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Öèêëè÷åñêàÿ íåóïðóãîñòü è ìíîãîöèêëîâàÿ óñòàëîñòü ìåòàëëîâ ñ

ó÷åòîì ýôôåêòà ãðàäèåíòà íàïðÿæåíèé

Â. Ò. Òðîùåíêî

Èíñòèòóò ïðîáëåì ïðî÷íîñòè èì. Ã. Ñ. Ïèñàðåíêî ÍÀÍ Óêðàèíû, Êèåâ, Óêðàèíà

Èññëåäóåòñÿ öèêëè÷åñêîå äåôîðìèðîâàíèå ìåòàëëîâ è ñïëàâîâ ïðè ìíîãîöèêëîâîì öèêëè-

÷åñêîì íàãðóæåíèè â óñëîâèÿõ íåîäíîðîäíîãî íàïðÿæåííîãî ñîñòîÿíèÿ. Ïîêàçàíî ñóùåñò-

âåííîå âëèÿíèå ãðàäèåíòà íàïðÿæåíèé íà öèêëè÷åñêóþ íåóïðóãóþ äåôîðìàöèþ ïîâåðõíîñòíûõ

ñëîåâ ìåòàëëà. Îáîñíîâàíà ìîäåëü, ïîçâîëÿþùàÿ îáúÿñíèòü ðàçëè÷èå ìåæäó ïðåäåëàìè

âûíîñëèâîñòè ïðè îäíîðîäíîì è íåîäíîðîäíîì íàïðÿæåííûõ ñîñòîÿíèÿõ ïî äèàãðàììàì

öèêëè÷åñêîãî íàãðóæåíèÿ. Ìîäåëü ó÷èòûâàåò òî, ÷òî ïðåäåë âûíîñëèâîñòè ðàâåí ïðåäåëó

öèêëè÷åñêîé óïðóãîñòè ïðè óðîâíå íåóïðóãîé äåôîðìàöèè, õàðàêòåðíîì äëÿ êîíêðåòíîãî

êëàññà ìàòåðèàëà.

Êëþ÷åâûå ñëîâà: ìíîãîöèêëîâàÿ óñòàëîñòü, öèêëè÷åñêàÿ íåóïðóãîñòü, ãðà-

äèåíò íàïðÿæåíèé.

Introduction. It is well known that the fatigue strength of metals and alloys in

the nonuniform stressed state (bending, torsion of solid specimens, local stresses in

the stress concentrator) is much higher than that in the uniform stressed state.

Different approaches are used to explain the nonuniform stressed state effect,

which is usually characterized by the value of the stress gradient.

It is assumed in some studies that the difference between the fatigue limits in

the uniform and nonuniform stressed states is explained by distinctions between

the real stresses, which are calculated accounting for cyclic inelasticity (cyclic

plasticity), and nominal stresses determined from the formulas of the elasticity

theory [1].

In other investigations, the difference between the fatigue limits in the

uniform and nonuniform stressed states is explained on the basis of fractal

approach [2, 3] or statistical strength theories, primarily those based on the “weak

link” concept [4, 5].
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In recent years, a concept of the “critical distance” has been developed, which

is based on the assumption that fatigue fracture is caused either by the stresses at

some distance from the surface or by average stresses in the surface layer of a

certain thickness [6].

At the same time, as was found in many experimental investigations, account

should be taken of the fact that the process and characteristics of high-cycle

inelastic deformation of the surface layers of nonuniformly stressed specimens

differ significantly from those of the uniformly stressed ones.

This paper summarizes the results of published and original investigations of

the cyclic deformation behavior of metals and alloys in the nonuniform and

uniform stressed states, and a model is proposed, which allows explaining the

difference between the fatigue limits of metals and alloys under such loading

conditions.

1. Fatigue and Inelasticity of Metals under Uniform Axial Loading. The

stage of nonlocalized fatigue damage leading to the initiation of the main fatigue

crack is characterized by the formation and growth of local microplastic deformation

zones where microcracks initiate and one of them develops into the main fatigue

crack that leads to final fracture [7].

As shown in [8], the number of cycles to the initiation of a 0.05 mm fatigue

crack in smooth metallic specimens makes up 90% and more of their total life.

The integral characteristics of the processes of local microplastic deformation

are the inelastic strain per cycle �� i equal to the width of a hysteresis loop in the

stress amplitude � a – strain amplitude �a coordinates and the inelastic strain

energy �W equal to the hysteresis loop area in these coordinates.

For high-cycle fatigue of most structural alloys at stresses corresponding to

107 and more cycles to fracture, the �� i and �W values are rather small and

difficult to study; nevertheless, they are the characteristics defining the process of

the fatigue crack initiation.

Figures 1a and 1b illustrate the stress and strain variation under elastic and

inelastic deformation, respectively; Fig. 1c shows schematic dependences of

inelastic strain per cycle on the number of the load cycles at � a �const for

cyclically softening (1), cyclically stable (2), and cyclically hardening (3) materials.

Figure 1d presents static (I) and cyclic (II) stress–strain diagrams for the load cycle

numbers N1 and N 2 .

The strain amplitude can be calculated as the sum of the elastic �� 2E and

inelastic �� i 2 strains:
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where �n and �K are material constants.
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The cyclic elasticity limit � e
c equal to stresses at a certain tolerance for

residual strain (offset strain value) was determined from the cyclic stress–strain

diagram. In our case, residual strain corresponds to the inelastic strain amplitude.

With an offset strain value of, for instance, 1 10 5� � mm/mm, or 1 10 3� � in percent,

the cyclic elasticity limit is denoted by � 0 001. ,c etc.

Investigations of cyclic inelastic strains of metals and alloys were performed

using the procedures described in [9].

The inelastic strain per cycle was directly measured as a strain value

corresponding to zero stress in the process of symmetric cyclic loading (Fig. 1b).

To perform those investigations special equipment was designed that allowed

high-frequency scanning of the stress and strain signals and processing of the

measurement results on a computer in real time [9]. In some cases, inelastic strain

per cycle was measured from the hysteresis loop on the oscilloscope screen. The

loading frequency varied from 20 to 36 Hz.

The results of investigations are summarized in Table 1, where � u is the

ultimate strength, � 0 2. is 0.2% offset yield stress, ��1 is fatigue limit for 107

cycles, ( )�� �i �1
is the inelastic strain amplitude corresponding to the fatigue

limit, and ( )max�� i is the maximum inelastic strain amplitude observed for the

material studied [6].

The values ( )�� �i �1
and ( )max�� i were determined from inelastic strain

measurements at its stabilization stage or at a half of loading cycles to fracture.

To increase the accuracy of determining ( )�� �i �1
, the results of testing

several specimens at different stresses in the “� �a i� lg � ” coordinates were

processed by the least squares method, ( )�� �i �1
was determined as the abscissa

of the intersection point of the approximated line and the horizontal line

corresponding to the fatigue limit.

The main results presented in Table 1 were obtained at room temperature;

some materials were tested at low and high temperatures as is shown in Table 1.
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Fig. 1. Stresses and strains under high-cycle loading.
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b d



ISSN 0556-171X. Ïðîáëåìû ïðî÷íîñòè, 2011, ¹ 4 51

Cyclic Inelasticity and High-Cycle Fatigue ...

T a b l e 1

Fatigue Limits and Characteristics of Cyclic Inelasticity of Metals and Alloys

Material �u ,

MPa

�0 2. ,

MPa

��1 ,

MPa

��

�

i

2
10

1

5
�
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 �

max

1 2 3 4 5 6

Carbon steels

Steel 25 (0.25% C) 518 – 167 1.50 80.0

Steel 30 (0.30% C) 726 414 340 0.83 14.0

Steel 45(I) (0.45% C) 668 408 230 6.70 190.0

Steel 45(II) (0.45% C) 716 468 270 9.30 130.0

Steel 60 (0.60% C) 937 622 177 2.60 22.0

Alloyed steels

Steel 20Kh (0.20% C, 0.85% Cr) 500 – 157 1.30 40.0

Steel 40Kh(I) (0.40% C, 0.95% Cr) 994 899 360 1.80 28.0

Steel 40Kh(II) (0.40% C, 0.95% Cr) 873 590 300 3.30 45.0

Steel 40Kh(III) (0.40% C, 0.95% Cr) 840 675 330 0.02 90.0

Steel 1Kh13(I) (0.12% C, 13.0% Cr) 638 429 283 0.23 14.0

Steel 1Kh13(I) (773 K) (0.12% C, 13.0% Cr) – – 140 2.30 115.0

Steel 1Kh13(II) (0.12% C, 13.0% Cr) 620 390 270 2.00 15.0

Steel 1Kh13(III) (0.12% C, 13.0% Cr) 746 614 350 0.40 15.0

Steel 12KhN3 (C� 017. %, 0.95% Cr) 624 17 270 0.38 100.0

Steel 09Kh14N19V2BR1 (0.1% C, 14% Cr,

35.0% Ni)

560 – 147 1.10 50.0

Steel 1Kh17N2Sh (0.1% C, 14.0% Cr,

35% Ni)

912 707 390 1.60 21.0

Steel KhN35VT(I) (0.1% C, 15.0% Cr,

35.0% Ni)

1000 595 300 0.45 41.0

Steel KhN35VT(I) (873 K) (0.1% C,

15.0% Cr, 35.0% Ni)

850 450 290 2.10 28.0

Steel 15KhN35VT(II) (0.1% C, 15.0% Cr,

35.0% Ni)

896 582 260 0.15 9.0

High-ductility austenitic and other steels

Steel 1Kh18N10T (0.12% C, 18.0% cr,

10.0% Ni)

650 250 190 16.80 100.0

Steel 30Kh10G10 (0.28% C, 11.0% Cr,

10.5% Mn)

815 397 320 11.60 103.0

Steel 0Kh14AG12M 1018 435 310 14.30 125.0

Steel 15G2AFDps(I) (0.16% C, 1.46% Mn) 520 420 260 14.00 14.0

Steel 15G2AFDps(II) (0.16% C, 1.46% Mn) 532 410 250 11.50 11.5



Some of the investigated materials were subjected to various thermal treatments

and test specimens were fabricated from different batches of the material that is

indicated by indices I, II, and III.

Table 1 also gives the content of carbon and some alloying elements for the

steels and alloys investigated.

The results presented in Table 1 demonstrate that, in the region of high-cycle

fatigue, cyclic inelastic strains are considerably lower than cyclic plastic strains

under low-cycle loading; their investigation is widely covered in the literature.

Moreover, Table 1 shows that for different metals and alloys the inelastic strain

amplitude ( )�� �i 2
1�

corresponding to the fatigue limit varies within a wide

range.

Despite such a broad range of inelastic strain values corresponding to the

fatigue limits of different metals and alloys tested during 107 cycles, by classifying

all metals and alloys in groups, one can derive a rather exact relationship between

the fatigue limits and elasticity limits obtained from cyclic stress–strain diagrams

with certain tolerances for inelastic strain [9].

Figure 2à compares the fatigue limits ��1 and cyclic elasticity limits � e
c for

carbon, alloyed and austenitic steels, copper and copper-based alloys when the

cyclic fatigue limit for all these materials is determined with a common offset strain

value �� i 2 equal to 1 10 5� � . In this case, a wide scatter of results is observed.
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Continued Table 1

1 2 3 4 5 6

Nickel alloys

Alloy KhN77TYuR (C� 0 07. %, 20.0% Cr,

2.7% Ti)

1240 670 360 – 22.3

Alloy KhN77TYuR (933 K) (C� 0 07. %,

20.0% Cr, 2.7% Ti)

980 480 360 1.40 26.0

Alloy KhN70VMTYuF (C� 012. %,

20.0% Cr, 6.0% W)

960 650 620 0.03 11.0

Alloy KhN70VMTYuF (1153 K) (C� 012. %,

20.0% Cr, 6.0% W)

610 570 210 0.17 17.0

Aluminum-based alloys

Alloy D16T (4.3% Cu, 0.6% Mn) 538 398 120 2.40 13.0

Alloy D20 (6.5% Cu, 0.6% Mn) 410 250 60 2.50 11.0

Alloy D20 (77 K) (6.5% Cu, 0.6% Mn) 523 340 80 1.20 17.0

Copper and copper-based alloys

Copper (annealed) 232 70 100 0.43 48.0

Brass L62 (62.0% Cu, 38.0% Cu) 449 371 150 0.78 146.0

Bronze Br AZh9 (81.4% Cu, 3.74% Ni) 688 315 260 0.59 80.0

Cast iron

Cast iron SCh 21-40 225 – 100 2.80 6.0



If we take � �� �1 0 002.
c for carbon and alloyed steels, � �� �1 0 015.

c for

ductile austenitic steels, and � �� �1 0 0005.
c for copper and copper-based alloys,

the discrepancies in determining the fatigue limits for corresponding metals and

alloys from the values of cyclic elasticity limits will not exceed �10% (Fig. 2b).

The analysis performed in [10] revealed that with the inelastic strains

characteristic of most metals and alloys at stresses equal to the fatigue limit for a

test duration of 107 cycles to failure, the difference between real and nominal

stresses is insignificant and cannot account for the distinction between the fatigue

limits in the uniform and nonuniform stressed states.

2. Cyclic Deformation Behavior of Metals and Alloys in the Nonuniform

Stressed State. Studies on the inelastic cyclic deformation behavior of metals and

alloys under high-cycle loading in the nonuniform stressed state, especially at

stresses close to the fatigue limit, are limited in number.

From analysis of the inelastic deformation behavior and fatigue failure of

metals in the nonuniform stressed state the following can be noted.

At the same level of stresses, microplastic strains develop less intensively in

the surface layers of a nonuniformly stressed specimen than in the uniformly

stressed one.

In accordance with [11], Fig. 3 presents, the relation between �k , which is the

ratio of the number of plastically deformed local volumes (grains) on the specimen

surface at the deformation stabilization stage to the total number of grains, and the

stress amplitude � a for low-carbon steel (� u � 421 MPa and � 0 2 267. � MPa)

(Fig. 1à) and copper (� u �268 MPa and � 0 2 190. � MPa) (Fig. 1b) under

symmetrical high-cycle loading. In this figure, curve 1 corresponds to axial

loading, curves 2 and 3 – to bending with 0.2 and 2.0 mm�1 relative stress

gradients, respectively.

The relative stress gradient in bending within the maximum stress zone equals

to �
�

�
�

�

1

0max

.
d

dx x

Solid symbols on the curves correspond to the fatigue limit

values.

As follows from the data of Fig. 3, the process of cyclic inelastic deformation

of the metal surface layer is greatly dependent on the stress gradient.
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a b

Fig. 2. Comparison of the fatigue limits and cyclic elasticity limits of materials of different classes

with common (à) and differentiated (b) offset strain values: (�) carbon and alloy steels; (�) austenitic

steel; (�) copper-based alloys.



With an increase in the stress gradient, the stress value, at which an equal

degree of surface damage (�k � const) is achieved, increases.

Similar nature of deformation behavior of the material surface layers in the

uniform and nonuniform stressed states was also observed in [12, 13, and others].

Strain amplitudes corresponding to the initiation of a fatigue crack of a certain

size at a given number of loading cycles in the nonuniform stressed state (bending,

stress concentrators), are much higher than those under axial loading [14–17 and

others]. This difference becomes more significant with an increase in the number

of cycles to crack initiation. Figures 4 and 5à illustrate the results obtained

experimentally in [16, 17].

The values of inelastic strains per cycle, which correspond to the initiation of

fatigue cracks at the same number of loading cycles in the uniform and nonuniform

stressed states, are either independent of the loading type [17] (Fig. 5b) or

somewhat higher in the nonuniform stressed state than in the uniform one [11, 18].

From the results presented here it follows that the experimental cyclic

stress–strain diagrams in bending within the region of stresses corresponding to

high-cycle fatigue in the “nominal stress (� a
nom

bendM W� ) – strain amplitude”

coordinates differ from similar diagrams calculated with the use of the cyclic

stress–strain diagrams under axial loading [19].

54 ISSN 0556-171X. Ïðîáëåìû ïðî÷íîñòè, 2011, ¹ 4

a b

Fig. 3. �k vs �a relations under axial loading and in bending: (a) low-carbon steel, (b) copper.
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a b

Fig. 4. �a vs N relations under symmetrical tension for coarse-grained (a) and fine-grained (b)

steels: (1) smooth specimens, (2) specimens with stress concentrators Kt � 1.54 and 2.57).



3. Summary of Results. With the account of the above results, the fatigue

limit vs stress gradient relationships can be explained using the model based on the

following basic assumptions.

Cyclic stress–strain diagram for the material most stressed surface layers

depends on the stress gradient and is described by the following relations:

�
� � � �

a
a a pr

c n

E K
� �

��

	






�

�






( )
at � � �a pr

c� ( ),

�
�

a
a

E
� at � � �a pr

c� ( ),

where � �pr
c ( ) is the cyclic proportionality limit at the stress gradient � (this

function can be found from summarized experimental results), and K and n are

material constants.

The fatigue limit at a given stress gradient is equal to the cyclic elasticity limit

obtained from the corresponding cyclic stress–strain diagram with the offset strain

value typical of a given class of material. This offset strain value equals to the

inelastic strain amplitude per cycle corresponding to the number of cycles to

fracture at which the fatigue limit is determined.

Figure 6 shows schematically cyclic stress–strain diagrams for the material at

different relative stress gradients � and fatigue limits � ��1( ), corresponding to

these stress gradients, on the assumption that the offset strain value, which

corresponds to the fatigue limit, equals to �� i 2.

The results obtained, e.g., in [18] demonstrating that inelastic strains,

corresponding to the fatigue limit, increase with the stress gradient, can be

described within the model presented on the assumption that the offset strain value

in determining the cyclic elasticity limit, corresponding to the desired fatigue limit,

increases with the stress gradient (line ÀÑ in Fig. 6).

The scheme in Fig. 6 can be used for describing the above cyclic deformation

behavior of metals in the nonuniform stressed state (Figs. 3–5).
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a b

Fig. 5. lg�a vs lgN (a) and lg��i 2 vs lgN (b) relations for steel 30KhGSA: (�) smooth

specimens, (�, �, �) specimens with theoretical stress concentration factors Kt � Kt = 2.27, 2.06,

and 1.23.



As also follows from the scheme, the nominal stress–strain diagram in

bending in the “nominal stress amplitude – strain amplitude of the specimen

surface layer �a” coordinates should be calculated using the diagrams given in

Fig. 6 rather than the stress–strain diagram under axial loading.

In this case, the difference between the real and nominal stresses in bending

will take place only at stresses above � �pr
c ( ). This should be taken into account

when considering the stressed state in stress concentrators.

The difference between the cyclic proportionality limits under axial loading

( )��0 and in bending (�� 0.13 mm�1) for carbon, low-alloyed, and austenitic

steels and copper were studied in [19]. Results of those investigations are presented

in Fig. 7, which shows variation of the ratio between the cyclic proportionality

limits under bending and axial loading, K � , and the ratio between the cyclic

proportionality limits under axial loading and those under static loading, K c ,

depending on the ratio between the static proportionality limit and the ultimate

strength � �pr u .
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Fig. 6. Cyclic stress–strain diagrams for metals taking into account the stress gradient effect.

Fig. 7. Variation of K� (�) and Kc (�) values depending on the � �pr u ratio.



Despite a large scatter of results, a conclusion can be made that the ratio K �
decreases with increasing � �pr u and that the K � and K c values behavior is

similar.

Such investigations aimed at studying peculiarities of cyclic hardening and

softening of metals in the region of small cyclic inelastic strains with allowance for

the influence of the stress gradient call for further development.

Conclusions. The difference in the inelastic cyclic deformation behavior of

the most stressed surface layers of metals and alloys in the uniform and nonuniform

stressed states under high-cycle loading has been considered.

Analysis of all the above results shows that real cyclic stress–strain diagrams

for metals and alloys in the inelastic region depend on stress gradients and shift

towards the region of higher stresses with an increase in the stress gradients.

An equation for the cyclic stress–strain diagram, which considers the stress

gradient effect, is proposed and substantiated, and an explanation is given for the

dependence of the fatigue limit on the stress gradient, which is based on accounting

for the dependence of cyclic stress–strain diagrams on the stress gradient and on

the correlation between the fatigue limits and cyclic elasticity limits obtained with

offset strain values typical of the material studied.

Ð å ç þ ì å

Äîñë³äæóºòüñÿ öèêë³÷íå äåôîðìóâàííÿ ìåòàë³â ³ ñïëàâ³â çà áàãàòîöèêëîâîãî

öèêë³÷íîãî íàâàíòàæåííÿ â óìîâàõ íåîäíîð³äíîãî íàïðóæåíîãî ñòàíó. Ïîêà-

çàíî ñóòòºâèé âïëèâ ãðàä³ºíòà íàïðóæåíü íà öèêë³÷íó íåïðóæíó äåôîðìàö³þ

ïîâåðõíåâèõ øàð³â ìåòàëó. Îá´ðóíòîâàíî ìîäåëü, ÿêà äîçâîëÿº ïîÿñíèòè

â³äì³íí³ñòü ì³æ ãðàíèöÿìè âèòðèâàëîñò³ çà îäíîð³äíîãî ³ íåîäíîð³äíîãî

ñòàíó çã³äíî ç ä³àãðàìàìè öèêë³÷íîãî íàâàíòàæåííÿ. Ìîäåëü âðàõîâóº òå, ùî

ãðàíèöÿ âèòðèâàëîñò³ äîð³âíþº ãðàíèö³ öèêë³÷íî¿ ïðóæíîñò³ ïðè ð³âí³ íå-

ïðóæíî¿ äåôîðìàö³¿, õàðàêòåðíîìó äëÿ êîíêðåòíîãî êëàñó ìàòåð³àë³â.
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