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In this paper an initial value control problem with a quadratic cost function is considered for a system governed
by a diffusion equation with a linear combination of Caputo time-fractional derivatives in an open bounded domain.
We show the existence of the optimal solution by proving the existence of the weakly convergent minimization
sequence satisfying the state equation. The uniqueness follows directly from the strong convexity of the cost

function.
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INTRODUCTION

Fractional diffusion equations arise in modeling of
processes with a logarithmic growth of the mean square
radial displacement, and, in particular, as shown in [1],
can be used to describe anomalous transport in plasma
turbulence.

Some recent articles (for example, [2-4]) deal with
sub-diffusion processes that can be described by a
fractional equation of the following type:

.l[ D y(x,t)uler) da = Ay(x,t),

where D y(x,t) denotes a Caputo fractional derivative
and z(e) is positive weight function.

In this paper we consider an optimal control problem
with a state equation of abovementioned type, and
u(a) is a finite linear combination of the 5-functions

with positive coefficients.
1. PRELIMINARIES

Let f be a function defined on a finite interval
[0,T], T <o, and I'(«) be a Gamma function. Then

the left and right Riemann-Liouville fractional integrals
of order & €(0,1) are defined by

et (t):ﬁ [lt-cy (),
tl?f(t)=%a) [t (o).

The following expressions define the respective
Riemann-Liouville derivatives:

D f(t)= ;ir(t —7) % f(r)dy,

F(l—a) dt o
tD;‘f(t):—r(#ijT (r—t)“ f(c)dr,

1-a)dt
and Caputo derivatives:

SD{’f(t):ﬁ j;(t_f)w% £(c)dr,

1 T o d
Tk Y g

The multinomial Mittag-Leffler function is defined
(see [5]) as

100

°Def(t)= f(r)de.

. (kiky, .k T 2%
Eis... ,O(Z ,...,zm):z ml |J=1 N
e F(ﬂ°+zj:1ﬂjki)

where #€(0,2), B, €(01), z;eC, j=1...,m,and

. ok
(P K-k, !

Also, as in [6], let
Ea',ﬂ (Zl’ ey Zm)= E(al,al—az,.“,al—am),ﬂ (Zl" A Zm )

2. PROBLEM STATEMENT
Let Q<= R" be a bounded domain with a smooth
boundary 0Q, U, cHQ) - a nonempty closed

convex set of admissible controls, y, € *(Q). We
consider the following optimal control problem:

J(y,u):%")l(nT)_ Ya )+§"u

2 R
W) —inf (2.1)

2
2(Q

m

>q, 5D y(xt)= Ay(xt) xeQ, te(0,T) (2.2)

i

y(x,t)=0, xeaQ, te(0,T), (2.3)
y(x,0)=u(x), xeQ, (2.4)
uel,, (2.5)

where a;eR, O0<q, <<y <1, q;eR, q;>0,
peR, >0, and A is a symmetrical uniformly
elliptic operator:
n a ay
Ay(X)= > —| a:(X)——(X) [+ a,(X)y(X),
100- 52 200t
a; =2a; eCl(ﬁ), a, ec(g_z), a, <0 and there exist a
constant x>0, such that for all &,...,£, R and
xeQ
zaij(x)gi i Zﬂzgiz .
i,j=1 i=1

We denote the eigenvalues of the elliptic operator
~A as {,} ,, 0<4 <A <--, and the respective
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orthonormal

eigenfunctions as o, }neN '

¢, € HA(Q)NH,(Q).
The domain of the fractional power (-A)” is
defined for y eR as

D((—A)y)={f @)y,

n=1

m@x<§,

D((—A)’) is a Hilbert space with a norm

Il ~(3:
o).

3. RESULTS
Definition 3.1. We call a function Y a solution to (2.2)-
(2.4) if (2.2) holds in L*(Q), y(,t)e Hi(2) for almost
all te(0,7), yec(0,7}12(2)) and
iy t)-ul,s o) =O.
It was shown in [6] that if »e[0l] and

Ue D((— A)y) then the problem (2.2)-(2.4) has a unique
solution

12

”n(f,(pn)Izj ,

and D((-A)*?)=H

W0=2b-2 e, Olapl, GO
yeC(oTIE(@)nC(0TEH? Q)N HLQ) (3.2)
ye Y 0T;H?(Q)NHAQ)) (3.3)

and there exists a constant C > Osuch that
Wl oryie (34)
ly(-t)]. _C||u|| y‘l), te(0,T]. ©5)

Moreover, atyeC((O,T], L2( Q)), and there exists a
constant C > Osuch that

6y (O < Clluly

Theorem 2.1. Optimal control problem (2.1)-(2.5)
has a unique solution.

Proof: From (3.6) we have that 8,y e Lp(O,T; L? (Q))
for peLYA-ay)).
Let X, denote a space
X, ={ye 20,T;H* @) HI(Q):a,ye LP0.T; (@)}
with a following norm:
Ivll, =ly
Let ¥ denote a set of adm|53|ble pairs for the

problem (2.1)-(2.5), that is, ¥ is a set of
(yu)eX,xU, such that (2.2)-(24) hold and

J(y,u)<oo.
Then there exists such a minimizing sequence

{(noup oy € ¥ that
IlmJ(y n): inf I(y,u)>—o

k—o0 yu‘I’

tal;/ -1

(3.6)

e(O,T].

(@)

+||6 y

2(0,T;H2 roTe@)
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Hence, there exists a constant C, >0, that does not
depend on n, and supJ(yn,un)g C,. From (3.5) and

neN

(3.6) we obtain

Y1, *ullo < Colltlh oy < 3 (vou)+C

so sup(||yn||X +|u, HI(Q)]SCS. Thus, we can choose
neN P

weakly convergent subsequences {y,} . and {u,}
(still indexed by n for simplicity):

neN

Y,——¥in X, 3.7

u, —“—>0 in H}(Q). (3.8)
The set U, is convex and closed, hence G eU,.

Now we show that y is a solution to a system (2.2)-
(2.4) for u=41. It follows from Definition 3.1 that for

y, and for any veC;(Q)

| [iq,— SDy(x,t)- Ay(><,t)Jv(x)dt =0. (3.9

o\ =1

Multiplying this equality by w € C7(0,T), we obtain

h [Zq 16D y(x.t)- AY(X,I)JV(X)I//(t)dx dt=0. (3.10)

0\ j=1

Since ||y then from weak

)<l vy e X,

L20T 2(Q
convergence in the space (Xp,||~||X ) we can obtain
P

also
y,——9y in (X

Pl LZ(O,T;LQ(Q)))'
The operator 0, : X, —L°(0,T;12(2)) is bounded
and linear, so it preserves weak convergence, thus
0.y, ——0,Y.
The fractional integration operator Itl’“l is linear, and
from [7] have that for «;e(01) and

pe(O,]/(l—aj)) it acts boundedly from LP into LY,

we

where q =:I/(l— (1— a; )p) Therefore, in
L9(o,T; (@ ))
6D Ya=oli 0y, —" 1y “0,9=5D{". (3.11)

Let q = p/((Z—“j)p—l)ﬁ that is, 1/q+Y/q" =1. Then
pel® (O,T)= (Lq (O,T))* and from (3.11) we obtain for

Nn—o0:
(J
T

%ﬂmeyXQ<w

Using the Green formula and taking into account the
boundary condition (2.3), we have

O t—y
MB

N

mmymﬂ@m»
(3.12)
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J'Ayn (x,thv(x) j S A V(X) dx+

Q
Y, _ v _

. j(wx) -2 (x>}ds-
where A" is an adjoint of A, that is

A0~ 3 0,020 0

i1

= [ya(x )AV(x)dx,
Q

N =(N,,...,N,) is an outward unit normal to 6Q, and

2 es)- 3 0 002 10

ON , Al 6xj
82\; (X): iil(aij (X)N i (X)gﬂxI (X)]

Proceeding to the limit and using the Green formula
once again, we obtain:

_[Ayn (x,t)\/(x)de)f §(x,t)A"v(x)dx =

= [ Ag(x,thv(x)dx.

Therefore, from (3.12) and (3.13)

]I {iqj 5Dy, (xt)- Ayn(x,t)Jv(x)y(t)dde

0\ J=1

(3.13)

_’”(Z%D §(x,t)-9(x, )]V(X)//(t)dxdt,

0o\ j=1
thatis y(x,t) satisfies (2.2).
Now we need to show that y(x,t) also satisfies the
initial condition (2.4).
For an arbitrary function y eCZ(0,T) we can use
fractional (see [7]) and ordinary integration by parts:

}(iqj 2D ¥, (X,t)}/l(t)dt -

j=L

Then, using vy, (xt) in (3.10) and taking into account
that y,(x,0)=u,(x) and Iy ”"1//(t)‘l:T =0,

102

“wi] ] o (M) o

(3.14)

[ $a.0: wt] (thB)-
—y, (% (t)A" v(x))dx dt=0.

Similarly for §(xt)

”(ZQJSD §(x,t)- Af/(x,t)Jv(x)w(t)dxdt:

0q\ j=l

(2qjt T
I[ qut Pt (x,t)\/(x)—
thy (t)Av(x ))dth‘

Thus subtractlng (3.14) from (3.15) and proceeding to
the limit, we have

[[So i witita-al  ojos-o
o\ j=l =
and, as v(x) can be arbitrary,
i),
T)—=9(xT

ot eomtienc

(3.15)

+

) O t— :Q'_.

Finally, we show that y, (x, ) in L2(Q).
Indeed, from (3. 1)

o (xT)-

o' l+ay

_Z|1 JtEL),

1 |(un _01%12 =
Szcl(un _G!(pn) <
n=1

NI
<C,|u, - ()
Since HE(Q) is compactly embedded into L*(€2), from
3.8)

Ju, —a iZ(g)W)O'

and v, (x,T) is strongly converges to ¥(x,T) in L*(Q).

Thus,
1906T) = ¥ 0N g = limlly, (6 T) = v (K5 - (3:16)
The  mapping is weakly lower
semicontinuous, so
Hl(g)ﬁlijfgllun HiQ)" (3.17)

Therefore, combining (3.16) and (3.17)
3(9,0)<lim (y,u,)= inf I(y,u)
y,u

nN—o0o

and (9,0) is optimal solution to the problem (2.1)-(2.5).
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To prove the uniqueness of the solution, let us
assume that (¥,,0,) and (§,,d,) are distinct optimal
solutions.

Let

.~ Y +Y, . U +u
y0: 12 Z,Uoz 12 2

As the state system (2.2)-(2.4) is linear and U, is
convex, we have that (§,,d,)e¥, and from strong
convexity of the cost function in (2.1)

A A 1 A N A .
J(y0'uo)<E(J(yllul)"‘J(VZIUZ)):(;’D)ZWJ(%U)'

Therefore, we came to contradiction, and the optimal
solution is unique.

CONCLUSIONS

In this paper existence and uniqueness of the
solution to optimal control problem for a diffusion
equation with  multiple time-fractional  Caputo
derivatives has been proved.

In the future, a characterization for an optimal
control problem can be obtained similarly to the results
for parabolic equations with a time derivative of integer
order, presented in [8].
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OIITUMAJIBHOE HAYAJIBHOE YIIPABJIEHUE JJIS1 MHOTI'OYJIEHHOI'O JTPOBHOT'O
ITO BPEMEHU YPABHEHUSA TNOPY3NU

P.A. Bexnuu , B.B. Ceménos , C.H. J/Iauiko

PaccmoTpena 3ajaua ONTHUMAIBHOTO YIPABJICHWS HAYaJbHBIMHM YCIOBMAMH C KBaJpaTW4HOWH (YHKIHMEH
CTOMMOCTH JJIsl CHCTEMBI, OIMNCBHIBAEMOW YypaBHeHHEM Ju(Qy3un ¢ JIHHEHHOH KOMOMHAIMEH JpOOHBIX
Npou3BOIHBIX KamyTo 1Mo BpeMeHH B OTKPBITOM OrpaHMYeHHOH o00nacTh. MBI TOKa3blBaeM CyIIECTBOBaHHE
ONTHMAJIFHOTO DEIIeHMs, JOKa3aB CYIIECTBOBAHHE CIa0OCXOJIICHCS MHUHHMH3HMPYIOIIEH IOCe0BaTeIbHOCTH,
YIIOBJIETBOPSIIONIEH ypaBHEHHE COCTOSHUS. EJAMHCTBEHHOCTH HEMOCPEICTBEHHO CIEAYeT M3 CTPOTOH BBITYKJIOCTH
(hyHKIIMH CTOMMOCTH.

OIITUMAJIBHE ITIOYATKOBE KEPYBAHHSA JJI1 BATATOYJIEHHOT' O IPOBOBOT O 3A YACOM
PIBHAHHS TU® Y311

P.A. Beknuu , B.B. Cemenos , C.I. JIauwiko

PosrisiHyTa 3a1a4a ONTUMAaIBEHOTO KEPYBAHHS TIOYATKOBUMH YMOBAaMH 3 KBAAPaTUYHOIO (DYHKIII€I0 BAPTOCTI JIs
CHCTEMH, IO ONMUCYETHCS PIBHAHHAM JTUQy3ii 3 JiHIHHOIW KOMOiHali€lo ApoboBuX noxigHux Kamyrto 3a wacom y
BIAKpHUTIH oOOMexeHi oOnacti. Mu IOKa3yeMo ICHYBaHHS OIITHMQJIBHOTO pO3B’SI3KY, JOBIBIIM ICHYBaHHS
c1a0K0301KHOT MIHIMI3yI0401 TIOCIIIOBHOCTI, IO 33/I0BOJIbHSIE PIBHSHHS CTaHy. C€IUHICTH Oe3mocepesHbo
BHILIUBAE 31 CTPOTOT OMYKIOCTI (GYHKIIiT BAPTOCTI.
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