
and Q; = o] —0,,Q, = o +®, . There is no any definite
relation between the wave vector and the frequency for
slave harmonics.

Returning to the wave action, let us explain now the dif-
ference between n;, and N, . N, is the «refined» wave
action that includes resonant harmonics and slave harmon-
ics of higher order only and n;, is the «total» wave action
that includes both resonant and all slave harmonics. Ap-
parently, n, > N, and is directly connected with experi-
mentally measurable spatial spectrum by relation (2.13).
But n;, does not obey the Hasselmann equation. On the
contrary, the «purified» wave action N; in principle can-
not be measured in any kind of experiment. But exactly
this sort of wave action satisfies the Hasselmann equation.
As a result, all operational models solve the Hasselmann
equation augmented with additional terms: Sj,, the input
from wind, and Sg;, , the dissipation due to wave breaking.
Hence the operational models do predict N . At the same
time, experimentalists can measure the 7;, only.
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On the first glance we see serious discrepancy, however
nobody pays any attention. Why this happens?

To give an answer we should estimate the relative dif-
ference between n; and N, . Let us denote

ny — Ny

a(k) = (2.14)

Ny

In a typical observed spectrum of wind-driven sea we
should separate spectral area near to the peak frequency
0~o, and the tail o> o p- In the energy capacitive
spectral band close to ®,,, o is small:

where o is the total energy of waves. Even for young
waves uz <0.01, thus the relative difference between n
and N for deep water is not more than one percent and
can easily be neglected. However, a(k) is a fast growing
function on £ . An accurate estimate of dependence o on
frequency at @ >, is not a subject for current research.
The article on this topic will be presented for publication
soon, however our preliminary results show that this de-
pendence is very fast growing:

3
a:pz(&j |
®p

As it was mentioned above, in the area ® ~ ® p one can
neglect the difference between n, and N, . In this area we
can replace Eq. (2.9) by

(2.15)

04 = 2Ny +Np). (2.16)
There is essential difference between (2.13) and (2.16).
Because n, >0 atany k, wave vectors of slave harmon-
ics cover all & -plane, thus determination of n; from O,
is impossible in principle. On the contrary, in many prac-
tical cases N is nonzero only inside the bounded domain
G on the k-plane. At the same time N_; # 0 inside the
domain G only, which is radially symmetric to G. In
other words, if vector k belongs to G, vector -k belongs
to G . Suppose that G and G have no intersection. In this
case in the domain G we have N =20, /o, . In spite of
presence of factor 2 in (2.13) the integral identity
_[Qk dk = J oy Ny dk is the same as we would have used
the naive and blatantly incorrect formula (2.12).

In some important cases domains G and G have inter-
section. In this case we face ambiguity in determination of
N, from (2.16). To overcome this ambiguity one should
use the space-time spectrum Oy, and define
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ny =ijQ(k,m) do. 2.17)
(Dk 0

The equivalent formula is presented in the monograph of
Monin and Krasitsky [1] printed in Russia in 1985. It was
also used by Rosental et al. [2] approximately in the same
time. In this case again

j oy ny dk = T Ok, ®) dodk .

—00

(2.18)

Let us notice that formulae (2.13), (2.17) account slave
harmonics and can be used with comparison of spectral
tails obtained from the experiment and from solution of
Hasselmann equation, both numerical and analytical, with
caution. They work up to accuracy of pz in the neighbor-
hood of spectral peak, but can lead to essential errors in
area of spectral tails. Preliminary estimate for accuracy of
expression (2.17) will be done in the next Chapter.

3. How to separate resonant and slave harmonics?

To make the accurate separation of resonant and slave
harmonics and to find an explicit formula that connects
O(k,®) and N;, one should use Hamiltonian formalism
and implement the canonical transformation, excluding
cubic terms in the Hamiltonian. This is a cuambersome ma-
thematical procedure. In this Chapter we will demonstrate
how it could be done in the most economic way.

We study the weakly nonlinear waves on the surface of
an ideal fluid of infinite depth in an infinite basin. The ver-
tical coordinate is

-H<z<n@rt), r=(xy), (3.1)
the fluid is incompressible, H is the depth of fluid,
div V' =0, 3.2)
and velocity V' is a potential field
V=V, (3.3)
where potential @ satisfies the Laplace equation
AD=0 34
under boundary conditions
O |—,=Y(r,0), D, |,-_,=0. (3.5)

The total energy of the fluid, H =7 +U, has the fol-
lowing terms:

T :%jdrj_”w(wp)zdz :%J.‘PCDn s,  (3.6)

_1 2
U—Egjn dr . (3.7)

974

The Dirichlet-Neumann boundary problem (3.4), (3.5)
is uniquely resolved; thus the flow is defined by fixation of
n and ¥. This pair of variables is canonical; thus evolu-
tion equations for n,¥ take the form [6]:

on_SH v _ 8H

, : (3.8)
ot ¥ o o

After non-symmetric Fourier transform,

¥(r) = I‘I’(k) N e, W)= — 5 j P(r) e ™ dr. (3.9
2m)
Equation (3.8) reads:
on_od - ov_ dH (3.10)
o 3Y, o &y
- 1
H=—FH=Hy+H +H;+: (3.11)

4r

In [7-9] was shown that Hamiltonian H can be expanded
in Taylor series in powers of km :

1
Hy =EJ{Ak ¥, 2 gl |2}dk, A, = ktankH

1
H, = EI LD (k)P W 1 My 8Ky + K + K3 )dkydkydlis

(3.12)
1 2
H, :E.[L( )(k1,kzak3ak4)\ykllyk2nk3nk4X
X 8(ky +ky + k3 + kg )dkydkoNpg My -
Here
LV (ky, k) =k ky) — Ay Ay G-13)

L2k ko ) =2y + 13 )+
1
+ ZAI A (A3 + Ayg + As + Api3).

Now we can introduce normal variables a; :
/4

ne- (2] vdo

k \/E g kTY-k)>

] /4
¥, —;[ g] (@ —d").

24

Normal variables obey the following Hamiltonian equa-
tions:

(3.14)

~=0. (3.15)
o 3a

All terms in the expansion of Hamiltonian (3.11) must be
expressed in terms of a; :
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Ho={ oy la [ dk,
1 1.2 % % %
H, :EI Vk(k;k)z (g ay g, +agay ay, Jo(k—ky —ky )dkdkydky +

1 03 x ok %
+e j V,fka ,32 (ayay, ay, +aya ag, )3(k+k +ky dkdkydky . (3.16)

val( o W
y.2) _ 8 k 1D (ky k) —
Haky o 2 |\ Ay A,y (ki k)

y 1/4 y 1/4
S| IO kb | 2 | I (k) FL (BT
A Ay, A Ay

va |, )
y@) - & [—k J 1V (ky k) +

kkpk
k2 2 Ay Ak,
1/4 1/4
I O Ao | o

+|—— | Lk k)+|—— | L (kky) ;. (3.18)
Ay Ay, A Ay,
Now we can define the «total» or rough action:

n d(k—k"Y=g<apap >. (3.19)

It is clear that fundamental relation (2.13) is satisfied.
Then, we perform the Fourier transform in time

Ao = % ak,t) e dy (3.20)
and introduce
Nk Sk —K)S(0—0) = g < gy ap oy >.  (3.21)
The space-time spectrum of elevation is simply
Ok = S +1p ) - (3.22)

To separate resonant and slave harmonics we must perform
a canonical transformation to new variables, excluding
cubic terms in the Hamiltonian. This is a standard proce-
dure known in celestial dynamics down to nineteenth cen-
tury. However in our case this procedure is rather cumber-
some. It was first done by Krasitski [9]. He found
transformation of initial canonical variables g; to new
canonical variables b, , which contain first order slave
harmonics only. Variables a; are presented by infinite
series in new variables by :

(1)

ap, = bk +ak +al(€2) 3)

+ald. (3.23)

He calculated first two terms in this expansion and
found the following expressions:

1 1
al(( ) :jr( )(k»klakz)blq br, Ok -k —K,) dkydk, —
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-2 j T (kg kK )by, by 8K +Ky —ko )dhky dky +
+ j T (kK Ky)by, by 8k +K +ky)dky dks |
a](cz) :J‘ B(k, kl ,kz,k3 )b;:l bk2 bk3 6(k+k1 —k2 —k3 )dkl dk2 dk3 +ee

(3.24)

where

1 V3D (K Ky ky)
2 (o —og —0py)

1 7Ok K, ky)

2((,0k +(,0k1 +(Dk2)

. (3.25)

and

B(k,k,k,,k3) =

=Tk, ko, ky —ko )TV (k3 k ks —K) +
+ Tk ks. k) —k)IV (K, k k) —k) -
~TO K ky, k—ky)I'D (ks ky ks —k;) -
~ T (k) ks ky k)T (k) kg ko —ky) =
~TO &K+, k kI (K, +k5,k,,k3) +
+ T (k -k, k k)OI (=K, —k3.K,,K3).  (3.26)

On our opinion, Krasitski used a rather long way for
calculation of terms in expansion (3.23). He directly
checked the validity of canonicity condition

(. }:J~ day day  day day k=0
o Sy 8bgr  Sbyn Sbyr ’

tap.apy = Say Say _ Say Sy | e _ 5k _iry.(3.27)
Obyr Sbyn  Sbyn S

Calculation of al(f) by this method is just impossibly
complicated task. The canonical transformation can be
found using more sophisticated methods. The first one was
offered in the article [7] in 1998. Let us consider that a; is
a solution of Hamiltonian system

0
ﬂ‘l‘l’ 8131 =

ot da "

0 (3.28)

where 1 is «artificial time» and R is an efficient Hamil-
tonian

. 1 * * %
R= zjr;k)zkz (agay, ay, — ayay, ax, )3(k — ky — ky)dkdkydk, +
i 2 * ok ok
+3 | Tt (@0t ey — At ey Y80k + kg + oy k. (3.29)

Equations (3.28), (3.29) must be augmented with initial
condition
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Ay e=0= by- (3.30)

The needed canonical transformation is obtained if we put
t=1. Expanding the solution in Taylor series of t and
putting T=1 at the end, we reproduce the result of Kra-
sitski (3.24)—(3.26) in a much more economical way.

Now we demonstrate another, more traditional way for
constructing of canonical transformation, which is based
on finding of generating function. We present a; in the
form

1 . * *
ay :E(‘]k i), Gog =qks Pk = Pk-
Functions ¢y, p; obey equations
O4x _ SH by __OH (3.31)
o s O Bgp '

where H is the same Hamiltonian expressed through ¢, ,
Pr - Now

1
Hy=[oula P +lp Pk, (332)

1
Hy=2 [ Lty @1 iy Py Sk + by + ey dlkdly iy , (3.33)

1/4 Allc/4

£ 1 (3.34)

Lyge 1k, =—A]1€/41 V2 haky
A

We will perform transformation to new variables R;,&;
using the following generation function (see also [10]):

1
S = j Riqy b+ j Aoy G Gy Riy Sk + Ky + by )kl +
+% j Bygyhy Ry Ry Ryy Sk + Ky + ky) dkdkydky . (3.35)

The «old momentum» p; and «new coordinates» &; are
expressed as follow

38
ng, Rt [ Aty sy 0ty Ry Sk~ k) dlly ey, (3.36)

oS 1 *
& = SR, =4k +§I Ay ey o~k Thy Dy Ok — ky = ky) dbey ey +

+ Bty sy Ry Ry 8k —ky — e =2) dlyley .- (3.37)

Apparently Bty is symmetric with respect to all
permutations and Ay, ) = Ay p, - To find 4, B we notice
that in the first approximation

1
qr = &k _5-[ Ay ko kG Eiy Ok =y = ky) dlydlley —
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—I B sy ey Ry Riy 8k = by — ky) ey dlley (3.38)
and in (3.36) we can replace g, = &;. Now we plug
qi»>Pr to (3.32). In (3.33) we can just replace g, — &
and p; — R, . From the condition of eliminating cubic
terms that are proportigqal to &kékl E»k2 and & Py Pky »
and the symmetry conditions we find after some calcula-
tions the following nice and elegant expressions for 4, B :

1 L0+L1+L2 L0+LI—L2
Akklkzz—z + +
Oy +0O]+0y; Oy +O —0y
1( Ly—Li—L Li—-Ly—L
et e e e I (3.39)
4l g -0 —0y O —®y)— Oy
N Ly+L+ L, Ly-Li-L,
Brgky == + -
0)0+0)1+(D2 ®y — W —0y
1( Lj—Ly—L Ly—Ly—L
S [ ) R S B e B (3.40)
4 O —Wy — 0y ®y —Wo — 0

Here
Lo = Liggky > Ln = Ligidy > Lo = Loty »

W) = O, O = O, Oy =0, . (3.41)
To reproduce the results of Krasitski one has to expand old
variables ¢, p; in powers of new variables &;,R; , then

by, as follow

1 1/4 A 1/4
by =—— [Aij gk—{—kj R, |. (342
k g

New normal variables b, satisfy Zakharov's equation [6]
oby,

—=+io b, +

ot k Yk

i ;
+ EJ Tikyhok Dy Bk Py Ok kg ey by by ey = 0. (3.43)

Here Ty ik 18 the same as in (2.2). An explicit expres-
sion for Tiy s, 1s too complicated to be presented here.
Notice that now we can calculate n; =|a; |2 by use of
expansion (3.23). We will assume that triple correlations of
new variables are zero

bbby, >=0. <bbyb, >=0  (3.44)
We use also the Gaussian closure for quartic variables

<bybry by by > = Ny Nigy (8 Sy +0k—k3 Oy ) -(3:45)

Here N, is the «refined» action. After some calculations
we find that »n, and N; are connected by the following
relation (it can be found in [8]):
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173D (kK ky) P
nk:Nk+_-|‘| (9 1> 2)|

1,2 2
L7k ko) |
2 (mkl_mk_“)kz)z

L7200 ko k) P
2
27 (o, —op ~op)

A VO ki k) P
2

2
((!)k + (Dkl + (DkZ )

The difference between n;, and Ny,

A = n — Ny ’
Ny
is essential on shallow water. However, even on deep wa-
ter A, is a fast growing function on & .

The relation between space-time spectra of «total»
and «purified» Ny, versions of wave action is not known
so far. This is a subject for future research. However, N,
can be presented in the form

1 I}N
Njp =———F— (3.47)
TC((D—(Dk) +Fk

and we can put approximately

1
Oro = Emk(Nkm +N_j )=

L'y Ny

_ b Tk Ny
21 | (0—dy ) +T7

. (3.48
+(m—€ok)2+r,%} (3.48)

After integration by © and assuming that
arctanI'y /oy ~ T / ®; , one gets the following relation

I[Nkl“k CNLT

N, = j N(k,®) do+— j (3.49)
0

T (Dk (O_k

From (3.48) we see that identity

o0
N, = j N(k,®) do
0

(3.50)

is valid up to the relative accuracy I'y / @ . The value of
this accuracy will be discussed in Chap. 6. Near the spec-
tral peak it is of order 4nu4. Identity (2.17) is satisfied
with much less accuracy. Even near the spectral peak the
accuracy is of order u? and it becomes worse at k > k.
An explicit expression for Q(k,®) through N, will be the
subject of a separate article.
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(NklNkZ +Nkal +Nka2 )8(k+k1 +k2) dk]dkz

(Njy Niy = Ny Ny = Ny Ny )3k — Ky —ky) dhydky +

(NklNk2 +Nka] _Nkaz)S(kl —k—kz)dkldkz +

(NklNk2 +Nka2 _Nkal )8(](2 —k—kl) dk]dkz +

(3.46)

4. Stationary solutions of kinetic equation:
isotropic case

In this chapter we address the following question: How
to solve the stationery kinetic equation

S, =0?

n

A.1)

Formally speaking, this equation has thermodynamical-
ly equilibrium solutions

T
oy +p,’

Ny = 4.2)

where temperature 7 and p are constants. It might sound
like paradox, but in fact spectrum (4.2) in not a real solu-
tion of equation (4.1). Since this moment we discuss only
the case of deep water and consider = @ Also we
denote that £ =k |.

To justify this statement we notice that in two particular
cases, L=0 and T = cu, u — oo, solution (4.2) takes form

T T _
N=L -2 ;12
Oy g

, N=c. 4.3)

Both these solutions are isotropic powerlike functions

Ny =k~ (4.4)

with particular values x =1/2, 0. Let us study the general
powerlike solution of (4.1). By plugging (4.4) into (4.1) we
find that each particular term in S,; is diverging, but in
different terms the divergence can be cancelled, thus there
is a «window of opportunity» for the exponent x. As a
result,

n

Here F(x) is a dimensionless function, defined inside
interval x; < x <X, .The edges of the window, x; and x,,
are the subject for determination. Outside the «window of
opportunity», at x <x; and x>x,, F(x)=oo. Thus all
admitted values of x must be posed between x; and x, .
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Let the quadruplet of waves be formed of wave vectors
satisfying resonant conditions

k1+k2 :k3 +k4 .

(4.6)

(Dkl +('0k2 :(,OkS +(’0k4 .

Suppose that |k |<|k|. The three-wave resonant condi-
tion,

k:kz +k3, Oy :(J)k2 +C0k3, (47)
cannot be satisfied, thus one of vectors k,, k; must be

small. If | k5 ||k, |, then
kz =k +kl —k3,

- 1 (kK —k3)
w(kz)—@(1+52—23+-~~j.

In the first approximation by small parameter |k |/|k |
one can put o(ky) = wo(k),0(k)=olk;) and |ky |~k |.
In other words, vectors k;,k; are small and have approx-
imately the same length k; . If vector k is directed along
axis x, the coupling coefficient Ty, s s, depends on four
parameters k,k;,0,,0;. Here 0,,0; are angles between
k;,k; and k. Remembering that & < k, we calculate
the coupling coefficient in this asymptotic domain. A te-
dious calculation presented in [11] leads to the following
compact result:

(4.8)

1. .2
Tty = 5 ki Toy 0

Tg, 5, =2(c0s B +cos 63)—sin(6; -6 )(sin6; —sin 63). (4.9)

On the diagonal k3 =k, 63 =0, we get a very simple
expression published in 2003 [29]:

Ty = 2K kecos; . (4.10)
Suppose that spectrum is separated to the low-frequency
component N,(k) and the high-frequency component
Ny (k). We assume that N; < N and take into account
the interaction between N, and N; only. One can see that
N satisfies the linear diffusion equation

0 6 5 0
—N,=—D.. k“"—N,, 411
or ' ok, Dy ok, ! @10
where Dl-j is the tensor of diffusion coefficients,
© 2n
Dy = 2ng3/2jdq q”/2 J. do) x
0 0
2n
x [ d0y7(0,,05) F pip ;N©O.9N(O3,), (4.12)
0

p; =cosO; —cosB3, p, =sinO; —sinbs.
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If spectrum is isotropic and does not depend on angle 6,
we get the further simplification:

D, =D&, D=

; = D3, (4.13)

5 0
gTESgS/qu”/zNZ(Q) dq .
0

The diffusion coefficient D diverges at & —0, if
x>19/4.Thus x, =19/4.

Let us find behavior of function F(x) near x =x, . In
the isotopic case equation (3.9) reads

Ny _Dd,30

N 4.14
or  kok ok 19
If k >19/4, we get the following estimate:

vuse 1
4 4 1619/4—x

126.4

F(x)=
()= 19/4—x

(4.15)

To find x;, the lower end of the window, we should
study the influence of short waves to the long ones. Let us
suppose that |k |,|ky > k. In the first approximation
| k3 |=| k|, and the resonant interaction S,; can be sepa-
rated into two groups of terms: S,; = S’(,}) + Sr(j). For Sr(l})
the integrand includes product Ny, Ny, . If we put ky = k;,
we get the following expression for the low-frequency tail
of spectrum:

1
5 =2ng? j oty gk (@004 (N —N,()N,f1 dky. (4.16)

Notice, if |k [>| k|, then ‘Tqu,kl,kg \22 k12 , and integrand

in (4.16) is proportional to klz N 131 . If x<2, the integral

diverges.
The group of terms linear with respect to the high-
frequency tail of spectrum is more complicated:

SO =2ng Nk_[ | Ty ? Ny (N = Niy )%
XB((&)k +0)k1 —(0k2 —(Dk3 )8(k+k1 —kz —k3)dk1dk2dk3. (4 17)

We can perform expansion

Ny =Nig=pros b=k @18)
1i

In the general anisotropic case the integrand is proportional
to k12 ( pVNkl) and the divergence occurs if x=x =3.
However, in the isotropic case this term, the most diver-
gent one, is cancelled after integration by angles. In this
case we should study quadratic terms in expansion of the
integrand in powers of parameter(P,kl)/klz. The most

aggressive term appears from the expansion of 6 -function

on frequencies 8(wy — @y, + 0 —0;). Performing
integration by angles we end up with equation
ON,
—k = k7Nka—N, (4.19)
ot Ok
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Fig. 1. Plot of function F(x) (a). Plot of function F(x): zoom
in the vertical direction (b).

e8]
n3g3/2J‘k3/2Nk dk.
0

q=§n3g3/2E=%

16

Here E is the total energy. Thus in the isotropic case
=5/2 and we get for function F(x) the following es-
timate:

5255 1
28 5/2-x

_ 241.86
5/2—x

(4.20)

On Fig. 1,a is presented the plot of function F(x) for
isotropic case that we calculated numerically. One can see
that in the interval x; <x <x, function F(x) has exactly
two zeros at

23

X=y;, =—.

- 4.21)

x=y =4,

To prove this result, let us consider that spectra are iso-
tropic and present conservation laws of energy and wave
action in the differential form:

I iy, Nie P (4.22)
ot ot ok
k
P=2n[ koS, dk, (4.23)
0
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2k e - 90 (4.24)
or ok
k
0=2n j kS,; d . (4.25)

0

Here P is the flux of energy directed to high wave num-
bers, while Q is the flux of wave action directed to small
wave numbers. Equations

P=Fy=const, Q=(Q,=const (4.26)

apparently are solutions of stationary equation S,; =0.
We will look for the solution in the powerlike form

N = Ak~ ; then Egs. (4.23), (4.25) read
By =2mg?23 RACEC) (4.27)
3(x—4)
F(x) —3(x=26/3
= omg¥ )3 2 p302603) (408
Qo= =2me M S 63 (4.28)

One can see that £y and O, are finite only if F(4)=0
and F(26/3)=0, moreover, if F'(4)>0 and
F'(26/3) <0. We conclude that equation S,; =0 has the
following solutions:

o R) 1/3 1
N p{g—zj = (4.29)

1/3 |
N]g):cq(%J pETe (4.30)

Here CpsC

3 1/3 3 1/3
Cp, =| T——— s, Cp =S| T/ .
P\ 2nF'(4) 7\ 2n F'(23/6)]

On Fig. 1,b is presented the zoom of function F(x) in
vertical coordinate. The numeric gives F’'(4)=45.2 and
F'(23/6)=-40.4. In the area of zeros F(x) can be ap-
proximated by parabola,

g are dimensionless Kolmogorov constants

F(x)~256.8(x—23/6)(x—4). (4.31)
Let us notice that
F(9/2)=85.6 (4.32)
thus we get
¢, =0219, ¢,=0.227, (4.33)

and see that the both Kolmogorov constants are numerical-
ly small.

In the isotropic case, the energy spectrum F(w) can be
expressed through N, ,

F(0)do = 2no, Ny k dk, (4.34)
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and the energy spectrum corresponding to solution (4.29)
has the following form, called Zakharov—Filonenko spec-
trum:

(4.35)

p 1/3 2
FO (@) =dnc,| — | £
g ()]

This spectrum was found as a solution of equation S,; =0
[3]. For the spatial spectrum

1 dk =2no, N(k)kdk, (4.36)
solution (4.30) transforms to
1/3
1/2
(M _ P g" 25
Ik —2TCCp[g—2] kST—k B (437)

Spectra (4.29), (4.35), (4.37) are realized if we have a
source of energy that is concentrated at small wave number
and generates the amount of energy P in a unit of time.
For the spectrum (4.30), first reported by Zakharov in
1966 [3],

2 1/3,-7/3 1/3,2.33
1P =21c, 03 kR ~2me, 03, (4.38)

4/3
g

FO ()= 4nc, 0" (4.39)

(,01 1/3
Spectra (4.30) and (4.38) can be realized in the case of
source of wave action in the high wave numbers area.

The described spectra exhaust all powerlike isotropic
solutions of the stationary kinetic equation S,; =0. It is
important to stress that thermodynamical solutions
N=const and N =c/k"? are not the solutions of this
equation, because their exponents x =0 and x=1/2 are
far below the lower end of the «window of possibility»
x; =5/2. This fact means that thermodynamics has noth-
ing in common with the theory of wind-driven sea.

Solutions (4.29) and (4.30) are not the unique stationary
solutions of §,; =0. The general isotropic solution de-
scribes the situation when both the energy source at small
wave numbers and the wave action source exist simulta-
neously and have the following form:

1/3
1/2 1/2
N =, % i4L g0k 440
g ) k P

Here L is an unknown function of one variable,

q .13
L—>1 atk—>0, L&) > —&"° at k> . (4.41)
C

p

Let us notice that if there is no flux of wave action from
infinity, we must put O =0 . Under this constrain, the gen-
eral isotropic solution is the Zakharov—Filonenko spectrum
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Fig. 2. Dimensionless wavenumber spectral coefficient ; plot-
ted in logarithmic scales (a) and linear scales (b), taken from
[20]. Here crosses represent omnidirectional (averaged by angles)
spectrum and dots correspond to &(k) =2Bjux g_o‘5 k23 . The
solid line on (a) and solid curve on (b) correspond to
g~k

(4.29), parametrized by a single arbitrary constant P,
which is a flux of energy to k — o .

Frequency spectra with tails in the form F(o)~ ®
were observed in numerous field experiments [11-16] and
were obtained in numerical experiments as well [17-19].
Spatial spectra with asymptotics [ =~ k> were observed
also in many experiments [20-22]. A more careful study of
experimental results show that in the majority of cases the
spectral area right behind the spectral peak can be better
approximated by tail o '3 in frequency spectrum and by
tail k7% in spatial spectrum. It is seen especially clear in
the experiments by Huang and collaborators ]20]. Figure 2
taken from this article demonstrates coexistence of both
types of Kolmogorov—Zakharov (KZ) spectra.

—4

5. Stationary solutions of kinetic equation:
Anisotropic case

To study anisotropic solutions of Eq. (4.1) we introduce
polar coordinates on k -plane and put K=o/ g . There-
after we will use notation

N(o,¢)dodd = N(K) dk ,

20°

N(w,$)==-N(K). (5.1)
g

In the spatially homogenous case N(m,d) satisfies equa-
tion

BN (,9) _

ot Sn]((D,d)).

(5.2)

In new variables:
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2 2 2 2 2 2
S, (0,0) =2ng I\ T o,09.03 | (@ + 0 =@ —@3) 3(0~ cos ¢ + @] COS Py — w3 COS Py — M3 COS h3) X

x 8(@” sin g+ of sindy — 03 5in ¢ ~3 5in )@’ N(©1, )N (©2,62) N (©3,03)+ 0] N(@, 0)N(@2,62) N (03,63) -

— @3 N(@, )N (0,0 N (03, 03) — @3 N(o, ¢)N(m1,¢1)N((D2,¢2)} doydoydoydd doydos .

Exactly this form of S,; is used for numerical simula-
tion of Hasselmann equation. Suppose that N(m,$)=w ~
is isotropic spectrum. Then

@37 (243)_G(2) 3.3
S = 4 r " © ’
4g 2 g

(5.4)

where F(x) is defined by (4.5). Now the «window of op-
portunity» is: 2<z<13/2. Zeros of G(z) are posed at
z; =5 and z, =14/3 and near these zeros G(z) can be
presented as parabola,

G(z) ~16.05(z—5)(z—14/3). (5.5)

To make the motion constants more conspicuous, we in-
troduce the elliptic differential operator

o 2 &

Lf(o.0)= [—+—2—2Jf(m, » (56
®” 0

0w’

with following parameters: 0 <®<o0,0<¢ <2n. Equa-
tion

LG=8o-—0)d(p—0") (5.7)

with boundary conditions

Glys0=0, Gy <0, G2m)=G(0),
can be resolved as

Glo.0/, =)= Voo 3. "¢

47 s
Ap Ay
x {[Bj O(0' - ») +[ﬂj O(o— w’)}, (5.8)
® ®

where A, =1/2v1+87 . Now we present S,; in the
form:

) 2n
A@.9) = [do' [ 4§’ G(0,0,6-4)S,, (@¢).  (59)
0 0

Notice that A(w,¢$) is a regular integral operator and
suppose that N(w,$) = o ~. Then

—3z+15
Ao~ )= —H(2).
g
H(z)= G) (5.10)

9(z-5)z—-14/3)
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(5.3)

Function H(z) is positive and has no zeros. If G(z) is
presented by parabola (5.5), H(z) is just a constant:

H(z)=H,=16.05/9=1.83. (5.11)
This fact leads to a bold idea. If we assume that
A:H—fm15N3, (5.12)
g
the nonlinear term §,; turns to the elliptic operator:
H 2 2
_Hol 07 L2 0|53, (5.13)
nl " 27 22
g '\ do” o 0

This is a so-called «diffusion approximation», introduced
in article [23]. Being very simple, it grasps the basic fea-
tures of wind-driven sea theory. We will refer mostly to
this model, having in mind that the real case (5.9) does not
differ much from it, at least qualitatively.

Let us integrate equation (5.2) by angles. We get:

M. _ %0 (5.14)
ot 0w
2n
Here N(w,f) = j N(®,$) d¢ . Then
0
21
B(o,) =2 [ cosoN(w.0) a9, (5.15)
20 0
and the flux of wave action is:
2n
oK
0=", K= Ao.)ds. (5.16)
ow 0

After multiplication of Eq. (5.14) by ® one obtains equa-
tion
OF (®,1) N oP _

0, 5.17
Ot 0w ( )

where P =K —®0K /0w is the flux of energy.
Let us introduce now the following definitions: the in-
tegrated by angle spectral density of momentum

22m

M, (o,0) =2 j cos hB(w,d) d, (5.18)
g 0

the quantity
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2n
®
Ce(@0 === [ cosdN(@.0)dp, (519
2g 0
and the flux of momentum
21 2
R, = j cosd(@d -2y 44 (5.20)
2 0w
0
All these quantities are connected by equation
M R
oM,y +6—x=0. (5.21)
ot om

Equations (5.14), (5.17) and (5.21) are averaged by angle
balance equations for the basic conservative quantities.
Now we can return to the question formulated above.
How many solutions has the stationary kinetic equation
(1.5), (4.1)? Notice that we simplified it to the linear equa-

tion
2 2
a—2+ia— A=0.
om

(5.22)
o’ 04
In particulary, kinetic equation has anisotropic KZ solution

A=L{P+mQ+R—Xcos¢}, (5.23)
®

2w
where P and R, are fluxes of energy and momentum at
o — o and Q is the flux of wave action directed to small
wave numbers. In a general case, (5.23) is a nonlinear
integral equation, however in the diffusion approximation
the KZ solution can be found in the explicit form:

1 g4/3 13
—[P+0)Q+—xcos d)j . (5.24)
o

N(o,p)= ———
(@.6) @ty o

By comparison with (4.35), (4.38) we easily find that in
this case
1

- =0.223,
202nH,)"3

Cp :Cq

Hy=1.283.
This is exactly the arithmetic mean between the values of
Kolmogorov constants given by (3.31).

By multiplication of (5.24) to 2n® we get the general
KZ spectrum in the diffusion approximation:

4/3 1/3
F(o)= 2.78g—4(P+mQ+—xcos¢j . (5.25)
[0) Q)]

We must be sure that in the isotropic case R, =0, expres-
sion
4/3
F()=2785—(P+0Q)" (5.26)
)

approximates the generic KZ spectrum with accuracy up to
few percent.
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If somehow we know the value of A(w,$) on the circle
® = ® , we can solve the external and internal Dirichlet
boundary problem for Eq. (5.22) with boundary condition
A(®,¢$) <o at ® — oo . Suppose that

A@.)= A§) = dy + L cosis
124 1/4+4n%

cos nd . (5.27)

o0
+ > 4, [&J

2405,
First two terms in (5.27) present the KZ spectrum with
0=0,P=2n4,, R, =2nmy4,. The next terms describe
the fast stabilization of any arbitrary solution to the KZ
spectrum at ®/wy —>oo. The first additional term in
(5.27) decays as (wy /03)3'53 cos2¢.

This stabilization to KZ spectrum is actually the «angu-
lar spreading» of wind-driven wave spectra that is usually
observed in field experiments (see, for instance [12]). If
0 =0, the general KZ solution (5.25) at ® —> 0 is the
following spectrum:

F(0) - ﬂg‘”3 P (1+lﬁcos¢+~-} (5.28)
(,)4 3Pw
Similar results were predicted by Kontorovich and Kats
[30] and Balk [31].

From (5.27) one can see that A(w,¢) is parametrized
by function of one variable, 4)(¢). In presence of flux of
action Q from infinity one should add to (5.27) an addi-
tional term @, . Thus in a general case, a freedom for de-
termination of A4 consists of the function that has one va-
riable and one constant. We silently assume that the
mapping N — A is uniquely inversible. This fact is not
proven but it is very plausible.

6. Damping due to nonlinear interaction

How we must compare S,; and Sj, ?

In this Chapter we show that §,; is the leading term in
the balance equation (1.11). In fact, the forcing terms Sj,
and Sy are not known well enough, thus it is reasonable
to accept the most simple models of both terms assuming
that they are proportional to the action spectrum:

Sin =Yin (K)N(k), (6.1)
Sdis = ~Vdis (K)N (k). (6.2)

Hence
Y(k) = ¥in (k) = v4is (K) - (6.3)

In reality y4; (k) depends dramatically on the overall
steepness . So far, let us notice that the balance kinetic
equation (1.24) can be written in the form

Sy +Y(K)Ny =0, (6.4)
and present the §,; term as
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Snl =Fk—Fka. (65)

The definition of I'j, and F}, are given by (2.5), (2.6).
The solution of stationary equation (6.4) is the fol-

lowing:

Ly

Nk: .
D=7k

(6.6)

The positive solution exists if I'y >, . The term I'; can
be treated as the nonlinear damping that appear due to
four-wave interaction. This damping has a very powerful
effect. A «naive» dimensional consideration gives

47tg

r, ~— k0N, (6.7)

Oy

however, this estimate works only if k >~k ,; k, being the
wave number of the spectral maximum.
Let k> k. Now for I'; one gets

Ly = Zﬂgzj | Tty | (g, =gy )Ny Ny dlydlky. (6.8)

The main source of I'; is the interaction of long and short
waves. To estimate integral (2.6) more accurately, we as-
sume that the spectrum of long waves is narrow in angle,
N(k;,0y) = N (k1)8(0;) . Long waves propagate along the
axis x and k is the wave vector of short wave propagat-
ing in direction 0. For the coupling coefficient we must
put Ty ey 22k12kcos9. Then

T, =8ng’ kzcozejszNz(kl)dkl. (6.9)

0

Even for the most mildly decaying KZ spectrum,
Ny ~ k7236 the integrand behaves like & 776 and the
integral diverges. For more steep KZ spectra the diver-
gence is stronger.

Let us estimate I'; for the case of «mature sea», when
the spectrum can be taken in the form

3/2
3 E Kk

“2Jg K
Here E is the total energy. By plugging (6.10) to (6.9) one
gets equation

L Bk-k,). (6.10)

3
o
ry,= 3675(0[—} u?, 0052 0, (6.11)
©p

that includes a huge enhancing factor: 36w ~113.04 . For
the very modest value of steepness, n, > 0.05, we get

3
r, ~ 7.06-10‘4(0[&] c0s2 0. (6.12)
©p

In the isotropic case, to find I'; for ©/w,>1 we
need to perform simple integration over angles that yields
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2n2mn 5
2 _ 2
j j Ty 0, 0102 =2 207,
00
thus instead of (6.11) we get:

Ty =5mg” k> [ g2 N (k) diq

3
o | 4
©p

3 E
Ny =,
p 2 ;gk;/z

we get from (6.8) the following estimate for I',, =T° |k=kp :

(6.13)
or
r, = 4%“ g2 (6.14)

Finally, assuming that

T, =970, (6.15)
Even in this case we have a pretty high enhancing factor:
9 ~28.26 . In fact in all known models I'; surpasses ¥
at least in order of magnitude even for these very smooth
waves.

In the presence of peakedness

T, >~ Ao, (6.16)

Here A ~ 4750) /0 is the enhancing factor due to peaked-
ness. If Au ~1,then T’ » is associated with the maximal
growth of modulatronal 1nstab111ty for monochromatic
wave: I')) = ypq ~ copu p I A~/ u , the nonlineari-
ty becomes so strong that the weak- turbulent statistical
approach is not applicable. This is quite realistic situa-
tion. Suppose that p,~0.11 and o, /dw=~5. Then
Au ~0.76 and the weak turbulent descrlptlon is hardly
correct In the situation of strong nonlinearity the wind-
driven sea generates freak waves (see [24,25]). The very
fact of their existence as a common phenomenon is an im-
plicit proof of §,;, domination in the energy balance.

Notice that I'; diverges for KZ spectra. However, it
does not hurt the spectra existence because in the full ki-
netic equation the divergence in I'j is cancelled by diver-
gence in F . Indeed, if we consider the contribution of
small wave-numbers in integral (2.5), we end up with the
following expression:

F, = 2ng? Ny, x

2
Xj|Tkk1,kk3 " 8wy — @y )Ny Nyy dleydhey = Ny Ty (6.17)

In negligence of vy, , Eq. (4.1) is satisfied automatically.
The results obtained in this Chapter show that the four-
wave nonlinear interaction is a very strong effect. Strong
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Fig. 3. Comparison of experimental data for the wind-induced
growth rate 2my;,(®)/ © taken from [26] and the damping due
to four-wave interactions 2nl'(®)/ o, calculated for narrow in
angle spectrum at p =~ 0.05 using Eq. 6.11 (dashed line).

turbulence of near-surface air boundary layer makes the
development of reliable theory of air-water interaction,
including a well-justified analytical calculation of vy, , an
extremely difficult task. Field and laboratory measure-
ments of vy, are difficult either, and the scatter in determi-
nation of vy, is of order of vy, itself. Anyway, comparison
of calculated above I';, with experimental data on v,
shows that Iy surpasses y, at least in the order of magni-
tude. This fact is demonstrated on Fig. 3, where experi-
mental data are taken from [26].

As a result, we can make the conclusion that §,; is the
leading term in the balance equation (1.11) and that the
rear face of the spectrum is describes by solution of equa-
tion (4.1), which has a rich family of solutions. In particu-
lary, this equation describes the angular spreading.

On Fig. 4 we demonstrate that for the nonlinear interac-
tion term S,; = F; —I'; N} the magnitudes of constituents
Fi, and I'; N, essentially exceed their difference. They
are one order higher than the magnitude of §,; !

The dominance of S,; was not apparent until now for
two reasons. First, it is not correct to compare S,; and
S;, 5 instead one should compare I'j, and vy, . Second, the
widely accepted models for Sy, essentially overestimate
dissipation due to white capping. As a result, the domin-
ance of S,; is masked. We offer an alternative model for
Sgis » which will be published in forthcoming article [27].
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Fig. 4. Split of nonlinear interaction term S,; (2) into Fj (/) and
and T’ k N k (3)

Preliminary results obtained in this direction were re-
ported on ICNAAM-2009, Crete, Rethimno, September
2009 [28].

Author is grateful to Vladimir Geogjaev and Sergei Ba-
dulin for permission to include the results of numerical
computations presented in Fig. 1 and Fig. 4 to this talk.
The details of these simulations will be published soon.
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