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Êîìïëåêñíîå ðåøåíèå çàäà÷è ðàñ÷åòà âíóòðåííåãî äàâëåíèÿ è ïðåäåëà

ïëàñòè÷íîñòè äëÿ ìåòàëëè÷åñêèõ êîëåí

Ê. Äæó, Äæ. Õ. Äæàî, Ñ. Ã. Äæàíã, ß. Ëè, Ñ. Âàíã

Ôàêóëüòåò ãðàæäàíñêîãî ñòðîèòåëüñòâà, ×àíãàíñêèé óíèâåðñèòåò, Ñèÿíü, Êèòàé

Íà áàçå êîìïëåêñíîé òåîðèè ïðî÷íîñòè ïðîàíàëèçèðîâàíà ïëàñòè÷íîñòü ìåòàëëè÷åñêîãî

êîëåíà ïðè âíóòðåííåì äàâëåíèè ñ ó÷åòîì ïðîìåæóòî÷íîãî ãëàâíîãî íàïðÿæåíèÿ è ðàçëè÷íîé

ïðî÷íîñòè ïðè ðàñòÿæåíèè è ñæàòèè. Ïîëó÷åíû êîìïëåêñíûå ðåøåíèÿ äëÿ êîëåí ñ îäèíàêî-

âîé è ðàçíîé òîëùèíîé ñòåíîê è ëîêàëüíûì óòîíåíèåì. Ñ öåëüþ èçó÷åíèÿ âëèÿíèÿ ïàðàìåòðà

êîìïëåêñíîé òåîðèè ïðî÷íîñòè, ñòåïåíè ðàñòÿæåíèÿ–ñæàòèÿ, êîýôôèöèåíòà èçãèáà è

òîëùèíû ñòåíîê ïðîâåäåíî ïàðàìåòðè÷åñêîå èññëåäîâàíèå. Ñðàâíèòåëüíûé àíàëèç ðàñ÷åò-

íûõ è ýêñïåðèìåíòàëüíûõ äàííûõ ïîêàçàë õîðîøåå èõ ñîîòâåòñòâèå. Óñòàíîâëåíî, ÷òî ïðè

ðàñ÷åòå ìåòàëëè÷åñêèõ êîëåí êîìïëåêñíûå ðåøåíèÿ ìíîãîôóíêöèîíàëüíû, î ÷åì ñâèäåòåëüñò-

âóþò ïîëó÷åííûå ðåçóëüòàòû. Ó÷åò ïðîìåæóòî÷íîãî ãëàâíîãî íàïðÿæåíèÿ ïîçâîëèë âûÿâèòü

ñêðûòûå ïîòåíöèàëüíûå âîçìîæíîñòè ìåòàëëè÷åñêèõ êîëåí. Êîìïëåêñíûå ðåøåíèÿ èìåþò

âàæíîå ïðàêòè÷åñêîå çíà÷åíèå äëÿ îïòèìàëüíîãî ïðîåêòèðîâàíèÿ è òåõíè÷åñêîãî ïðèìå-

íåíèÿ ìåòàëëè÷åñêèõ êîëåí.

Êëþ÷åâûå ñëîâà: êîìïëåêñíàÿ òåîðèÿ ïðî÷íîñòè, ìåòàëëè÷åñêèå ìàòåðèàëû, êîëåíî,

ïðåäåëüíîå âíóòðåííåå äàâëåíèå.

Introduction. Elbows are complex components with spatiallly curved surfaces, which

are generally used for joining straight pipes and are mainly subjected to the internal

pressure [1–3]. Elbows are composed of high-strength steel or filament-wound composite

materials with different strength values in tension and compression [4–8].

The plastic limit pressure of metallic elbows in the available literature is analyzed by

using either the Tresca or Mises yield criteria, or the finite element analysis. Ma et al. [9]

derived the plastic limit pressure formula and analyzed the plastic performance of an

elliptical elbow of variable wall thickness using the Tresca and Mises yield criteria. Duan et

al. [10] discussed the ultimate pressure of elbows with a local thinned area on the inner wall

of extrados via the finite element analysis. Guo et al. [11] particularly emphasized the

plastic collapse load analysis of undefected elbows under the complex loads, such as

internal pressure, moment and torsion. However, the Tresca and Mises yield criteria are

only applicable to isotropic materials and not suitable to anisotropic materials in tension

and compression. In addition, the Tresca yield criterion does not take into account the

intermediate principal stress effect.

Strength potentialities of metallic elbows are better achieved with consideration of the

intermediate principal stress and different strength values in tension and compression. The

plastic performance of elbows with a constant and variable wall thickness values and those
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with a local thinning are discussed based on the unified strength theory (UST). The unified

solutions are derived for elbows. The strength effects of various parameters are analyzed.

Methods: Unified Strength Theory. The UST consideres the effects of intermediate

principal stress and can be applied to a variety of materials. Considering two larger

principal shear stresses and the corresponding normal stress, the mathematical expression

can be expressed as [12]:
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major, intermediate, and minor principal stresses, respectively, � is a tension–compression

strength ratio, � s , � c , and 
 s are tensile, compressive, and shear yield strength values of

the material, respectively, and b is the unified strength theory parameter that reflects the

influence of the intermediate principal stress and also the parameter of failure criterion for

0 1� �b .

Mechanical Analysis: Plastic Limit Internal Pressure. Elbows with a Constant Wall

Thickness. Figure 1 shows an elbow with bending radius R, inner diameter 2r, and wall

thickness t , which is subjected to internal pressure p. The elbow is regarded as a part of

toroidal shells without considering the influence of the edge stress. The equations of

circumferential stress and longitudinal stress can be written as
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longitudinal stress:
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The circumferential stress � � is the maximum value in the inner arc/ring, i.e.,

��� 
90 , which can be presented as follows:
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Fig. 1. An elbow subjected to internal pressure.



The radial stress along the wall thickness direction can be negligible, as compared to

the circumferential stress and longitudinal stress, i.e., � � �� �	 	 r . The stress state of

longitudinal cross section reaches the plastic limit state first with the pressure increased.

The corresponding pressure is the plastic limit internal pressure of an elbow with a constant

wall thickness pu1. The principal stress in the inner arc/ring (��� 
90 ) can be given as
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Substituting (5) into (6), the plastic limit internal pressure can be reduced to
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According to (7), the plastic limit internal pressure of an elbow with a constant wall

thickness can be written as follows:

(1) The plastic limit internal pressure can be formulated as p
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based on twin shear strength theory [13], i.e., b� 1.

Elbows with a Variable Wall Thickness. According to the concept of plastic

deformation with a constant volume, the wall thickness t� of an elbow with a variable

wall thickness can be determined ignoring the transverse shrinkage deformation as [14]:

t
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where t0 is the restraint stress for the original wall thickness.

Substituting Eq. (8) into Eqs. (2) and (3), the stress can be written as
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The circumferential stress � � is the maximum value attained in the outer arc/ring of

the elbow with a variable wall thickness, i.e., �� 
90 . The stress state of outer arc/ring
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cross section reaches the plastic limit state first. The corresponding pressure is the plastic

limit internal pressure of the elbow with a variable wall thickness pu2.

The principal stress in the outer arc/ring can be rewritten as
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Substituting (11) into (12), the plastic limit internal pressure pu2 can be reduced to
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According to (13), the plastic limit internal pressure of an elbow with a variable wall

thickness can be expressed as follows:
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Elbows with a Local Thinning. Many researchers have carried out the investigation of

the plastic limit loading of elbows with a local thinning. The plastic limit internal pressure

formula in [10] is derived based on the Tresca yield criterion through numerical analysis

and data fitting. The respective formula proposed in this paper is based on the UST and can

be reduced to the following:
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where f a b c g( , , ) min( , . ),1 0 954� g G G� � �18 483 7 108 1 0232. . . , G a b c� 0 5
1
01 3. .

(application range: G� 0 21. ). Here, f a b c( , , )1 is the correction coefficient, a, b1 , and c

are the dimensionless parameters, i.e., a� 
� 45 , b1 180� 
� , and c C t� , � is the

defective radial half-angle, � is the defective circumferential half-angle, and C is the

defect depth of the local thinned area (as shown in Fig. 2).

Results and Discussion. Experimental Verification. Based on the elbow dimensions

and material parameters from [10, 15], the comparison of limit internal pressure values

obtained in this paper via Eqs. (7) and (14) with the experimental data are shown in Tables 1

and 2, respectively. One can observe that the calculation results are in a good agreement

with the experimental data.

Influence Factor Analysis. The bending coefficient m is defined as m r R� .

Substituting the formula into Eqs. (7) and (13), parametric studies are carried out to
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investigate the influence of the bending coefficient m, wall thickness t , tension–

compression ratio �, and the unified strength theory parameter b on the plastic limit

internal pressure pu1 and pu2 (Figs. 3–5).

The plastic limit internal pressure pu1 dependences on the bending coefficient m

and wall thickness t are plotted in Fig. 3. The analysis is conducted using b� 0 and �� 1.

Figure 3 shows that limit pressure increases with wall thickness and decreases with the

bending coefficient. The difference of results is smaller with the increase of bending

coefficient m when m varies from 0.2 to 0.8. When m is close to 0, the plastic limit

pressure formula yields the same results as the one for a straight pipe.
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T a b l e 1

Comparison of Literature Data and Calculation Results

No. Dimensions Bending radius Limit internal pressure (MPa) Comparison

�� t

(mm mm� )

R, mm Literature data

ps

Calculation

results pu1

p ps u1

1#

2#

3#

4#

108 3�

108 5�

108 8�

108 10�

100

100

100

100

15.21

26.80

46.00

60.27

15.86

27.33

45.97

59.42

0.9589

0.9805

1.0006

1.0144

5#

6#

7#

8#

108 3�

108 5�

108 8�

108 10�

150

150

150

150

18.33

31.47

52.62

67.74

19.40

33.17

55.17

70.79

0.9446

0.9487

0.9538

0.9569

9#

10#

11#

12#

108 3�

108 5�

108 8�

108 10�

175

175

175

175

19.03

33.05

55.92

71.04

20.28

34.63

57.47

73.64

0.9383

0.9545

0.9731

0.9647

13#

14#

15#

16#

108 3�

108 5�

108 8�

108 10�

200

200

200

200

20.25

33.79

57.07

72.48

20.91

35.66

59.11

75.68

0.9685

0.9475

0.9655

0.9577

Fig. 2. The mechanical model.



The unified strength theory (UST) parameter can continuously vary from 0 to 1. For

each condition, three different values of b (0, 0.5, and 1) are considered (Fig. 4). As is

shown in Fig. 4, the limit pressure can enhance with the increase of the UST parameter b.

It indicates that the influence of the UST parameter, bending coefficient and other factors is

necessary to consider.

The limit pressure curve of an elbow with a variable wall thickness is illustrated in

Fig. 5. It can be seen from Fig. 5 that the limit pressure pu2 decreases with the bending

coefficient m and increases with the UST parameter b. It can be observed that the proper

choice of the yield criterion for the limit pressure is critical for the metallic elbow design.

T a b l e 2

Comparison of Literature Data and Calculation Results

No. Dimensions Limit internal pressure (MPa) Comparison

a b1 c Literature data

pL

Calculation

results pu3

p pL u3

01

02

03

04

0.05

0.05

0.05

0.05

0.10

0.25

0.40

0.50

0.10

0.25

0.50

0.75

52.23

52.30

52.25

26.44

47.54

47.54

42.55

26.94

0.9103

0.9090

0.8143

1.0189

05

06

07

08

0.125

0.125

0.125

0.125

0.10

0.25

0.40

0.50

0.25

0.10

0.75

0.50

52.24

52.25

19.92

43.08

47.54

47.54

19.83

37.83

0.9101

0.9099

0.9956

0.8782

09

10

11

12

0.25

0.25

0.25

0.25

0.10

0.25

0.40

0.50

0.50

0.75

0.10

0.25

36.28

17.91

52.29

51.78

35.67

16.99

47.54

47.54

0.9831

0.9489

0.9092

0.9182

13

14

15

16

0.375

0.375

0.375

0.375

0.10

0.25

0.40

0.50

0.75

0.50

0.25

0.10

17.71

34.85

51.05

52.03

17.08

31.47

47.54

47.54

0.9644

0.9029

0.9313

0.9138
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Fig. 3 Fig. 4

Fig. 3. Limit pressure pu1 versus coefficient m and wall thickness t.

Fig. 4. Limit pressure pu1 versus coefficients � and b.



Conclusions. With consideration of the intermediate principal stress and different

strength values in tension and compression, the unified solution of plastic limit internal

pressure for metallic elbows is conducted based on the unified strength theory. The

influence of each parameter is analyzed. Parametric studies are carried out to investigate the

influence of the unified strength theory parameter b, tension–compression ratio �, bending

coefficient m, and wall thickness t. The unified solutions are versatile in the theory of

metallic elbows, which can either be reduced to the existing formula, or provide a series of

new solutions. The solutions based on the Tresca and Mises yield criteria, and on the twin

shear strength theory are the special cases. The results obtained show that the plastic limit

internal pressure is stringly affected by the unified strength theory parameter and bending

coefficient. Strength potentialities of metallic elbows can be fully achieved due to

considering the intermediate principal stress.
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Ð å ç þ ì å

Íà áàç³ êîìïëåêñíî¿ òåîð³¿ ì³öíîñò³ ïðîàíàë³çîâàíî ïëàñòè÷í³ñòü ìåòàë³÷íîãî êîë³íà

ïðè âíóòð³øíüîìó òèñêó ç óðàõóâàííÿì ïðîì³æíîãî ãîëîâíîãî íàïðóæåííÿ ³ ð³çíî¿

ì³öíîñò³ ïðè ðîçòÿç³ ³ ñòèñêó. Îòðèìàíî êîìïëåêñí³ ðîçâ’ÿçêè äëÿ êîë³í, ùî ìàþòü

îäèíàêîâó ³ ð³çíó òîâùèíó ñò³íîê ³ ëîêàëüíå ñòîíøåííÿ. ²ç ìåòîþ âèâ÷åííÿ âïëèâó

ïàðàìåòðà êîìïëåêñíî¿ òåîð³¿ ì³öíîñò³, ñòóïåíÿ ðîçòÿãó–ñòèñêó, êîåô³ö³ºíòà çãèíó ³

òîâùèíè ñò³íîê ïðîâåäåíî ïàðàìåòðè÷íå äîñë³äæåííÿ. Ïîð³âíÿëüíèé àíàë³ç ðîçðà-

õóíêîâèõ ³ åêñïåðèìåíòàëüíèõ äàíèõ ïîêàçàâ õîðîøó ¿õ â³äïîâ³äí³ñòü. Óñòàíîâëåíî,

ùî ïðè ðîçðàõóíêó ìåòàë³÷íèõ êîë³í êîìïëåêñí³ ðîçâ’ÿçêè º áàãàòîôóíêö³îíàëüíèìè,

ïðî ùî ñâ³ä÷àòü îòðèìàí³ äàí³. Óðàõóâàííÿ ïðîì³æíîãî ãîëîâíîãî íàïðóæåííÿ

ñïðèÿëî âèâ÷åííþ ïðèõîâàíèõ ïîòåíö³éíèõ ìîæëèâîñòåé ìåòàë³÷íèõ êîë³í. Êîìï-

ëåêñí³ ðîçâ’ÿçêè ìàþòü âàæëèâå ïðàêòè÷íå çíà÷åííÿ äëÿ îïòèìàëüíîãî ïðîåêòóâàííÿ

³ òåõí³÷íîãî âèêîðèñòàííÿ ìåòàë³÷íèõ êîë³í.
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