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Unified Solutions on Plastic Limit Internal Pressure for Metallic Elbows
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KomiuiekcHoe pelIeHue 3aJa4i pacueTa BHYTPCHHEro JAaBJICHUA M IIpeaeia
IJIACTUYHOCTH AJId METAJIHYECKHUX KOJECH

K. JXxy, Tx. X. dxao, C. I'. Qxanr, . JIn, C. Banr
DakynpTeT TPakJaHCKOro CTpoUTeNbeTBa, Yanranckuii yauBepcuter, Cusinb, Kutaii

Ha 6aze xomnaexchot meopuu npodYHocmu npoanaiusuposarna nidCcmudHocms MemdaiiudecKkoco
KoJjeHa npu 6HympeHHem oasienuu ¢ yuemom npomesrNcymouHo2co 2ideH02c0 HANPANCEeHUsS Mpaf)’]lullHOﬁ
npoYHOCMU npu pacmsdxceHuu u cocamuu. HO/“lylleHbl KOMNJIEKCHblE peuleHus 0151 KOJIeH ¢ 0OUHAKO-
8oll upa3H012 mozzmuﬂoﬁ CMEHOK U JIOKAJIbHbIM YMOHEeHUEeM. (o yeivlo U3yueHus 6auslHus napamempda
KOMNIEKCHOU meopuu npo4YHOCMU, CMENneHu pacmANCeHUA—CHCAMUAL, Koad)qbuuueﬁma uzeuba u
moawurnsvl CnMeHoK npoee‘deno napamvempuieckoe uccredosaniie. CpaeHumeJlebld anaausz pacuem-
HbIX U IKChepUMeHmalbHblX OAHHBIX NOKA3AL Xopouwiee ux coomeemcmeue. YCm(ZHOSﬂeHO, umo npu
pacueme memaiiudeCKux KojleH KOMNIeKCHble pelerus MHOZOd?yHKL{uOHCUlebl, 0 uem ceuoemenbCen-
8YI0OM NOJIyYeHHble pe3)ibmanbsl. Yuem NPOMESNCYMOYHO20 2/IABHO2O HANPANCEHUA NO360JIUJI 6blA6UNTHL
CKpblmble NOMEHYUANbHble BO3MONCHOCMU MEMAJVIUYEeCKUX KOJEH. Komnnekcunvie peuteHus umerom
8AJICHOE npakmu4deckoe 3Havyenue OISl ONMUMATILHO20 npoekmuposeanusi u mexHu4ecKkoco npume-
HEHUA memallu4eCcKux KoOJeH.

Knrwuegwie cnoea: KOMIUIEKCHas! TEOPHUsl IPOYHOCTH, METANINUECKUE MAaTEPUAIIbI, KOJIEHO,
IIPeAEIbHOE BHYTPEHHEE JIaBIICHHE.

Introduction. Elbows are complex components with spatiallly curved surfaces, which
are generally used for joining straight pipes and are mainly subjected to the internal
pressure [1-3]. Elbows are composed of high-strength steel or filament-wound composite
materials with different strength values in tension and compression [4-8].

The plastic limit pressure of metallic elbows in the available literature is analyzed by
using either the Tresca or Mises yield criteria, or the finite element analysis. Ma et al. [9]
derived the plastic limit pressure formula and analyzed the plastic performance of an
elliptical elbow of variable wall thickness using the Tresca and Mises yield criteria. Duan et
al. [10] discussed the ultimate pressure of elbows with a local thinned area on the inner wall
of extrados via the finite element analysis. Guo et al. [11] particularly emphasized the
plastic collapse load analysis of undefected elbows under the complex loads, such as
internal pressure, moment and torsion. However, the Tresca and Mises yield criteria are
only applicable to isotropic materials and not suitable to anisotropic materials in tension
and compression. In addition, the Tresca yield criterion does not take into account the
intermediate principal stress effect.

Strength potentialities of metallic elbows are better achieved with consideration of the
intermediate principal stress and different strength values in tension and compression. The
plastic performance of elbows with a constant and variable wall thickness values and those
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with a local thinning are discussed based on the unified strength theory (UST). The unified
solutions are derived for elbows. The strength effects of various parameters are analyzed.

Methods: Unified Strength Theory. The UST consideres the effects of intermediate
principal stress and can be applied to a variety of materials. Considering two larger
principal shear stresses and the corresponding normal stress, the mathematical expression
can be expressed as [12]:
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where a and b are defined as a=0,/0o, and b= ,01,0,,and o3 are
major, intermediate, and minor principal stresses, respectively, a is a tension—compression
strength ratio, o, 0.,and 7, are tensile, compressive, and shear yield strength values of
the material, respectively, and b is the unified strength theory parameter that reflects the
influence of the intermediate principal stress and also the parameter of failure criterion for
0<sbh=1l

Outer arc/ring [

Inner arcfring

Fig. 1. An elbow subjected to internal pressure.

Mechanical Analysis: Plastic Limit Internal Pressure. E/bows with a Constant Wall
Thickness. Figure 1 shows an elbow with bending radius R, inner diameter 2r, and wall
thickness ¢, which is subjected to internal pressure p. The elbow is regarded as a part of
toroidal shells without considering the influence of the edge stress. The equations of
circumferential stress and longitudinal stress can be written as

circumferential stress:

0. = pr2R+rsin6 5
7 2 R+rsing’ @
longitudinal stress:
_Pr
2 )

The circumferential stress o, is the maximum value in the inner arc/ring, i.e.,
0 =—-90°, which can be presented as follows:

o _ﬂZR—r
0 2% R—r '

“
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The radial stress along the wall thickness direction can be negligible, as compared to
the circumferential stress and longitudinal stress, i.e., 04 20, 20,. The stress state of
longitudinal cross section reaches the plastic limit state first with the pressure increased.
The corresponding pressure is the plastic limit internal pressure of an elbow with a constant
wall thickness p,,;. The principal stress in the inner arc/ring (6 = —90°) can be given as

EZR—F

_ _pr
2% R—7" B

A

01 =0¢ 0,=0 0;=0,,=0 (%)

. pr 01 +a03 (71
Since 0, =-—-=<————==——,Eq. (1a) should be used. Then Eq. (1a) can be reduced
2t I+a I+a
to
ab

o0 e =

0. (6)

Substituting (5) into (6), the plastic limit internal pressure can be reduced to

20,1 (14b)(R—=7)
Put = 2 2b—ab)R— (1+ b—ab) ™

According to (7), the plastic limit internal pressure of an elbow with a constant wall

thickness can be written as follows:
e ZO'YI(R— r)
(1) The plastic limit internal pressure can be formulated as p,; = W based
14 -r
on the Tresca yield criterion [9], i.e., b=0, a=1
2732(R—r)ot b

ased
2 366Rr— 1

(2) The plastic limit internal pressure can be written as p,,; =

on the Mises yield criterion [9], i.e., b= 1/(l+\/§), a=1
40 ;t(R—7r)
H@4=a)R=(2-a)]

(3) The plastic limit internal pressure can be expressed as p,,; =

based on twin shear strength theory [13], i.e., b=1

Elbows with a Variable Wall Thickness. According to the concept of plastic
deformation with a constant volume, the wall thickness ¢, of an elbow with a variable
wall thickness can be determined ignoring the transverse shrinkage deformation as [14]:

1y = 0 8
7 R+rsing’ ®)
where ¢, is the restraint stress for the original wall thickness.
Substituting Eq. (8) into Egs. (2) and (3), the stress can be written as
pr rsin
Opy=—|1+ s
e
pr rsin 0
O, =—"|1+ .
e

The circumferential stress oy is the maximum value attained in the outer arc/ring of
the elbow with a variable wall thickness, i.e., 8= 90°. The stress state of outer arc/ring
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cross section reaches the plastic limit state first. The corresponding pressure is the plastic
limit internal pressure of the elbow with a variable wall thickness p,,.
The principal stress in the outer arc/ring can be rewritten as

o, =0 —p(1+r) 0,=0 pr(1+ ) 03=0,,=0
1= ez—to R 2=0p2 = 21, R 3=0,= U (11)
In view of 0, = ]27:(1+R)<1+ , Eq. (1a) should be used. Then Eq. (1a) can be reduced
to
ab _
90271 %2 = s (12)

Substituting (11) into (12), the plastic limit internal pressure p,, can be reduced to

B 20 1gR(1+b)
P Rt £ BRH2= @)+ b (1— ) (13)

According to (13), the plastic limit internal pressure of an elbow with a variable wall
thickness can be expressed as follows:

20 toR . i .
D) P2=—"> based on the Tresca yield criterion [9], i.e., b=0, a=1
2Rr+

p
2.7320 (toR
(2) p,»=——— based on the Mises yield criterion [9], i.e., b= ]/(l+\f)
2.366Rr+r*
a=1
40 ,toR . .
3) ppp= — based on the twin shear strength theory [13], i.e.,
Rr(4—a)+r (2—a)
b=1

Elbows with a Local Thinning. Many researchers have carried out the investigation of
the plastic limit loading of elbows with a local thinning. The plastic limit internal pressure
formula in [10] is derived based on the Tresca yield criterion through numerical analysis
and data fitting. The respective formula proposed in this paper is based on the UST and can
be reduced to the following:

20t (I+D)R—7)

Py = G 2b— ab)R— (14 b=y 4 P - (14)

where  f(a, by, ¢)=min(g, 0.954), g=18483G>—7108G+1023, G=a"’p]'c?

(application range: G'<0.21). Here, f(a, b;, c) is the correction coefficient, a, b;,and ¢
are the dimensionless parameters, i.e., a=1y/45°, b =6/180°, and c=C/t, y is the
defective radial half-angle, 6 is the defective circumferential half-angle, and C is the
defect depth of the local thinned area (as shown in Fig. 2).

Results and Discussion. Experimental Verification. Based on the elbow dimensions
and material parameters from [10, 15], the comparison of limit internal pressure values
obtained in this paper via Egs. (7) and (14) with the experimental data are shown in Tables 1
and 2, respectively. One can observe that the calculation results are in a good agreement
with the experimental data.

Influence Factor Analysis. The bending coefficient m is defined as m=r/R.
Substituting the formula into Egs. (7) and (13), parametric studies are carried out to
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Table 1
Comparison of Literature Data and Calculation Results
No. Dimensions Bending radius Limit internal pressure (MPa) Comparison
pXt R, mm Literature data Calculation Ps/ Pl
(mm X mm) Dy results p,,
1# 108X 3 100 15.21 15.86 0.9589
2# 108%x 5 100 26.80 27.33 0.9805
3# 108X% 8 100 46.00 45.97 1.0006
4# 108x 10 100 60.27 59.42 1.0144
S# 108x 3 150 18.33 19.40 0.9446
6# 108% 5 150 31.47 33.17 0.9487
T# 108x 8 150 52.62 55.17 0.9538
8# 108x 10 150 67.74 70.79 0.9569
O# 108x 3 175 19.03 20.28 0.9383
10# 108X 5 175 33.05 34.63 0.9545
11# 108x% 8 175 55.92 57.47 0.9731
12# 108x 10 175 71.04 73.64 0.9647
13# 108% 3 200 20.25 2091 0.9685
14# 108X 5 200 33.79 35.66 0.9475
15# 108% 8 200 57.07 59.11 0.9655
16# 108x 10 200 72.48 75.68 0.9577
<Ay
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Fig. 2. The mechanical model.

investigate the influence of the bending coefficient m, wall thickness ¢, tension—
compression ratio ¢, and the unified strength theory parameter b on the plastic limit
internal pressure p,; and p,, (Figs. 3-5).

The plastic limit internal pressure p,; dependences on the bending coefficient m
and wall thickness ¢ are plotted in Fig. 3. The analysis is conducted using 5= 0 and a=1
Figure 3 shows that limit pressure increases with wall thickness and decreases with the
bending coefficient. The difference of results is smaller with the increase of bending
coefficient m when m varies from 0.2 to 0.8. When m is close to 0, the plastic limit
pressure formula yields the same results as the one for a straight pipe.
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Table 2
Comparison of Literature Data and Calculation Results

No. Dimensions Limit internal pressure (MPa) Comparison

a b ¢ Literature data Calculation 1/ P

P results p,3
01 0.05 0.10 0.10 52.23 47.54 0.9103
02 0.05 0.25 0.25 52.30 47.54 0.9090
03 0.05 0.40 0.50 52.25 42.55 0.8143
04 0.05 0.50 0.75 26.44 26.94 1.0189
05 0.125 0.10 0.25 52.24 47.54 0.9101
06 0.125 0.25 0.10 52.25 47.54 0.9099
07 0.125 0.40 0.75 19.92 19.83 0.9956
08 0.125 0.50 0.50 43.08 37.83 0.8782
09 0.25 0.10 0.50 36.28 35.67 0.9831
10 0.25 0.25 0.75 17.91 16.99 0.9489
11 0.25 0.40 0.10 52.29 47.54 0.9092
12 0.25 0.50 0.25 51.78 47.54 0.9182
13 0.375 0.10 0.75 17.71 17.08 0.9644
14 0.375 0.25 0.50 34.85 31.47 0.9029
15 0.375 0.40 0.25 51.05 47.54 0.9313
16 0.375 0.50 0.10 52.03 47.54 0.9138
Pu1> MPa Pul> MPa
341 m=0.5, =5mm I

——b=1.0
33+ —e—b=0.5
—=—5=0.0
32

31

30

4

29
28 1 1 1
0.2 0.4 0.6 0.8 a
Fig. 3 Fig. 4

Fig. 3. Limit pressure p,; versus coefficient m and wall thickness .
Fig. 4. Limit pressure p,, versus coefficients « and b.

The unified strength theory (UST) parameter can continuously vary from O to 1. For
each condition, three different values of » (0, 0.5, and 1) are considered (Fig. 4). As is
shown in Fig. 4, the limit pressure can enhance with the increase of the UST parameter b.
It indicates that the influence of the UST parameter, bending coefficient and other factors is
necessary to consider.

The limit pressure curve of an elbow with a variable wall thickness is illustrated in
Fig. 5. It can be seen from Fig. 5 that the limit pressure p,, decreases with the bending
coefficient m and increases with the UST parameter b. It can be observed that the proper
choice of the yield criterion for the limit pressure is critical for the metallic elbow design.
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Fig. 5. Limit pressure p,, versus coefficients b and m.

Conclusions. With consideration of the intermediate principal stress and different
strength values in tension and compression, the unified solution of plastic limit internal
pressure for metallic elbows is conducted based on the unified strength theory. The
influence of each parameter is analyzed. Parametric studies are carried out to investigate the
influence of the unified strength theory parameter b, tension—compression ratio o, bending
coefficient m, and wall thickness ¢. The unified solutions are versatile in the theory of
metallic elbows, which can either be reduced to the existing formula, or provide a series of
new solutions. The solutions based on the Tresca and Mises yield criteria, and on the twin
shear strength theory are the special cases. The results obtained show that the plastic limit
internal pressure is stringly affected by the unified strength theory parameter and bending
coefficient. Strength potentialities of metallic elbows can be fully achieved due to
considering the intermediate principal stress.
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Pe3ome

Ha 6a3i komMmiekcHOT Teopii MIIIHOCTI MPOaHaTi30BaHO TUIACTUYHICTh METAIIYHOTO KOJiHA
IIPY BHYTPIIIHBOMY THCKY 3 ypaxyBaHHSM IIPOMDXHOT'O T'OJOBHOTO HAIpYXKEHHS 1 pi3HOT
MIITHOCTI TpH PO3TsA3i i cTHCKY. OTPUMAaHO KOMITIEKCHI PO3B’S3KH ISl KOJIH, IO MAaIOTh
OJIMHAKOBY 1 Pi3HY TOBIIMHY CTIHOK 1 JOKQJIbHE CTOHIIECHHS. [3 METOI0 BUBUEHHS BIUIUBY
rmapaMeTpa KOMIUICKCHOI Teopii MIIHOCTI, CTYNEHs pO3TATY—CTHUCKY, Koe(illieHTa 3THHY 1
TOBIIMHHM CTIHOK IPOBEJCHO IapaMeTpu4He AociijpkeHHs. [lopiBHsIBHUI aHaii3 pospa-
XYHKOBHX 1 €KCTIEPIMEHTAIFHUX JaHUX IMOKa3aB XOPOIIY iX BiIMOBIMHICTH. Y CTaHOBIICHO,
1[0 [IPH PO3PAXyHKY METAIYHUX KOJIH KOMIUICKCHI PO3B’SI3KH € 0arato(yHKI[IOHATBHUMH,
Opo IO CBiA4aTh OTPHMaHi JaHi. YpaxyBaHHS NPOMDKHOTO TOJOBHOIO HAalpy>KCHHS
CIPHUSUIO BUBYCHHIO MPHUXOBAHUX IMOTCHIIHHUX MOXIIMBOCTEH MeTamiuHux KomiH. Kowmi-
JIEKCHI PO3B’A3KH MAIOTh BXJIUBE PAKTUYHE 3HAYCHHS JUI ONTUMAJIBHOTO [TPOCKTYBaHHS
1 TEXHIYHOTO BUKOPHCTAHHSI METAIIYHUX KOJIiH.
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