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Problem of the plasma simulation area decomposition for Poisson equation solution via PIC method using
parallel computing is treated. Modification of the existing method moving to reduction of the computational
complexity is discussed. The approach to use different grid spacing for subdomains is proposed. Method of
approximate solution that results in the substantial decrease of the data transmitted is brought forward.
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INTRODUCTION

Computer  simulation via PIC  method
demonstrates the high accuracy of the plasma
behavior description [1]. For the wide class of
problems (e.g., for beam-plasma discharge — see [2])
the characteristic length of the system is of the order
of 10° Debye radii and the simulation time is of the
order of 10° Langmuir periods. But PIC method needs
the large RAM capacity and high computing
performance. Consequently such problems need the
clusters which are often based on single program,
multiple data (SPMD) with the distributed memory
architecture [3]. Algorithms used for these clusters
must satisfy such important conditions as minimal
volume of data transferred between the mesh nodes
and uniform nodes' loading.

The integration of the field equations (Poisson
equation in electrostatic case) remains a difficult task,
because significant data non-locality is present.
Besides, there is a problem of dynamic balancing for
the inhomogeneous plasma case (for the beam-plasma
discharge, for example) that is not considered in the
existing literature. For inhomogeneous plasma the
Debye length can vary in space, but for correct
simulation we need to use the computation grid
spacing less than Debye length [1]. On the other hand,
small grid spacing usage is not optimal for regions with
large Debye length. Consequently it is necessary to
decompose the problem into subdomains with different
spacing. In this paper the domain decomposition
method which supports this requirement is proposed.
Besides, it is shown how to obtain maximal
computation productivity and to reduce the transmitted
data number by using approximate solving.

1. EXISTING DOMAIN DECOMPOSITION
METHOD AND ITS EXTENSION FOR
NON-UNIFORM GRIDS

Poisson equation solving method based on
decomposition of the main problem into
subdomains  with zero Dirichlet boundary
conditions and calculating of the screen charges at
the subdomains' interfaces was proposed in [5]. For
subdomains' joining the author suggests to add the
Laplace equation solution with the boundary
potentials determined by interfaces' screen charges
to the Poisson equation solution for subdomains.
Recursive domain joining method is proposed.
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But the above mentioned method is not valid for
subdomains with different spacing. Besides, this method
requires the multiply Laplace equation solving (4 times in
2D case).

The following formula is used for computation of the
screen charges pg; On the vertical interface:
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where @i and Prigi are pre-boundary potentials of left
and right subdomains, respectively, and i =0...L,.
This formula can’t be used if subdomains have different
spacing along the interface, so arrays @iz and Prigntiz
have different sizes i; =0...Ly;, i =0...Ly,.
We propose to use the spectral representation of the
preboundary potentials and screen charges, so
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where k =0..max(L,s, Ly2). This formula is independent
on the grids' step and it is correct for any @iesx and Prightk
size. The missing high frequency components of
spectrum for coarse grid are vanished. For computing of
the interface potentials we use eigenvalues of the problem
with height max(L,,, L,2) and width Ly+L.+1. It will be
shown that calculation of the spectral representations can
be obtained directly without additional 1D fast Fourier
transforms (FFTs).

Formula (2) isn’t correct in the case of subdomains
with different spacing in the direction perpendicular to
the interface, because h, is not uniform. In this case it is
necessary to modify the interface potentials' computation
algorithm. The following approach is proposed: the
joining problem with non-uniform grid spacing can be
considered as a sum of two joining problems with the
uniform spacing assuming that one of the subdomains is
vanished. So one can compute two interface charges'
distribution:
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Then for each screen charges' layer pser1i and psera i We
can compute potentials via formulas from [5]. Sum of the
computed potentials gives the desired interface potential.

Note that subdomains grid spacing can’t be arbitrary;
the length of combined domain must be divisible by hy
and hy,.
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2. MODIFICATION OF THE POISSON
EQUATION SOLVING

As it was shown in [5], joining of domains
requires two actions: solving of Poisson equation with
zero Dirichlet boundary conditions for finding the
pre-boundary potentials and solving the Laplace
equation with interfaces' potentials. The sum of these
solutions gives the correct solution for subdomain
potential. We can improve this performance by
combining Poisson and Laplace solving. Let us
consider the Poisson solving for 2D Fourier
expansion method. Using this method we need to
compute 2D spectrum of the input charges' density
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by FFT (DST-I for this case), to divide the spectrum
by eigenvalues
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and then to compute the potential distribution from
the spectrum by inverse FFT
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(the normalizing coefficient is missed). But one can
compute the pre-boundary potentials without full 2D
FFT by computing only one sum of (6) for i=0, i=L,—
1 and j=0, j=L,~1. For adding the Laplace equation
solution to the Poisson equation solution it is possible
to add the Laplace boundary conditions to the pre-
boundary charges of the Poisson equation [6] or to
add the spectrum of this pre-boundary charges to the
Poisson equation spectrum by using (4) for =0,
i=L,-1 and j=0, j=L,~1. So only two full 2D FFTs
and O(L,L,) additional steps can be used instead of
four FFTs. It is also important that we propose to use
the spectral representation of the interface potentials.
Consequently we don’t need any additional 1D FFTs
for finding the pre-boundary and interfaces'
potentials, we can use the spectra directly.
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3. OPTIMIZATION OF COMPUTATIONS
FOR THE DECOMPOSITION IN TWO
DIRECTIONS

As it was shown above, we don’t need to solve
Poisson equation and Laplace equation separately.
But in the case of decomposition in two directions we
need to compute the pre-boundary potentials when
the perpendicular interfaces' potentials are found. We
can use the Laplace equation solving with
O(L,Lylog(Ly)) complexity [5]. But the better way can
be proposed. Consider computation of the bottom
pre-boundary subdomain potentials @poom; When left
interface potentials @y, are found. By adding
interface potentials as the pre-boundary charges of the
Poisson equation and expanding 1D charges'
spectrum into 2D Poisson spectrum we can obtain the
following formulas:
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where 1=0, ..., L,-1, k=0, ..., L,-1.
So, we can compute Pyrom, bY O(L,L,) additional steps.

4. APPROXIMATE INTERFACE POTENTIAL
FINDING TO REDUCE AMOUNT OF THE
TRANSMITTED DATA

When decomposition in two directions is used the
interface and pre-boundaries points are distributed into
several nodes. There are no effective methods for the
parallel FFT computation using the distributed memory
systems, therefore it is necessary to send all the pre-
boundary points into one main node for interface
potentials' computing and then to send the obtained
potentials to each node (Figure). The amount of data
transmitted to the main node may be too large. Besides,
each node can use the different grid spacing, so we need
to compute FFT for the non-uniform grid. It’s
inconvenient to use formulas from [5] in this case.
Another way can be proposed. Finding of the interface

potentials @, by the Fourier method can be replaced by

scr
sum of solutions of 1D screened Poisson equations:
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where 1=0,...,L, is the number of spatial harmonic, iy is
the interface position. This result can be obtained via

expanding of the Poisson solution in the single series (see
[6], p. 194).
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Data transmission for layers' joining

For high spatial harmonics with I>>1 parameter ¢
depends weakly on |, so we can use the piecewise
approximation « for (11) and reduce the number of
screened equations in the set (10).

In practice, we need only 6 pieces for approximation
of the harmonics' solution in the range n=L,/8, ..., L,-1
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with the computer double type precision (10™). For
solving of each screened Poisson equation as the
tridiagonal problem we need to send only two values
between nodes. We use the bisection algorithm [7] for
minimizing the successive data exchange up to the
value O(log(N)), where N is the number of nodes in
the layer. In the low frequency range n=0, ..., L,/8 we
use FFT method, so the full data transmitted number
is C'=2(L/8+6) (for the same number of
approximation terms) instead of C=2L,. Note that if
we do not perform the high frequency filtration for
input ps,, the approximate solution (9) with the
reduced number of terms will contain incorrect low
frequency components. Since we know the piecewise
approximation for a;, we can find the low frequency
dispersion of solution (9) and subtract it from FFT
low frequency solution dispersion.

For recursive domain only joining of the low
frequency components is used. So full algorithm of
the method contains the following steps (for
horizontal layers):

1. Finding of the interfaces' screen charges by
sending, e.g., the bottom layer pre-boundary potential
to the top layer. The node pre-boundary potentials are
sent only to the nodes with the common borders.

2. For each interface the high frequency solution
of the potentials for main problem is found.

3. For each interface the low frequency spectrum
of charges is computed.

4. The low frequency solution for the interface
potentials is found using the recursive domain joining
method.

5. The low frequency solutions obtained at the
step 4 are added to the high frequency solutions
obtained at the step 2.

CONCLUSIONS

1. Existing packages for PIC simulation do not
contain effective methods of parallel Poisson
equation solving.

2. Inhomogeneous plasma simulation needs the
dividing of the simulation area into subdomains with
different grid spacing.

3. Domain decomposition method for subdomains
with different spacing is proposed.

4. The scheme of calculating for minimizing the
number of computations is proposed. The proposed
calculation needs the number of steps close to the method
of expansion into the double Fourier series.

5. The transmitted data minimization method using
approximate solving is proposed.
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MPSAMOM NAPAJIIEJBHBIA METO/I PEINEHUSI YPABHEHUSI ITYACCOHA
C UCITIOJIB30BAHUMEM PA3JIMYHOI'O IIAT'A CETOK JJIs1 MOJAEJIMPOBAHUSA METOJ10OM
KPYIHBIX YACTHUIL B AYEMKAX

J.HU. /laovika, H.A. Anucumos

PaccmoTpena npo6iiema 1eKOMIIO3UITNH 06J1acTH MOJISINPOBAHHA I ypaBHeHHS [lyaccoHa METOI0M KPYITHBIX

yacTul, B sueiikax. IIpemioxeHsl

myTvh MHUHHUMH3AIUN BbIYUCIUTECIBHBIX 3aTpar.

[IpopemoHcTpupoBaHa

BO3MOXHOCTh HMCIIOJIB30BAHUA Pa3JIMYHOIO Iara CETOK JJid HO}IOGHaCTCﬁ. Hpe}IHO)KCH MCTOA 3HAYUTCIBHOI'O
CHIDKEHHUS 00BEMa nepeaaBa€MbIX MEKAY BEIYUCIUTCIIbHBIMU Y3JIaMU JTAHHBIX.

MPSAMUI MAPAJIEJTBHUA METO/I PO3B'SI3AHHS PIBHSIHHS ITYACCOHA
3 BUKOPUCTAHHSAM PI3HOI'O KPOKY CITOK JJIA MOJAEJIIOBAHHA METOJOM KPYITHUX
YACTHHOK Y KOMIPKAX

.1 Jaouka, 1.0. Anicimos

PosrasiHyTo mpobnemy jaexoMmnosuiii oOyacTi MOJENIoBaHHS Ui piBHAHHA IlyaccoHa MeTOmOM KpYyIHHX
YaCTMHOK Yy KOMIpKax. 3alpoloHOBaHO MNUIAXW MiHIMizamii oO4ucmoBanbHUX BHUTpar. [IpogeMoHCTpOBaHO
MOXJIMBICTh BUKOPHCTaHHS PI3HOTO KPOKY CITOK JUId MijgoOiacteil. 3almpornoHOBAaHO METOJ 3HAYHOTO 3HMDKEHHS
00'eMy JaHUX, IO NEPENAIOTHCS MiXK OOUHCITIOBAIEHIMH BY3JIaMH.
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