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An exact time-dependent solution for the wave function y(r, ¢) of a particle
moving in the presence of an asymmetric rectangular well/barrier potential
varying in one dimension is obtained by applying a novel for this problem ap-
proach using multiple scattering theory (MST) for the calculation of the
space—time propagator. This approach, based on the found effective poten-
tials localized at the potential jumps and responsible for transmission
through and reflection from the considered rectangular potential, enables
considering these processes from standpoint of a particle (rather than a
wave). The solution describes these quantum phenomena as time dependent
and is related to both the fundamental issues (such as time measurement) of
quantum mechanics and the kinetic theory of nanostructures due to the fact
that the considered potential can model the spin-dependent potential profile
of the magnetic multilayers used in spintronics devices. It is presented in
terms of integrals of elementary functions and is a sum of the forward- and
backward-moving components of the wave packet. The relative contribution
of these components and their interference as well as of the potential asym-
metry to both the probability density |y(x, ¢)|* and the particle dwell time is
considered and numerically visualized for the narrow and broad energy (mo-
mentum) distributions of the initial Gaussian wave packet. As shown, in the
case of a broad initial wave packet, the quantum-mechanical counterintuitive
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effect of the influence of the backward-moving components on the considered
quantities becomes significant (that is often disregarded). The influence of
the potential asymmetry in this case can also be more pronounced.

Key words: multiple-scattering theory, time-dependent Schrédinger equa-
tion, rectangular asymmetric well/barrier potential, backward-moving wave,
dwell time, magnetic nanostructures.

OmepskaHO TOUHMM, 3aJIEXKHUN BiJ yacy po3B’A30K AJIA XBUJIbOBOI PYHKIIIT ua-
cTuHKU Y(r, t), 1110 PyXa€THCA B IPUCYTHOCTiI aCUMETPUYHOTO IPAMOKYTHBOTO
moTeHIiANy (6ap’epy 4m AMM), AKUHA 3MiHIOETHCA B OfHOMY BuMipi. Bukopuc-
TAHO HOBUI AJId Ifiel mpobaeMu IiAXim, 10 I'PYHTYEThCA HA Teopii 6araTopaso-
Boro posciaausa (TBP), nns obumciieHHA TPOCTOPOBO-YACOBOTO IIPOIaraTopa.
et nigxinx, 1mo I'pyHTyeThbCcA Ha 3HaWAeHUX e(eKTUBHUX IIOTEHIIifANax, AKi
JIOKaJisoBaHi Ha cTpubKax MOTEHIiSAJIY Ta BiAMOoBimaabHi 3a BinOmBaHHA Bifg
TIOTEHIIiANY ¥ MPOXOAKEeHHA KPi3h HbOTO, YMOMKJIUBIIIOE PO3TJIAL IUX IIPOILe-
ciB, cKopiiie 3 TOYUKM 30py AMHAMIKM YACTUHKH, aHi)K XBUJIi. SHAUAEHUH
PO3B’A30K OIMCYE JaHi KBAHTOBIi Ipolecu AK (PYHKIiI0 yacy i mos’sa3aHuii i3
dbyHIaMeHTaTPHUMHY TPOOJIEMaMy KBAHTOBOI MeXaHiKM (TAKUMU K MipAHHA
yacy) Ta 3 KiHeTUUHOIO Teopiero HaHOCTPYKTYp. OcTanHe 00YMOBJIEHO TUM, IO
POBTJIAHYTUHN IMOTEHIIIAJ MOYKEe MOAEJIOBATU CHiH-3aJ€KHUN ITOTEHIIAIBHUN
mpodisb y MarHeTHUX 6araToIlapoBUX CTPYKTypaX, SKi BUKOPUCTOBYIOTHCA B
IpuUIagax CIiHTPOHiKM. P0O3B’A30K mpeAcTaBJeHO y BUIJIAAL iHTerpasiB Bif
ejleMeHTapHUX PYHKIIIN i ABJIsI€ cO00I0 CyMy KOMIOHEHT XBUJIbOBOTO IIaKETY,
10 PyXaloThCsA BIIEPEI i B 3BOPOTHHROMY HANPAMKY. PO3TiIdaHYTO i YnceIbHO
BisyasiizoBaHO BiIHOCHMI BHECOK IIMX KOMIIOHEHT Ta iX iHTepdepeHIlii, a Ta-
KO aCMEeTPUYHOCTH IOTeHIiAIy B IycTUHY fiMoBipHOCTH |\W(X, )| i uac muT-
TS YaCTUHKK B 00JIACTi HMOTEHIiANY Yy BHUIIaAKaX BY3bKOTO Ta IITHUPOKOro 3a
eHepriero (iMIyabcoM) po3momiay mo4aTKoBoro I'ayccoBoro XBUJIBOBOTO IaKe-
ra. IlokasaHo, 1110 y BUIAJKY IIUPOKOT0 MOYATKOBOTO XBUJIBOBOTO ITaKeTa
KBaAHTOBO-MeXaHIUHUH MmapajoKcaabHUN (i 1110 4acTO 3aJUINAETHCA 11034 yBa-
rom) edheKT BIJINBY KOMIOHEHT IaKeTa, 110 PYyXalOThCA y 3BOPOTHHOMY Ha-
OpAMKY, Ha PO3TJIAHYTI BJIACTUBOCTI cTae icroTHuM. BriiuB acmmerpii moTeH-
Iy B IIbOMY BUIIAAKY TaKOYK MOKe OyTHU OiIbII BUPAKEeHUM.

KarouoBi caaoBa: Teopis 6araTopasoBOT0 PO3CiAHHA, 3ajeKHe Bif uacy piB-
Hauaa [Ipegunarepa, IpAMOKYTHINT acCUMETPUYHUN MOTEHIiAN aMu/6ap’epy,
3BOPOTHBO IOIIMPIOBAHA XBUJIS, YaC 3arasgHHsA, MAarHETHI HAHOCTPYKTYPH.

ITonryueHo TouHOe, 3aBUCAINEEe OT BpeMEHU pelleHune IJisi BOTHOBOM (QYHKIIUYN
yacTuIsl Y(r, t), IBUKYIeicAa B IPUCYTCTBUU ACUMMETPUYHOTO ITPAMOYTOJIh-
HOTO moTeHIasa (0apbepa NIl AMbl), U3MEHAIOIIETr0oCcsd B OJJHOM M3MEeDPEeHUH.
Wcmonb3oBaH HOBBIA AJIA 9TOIH HPoOJEeMBI IMOAXOM, OCHOBAHHBIA HAa TEOpPUU
MHOrokpatHoro paccesnuss (TMP), nna BbIuMcIeHUS IIPOCTPAHCTBEHHO-
BPEMEHHOTO IIpoIraraTopa. 9TOT IOAXO0M, 0asupyoluiica Ha HaliIeHHBIX 3¢d-
(beKTUBHBLIX IOTEHIIMAJTAX, JIOKAJM30BAHHBIX HA CKauKaX IOTEHIIMAaIa W OT-
BETCTBEHHBIX 34 OTPaKeHMe OT IMOTEHINAJa U IIPOXOKIeHNe yepes Hero, mos-
BOJISIET PACCMOTPETh 9TH IIPOIIECChI, CKOPee C TOUKY 3PeHU TUHAMUKY YaCTHU-
1IbI, YeM BOJIHBI. IloJIlyuyeHHOe pellleHre OMMCHLIBAET JaHHbIE KBAHTOBBIE IIPO-
1mecchl Kak (GyHKI[MIO BpeMeHH U CBSI3aHO ¢ QyHJaMeHTAJIbHBIMU IpobaeMaMu
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KBAHTOBOII MeXaHWKM (TaKMMU KaK M3MepPEeHMe BPeMeHHU) M ¢ KMHETUUYECKOMi
Teopueii HaHOCTPYKTYP. IlocienHee O0OyCJIOBJIEHO TeM, YTO PACCMOTPEHHBIH
MOTEeHITNAJ MOKeT MOIeJIMPOBATHL CHOWH-3aBUCAINUIN HTOTEHIIMAJIbHBIN IIPO-
(UL B MArHUTHBIX MHOTOCJIOMHBIX CTPYKTYpPax, WCIOJb3YeMbIX B YCTPOIi-
CTBaxX COMHTPOHUKU. PellleHure mpeACTaBJIeHO B BUe MHTETPAJIOB OT dJIEMEH-
TAPHBIX (PYHKIUNA U IPEACTABJSIET CO00M CyMMYy BIEPEn M OOPATHO OBUIKY-
IIUXCSA KOMIIOHEHT BOJIHOBOTO IMaKeTa. PaccMOTpeH 1 YMCIeHHO BU3YaIUu3UPO-
BaH OTHOCHUTEJBHBIN BKJAJA 9TUX KOMIOHEHT ¥ UX MHTepDepeHIInU, a TaKkKe
aCHMMeTPUYHOCTH ITOTeHIAIa B ILIOTHOCTE BepoaTHOCTH [W(x, t)|*> 1 Bo BpeMs
SKM3HU YaCTUIILI B 00JIaCTH IIOTEHITMAJIa B CAyYasaX Y3KOTO U IIUPOKOTO IIO
SHeprum (MMIYJLCY) PacUpeiesieHUs HAYaJBHOTO T'ayCCOBCKOTO BOJIHOBOTO
nmakera. IlokasaHo, YTO B cjydae IIMPOKOr0 HAYAJIBHOI'O BOJIHOBOIO ITaKeTa
KBAHTOBO-MEXaHUUYECKUH MapagoKCaJbHBINA (M YacTO He NPUHUMAEMBIA BO
BHuUMaHUE) 3G HeKT BAUAHUA 00pATHO ABMIKYIIUXCA KOMIIOHEHT IIaKeTa Ha
paccMOTpeHHBIe CBOMCTBA CTAHOBUTCS CYIeCTBeHHBIM. BiinaHMe acuMMeTpun
TIOTEHIIMAJIa B 9TOM CJIyUyae TaKKe MOYKeT ObITH 60J1ee BEIPAYKEHHBIM.

KaroueBsie ciIoBa: TeOprsaA MHOTOKPATHOTO PACCEAHNA, 3aBUCAILIIEE OT BDEMEHU
ypaBHenue IllpeguHrepa, IpPAMOYTrOJbHBI ACHMMETPUUHBLINA HTOTEHIIHAJ
siMbI/6apbepa, 00PaTHO PACIPOCTPAHAIOIIASICA BOJIHA, BpeMA 3aJeP:KKU, Mar-
HUTHBIE HAHOCTPYKTYDHI.

(Received July 1,2015)

1.INTRODUCTION

The time-dependent aspects of reflection from and transmission
through a potential step/barrier/well raised several questions that
have not yet been completely clarified and have recently acquired rele-
vance in view of renewed interest in the fundamental problem of meas-
uring time in quantum mechanics (see [1]). The tunnelling time can
serve as an example (see, e.g., areview [2]).

The mentioned phenomena are less surprising when we think of a
wave being, e.g., reflected from a downward potential step. In the sta-
tionary case, these quantum phenomena easily follow from standard
textbook analysis, which reduces to solving the stationary Schrédinger
equation by matching the wave function of a plane wave of energy E
and its derivative across the potential jumps. However, in this case,
there are no real transport phenomena, i.e., in the absence of energy
dispersion, AE = 0, the particle time of transmission through or of ar-
rival (TOA) to the potential jumps is indefinite (At o< /i/AE).

These processes are more surprising from the particle point of view,
and it is interesting to verify the mentioned non-classical phenomena
by considering the time-dependent picture in a realistic situation,
when a particle, originally localized outside the potential well /barrier,
moves towards the potential and experiences scattering at the poten-
tial jumps. In order to describe these time-dependent processes, the
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corresponding time-dependent Schridinger equation with a rectangu-
lar potential should be solved, which is much more involved compared
to the conventional stationary case. From the particle point of view, it
also seems desirable to be able to apply the multiple-scattering theory
(MST) to this principally important situation. The MST is convention-
ally formulated in terms of a ‘free’ particle Green’s function (propaga-
tor) modified by the scatterings at the inhomogeneities such as the in-
terfaces between different media. It is clear that the scattering events
occur in the interface area and are stipulated by some fairly localized
potentials. Thus, one faces an interesting problem of finding a local-
ized potential responsible for particle scattering from a potential in-
homogeneity.

In addition, there is one striking and classically forbidden counter-
intuitive (and often overlooked) effect even in the simplest 1D time-
dependent scattering by the mentioned potentials. A wave packet rep-
resenting an ensemble of particles, confined initially (at ¢ = ¢,), say,
somewhere to the region x < 0, consists of both positive and negative
momentum components due to the fact that a particle cannot be com-
pletely localized at x < 0 if the wave packet contains only p > 0 compo-
nents. One would expect that only particles with positive momenta p
may arrive at positive positions x > 0 at ¢t > ¢t,. However, the wave pack-
et’s negative momentum components (restricted to a half line in mo-
mentum space) are necessarily different from zero in the whole x space
(—o0, +o0), represent the particles’ presence at x > 0 at initial moment of
time t,, and, therefore, may contribute, for example, to the distribu-
tion of the particles’ time of arrival (TOA) to x > 0 [3, 4]. It is worth
noting that the contribution of the backward-moving (negative mo-
mentum) components in the initial-value problem is in some sense
equivalent to the contribution of the negative energy (evanescent)
components in the source solution [3]. Thus, the correct treatment of
some aspects of the kinetics of the wave packet (even in the 1D case and
even for ‘free’ motion) becomes a nontrivial problem and is closely re-
lated to the fundamental problem of measuring time in quantum me-
chanics, such as TOA, the dwell time, and tunnelling time.

On the other hand, the mentioned rather academic (but fundamen-
tally important) problems have acquired reality and significance due to
important practical applications in the newly emerged field of nanosci-
ence and nanotechnology. Rectangular potential barriers/wells may
often satisfactorily approximate the one-dimensional potential pro-
files in layered magnetic nanostructures (with sharp interfaces). In
such nanostructures, the giant magnetoresistance (GMR) [5] and tun-
nelling magnetoresistance (TMR) [6] effects occur. These effects,
which stem, particularly, from quantum mechanical spin-dependent
electrons tunnelling through potential barriers or their reflection
from potential wells, have led to very important commercial applica-
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tions of spintronic devices.

The solution to the time-dependent Schrédinger equation can be ob-
tained with the help of the space—time propagator (Green’s function),
which has been conveniently calculated by the path-integral method.
The list of exact solutions for this propagator is very short. For exam-
ple, there is an exact solution to the space—time propagator by the
path-integral method in the one-dimensional square barrier case ob-
tained in [7], but this solution is very complicated, implicit and not
easy to analyse (see also [8—10]).

Recently, we have suggested a method [11] for the calculation of the
space—time propagator, which is based on the energy integration of the
spectral density matrix (discontinuity of the energy-dependent
Green’s function across the real energy axis). The energy-dependent
Green’s function is then easily obtained for the step/barrier/well po-
tentials with multiple-scattering theory (MST) using the effective en-
ergy-dependent potentials found in [11], which are responsible for re-
flection from and transmission through the potential step. The ob-
tained d-like potentials describing the quantum scattering from a po-
tential step provide a clear picture of the particle’s scattering taking
place at the interfaces and make it convenient to calculate the energy-
dependent Green’s function and the space—time propagator especially
when the scattering from more than one interface needs to be account-
ed for and there are other sources of scattering by the point-like scat-
terers. Such a situation is typical for real multilayers with disordered
interfaces [12—14] and for the Casimir effect [15]. An important ad-
vantage of our approach to propagator calculation is also that it allows
for a natural decomposition of the general initial wave function evolu-
tion in time into both the forward- (p = ik > 0) and backward-moving
(negative momentum p < 0) components and an analysis of the contri-
bution of both these terms and their interference to particle reflection
and transmission. This approach has been further applied to the analy-
sis of the time-dependent properties of the scattering by the imaginary
step [16] (related to calculation of the particle time of arrival) and rec-
tangular symmetric barrier/well potentials[17, 18].

In this paper, we generalize our approach to the solution of the time-
dependent Schrodinger equation in the case when a particle moves to-
wards a rectangular asymmetric (spin-dependent) potential. Tunnel-
ling through asymmetric potentials has already important applications
in semiconductor heterostructures. The asymmetric (spin-dependent)
rectangular potential barrier/well can also model the potential profile
of the magnetic three-layer switched from the parallel configuration of
magnetic layers (symmetric potential) to the anti-parallel configura-
tion of layers. Although this potential, which models the spin-
dependent potential profile in magnetic nanostructures, changes only
in the x (perpendicular to interfaces) direction, the system under con-
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sideration in this paper is a real three-dimensional one. A simple exact
solution for the time-dependent propagator in terms of integrals of el-
ementary functions is obtained, which is valid for both the well and
barrier cases. This solution fully resolves the corresponding time-
dependent Schriodinger equation and provides exact analytical expres-
sions for the wave function y(r, ¢) in the spatial regions before, inside
and after the potential with account for the backward-moving terms
caused by the negative momentum components of the initial wave
function. It is important that the obtained solution allows for numeri-
cal visualization of the observables defined by the wave function y(r, ¢)
in the mentionedZSpatial regions. Thus, the corresponding probability
densities |uf(r, t)| are analysed and numerically visualized for the
Gaussian initial wave packet with special attention to the counterintu-
itive contribution (see [3, 4]) of the backward-moving wave packet
components and the potential asymmetry. We show (and visualize)
that the contribution of the backward-moving components of the wave
packet is small in the quasi-classical case but is otherwise important. It
is also shown that the influence of the potential asymmetry is more
pronounced when the contribution of the backward-moving wave pack-
et components is essential. The dwell time, which characterizes the av-
erage time spent by a particle in the potential region and is related to
the enduring quantum physics problem of calculating the tunnelling
time, is considered for the asymmetric rectangular potential. The ob-
tained results can also provide a foundation for a kinetic theory of
nanostructures.

2. MULTIPLE-SCATTERING CALCULATION OF THE SPACE—-
TIME PROPAGATOR AND TIME-DEPENDENT SOLUTION FOR
THE SCHRODINGER EQUATION

We consider a particle moving toward the following asymmetric one-
dimensional rectangular potential of the width d placed in the interval
(0<x<d),

V(x) = [0(x) - 0(x - d)|U + 6(x - d)A, 1)

where 0(x) is the Heaviside step function, and the potential parameter
U can acquire positive (barrier) as well as negative (well) values. The
wave packet, modelling a particle, will approach a potential (1) from
the left (where the particle potential energy is zero) and the parameter
A is supposed to be non-negative (A > 0). With the potential (1), we can
model, e.g., the spin-dependent potential of a three layer, which con-
sists of a spacer (metallic or insulator) sandwiched between two mag-
netic (infinite) layers. An asymmetry (spin-dependence) of the poten-
tial (1) is defined by the parameter A via the electron spectrum in dif-
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ferent magnetic layers as

EX(E,k) = k(E,k), k(E,k)=Fk(EK),

k(E, k) = /zh—TE—kf , ky(E k) = \/i—T(E—A)—kﬁ , (2)

REK) = K(Ek) = k(EK,), k(Ek,) = th—’"(E ~U) -k,

where kf(<)(E,k”) and kf(<)(E,kH) are the perpendicular-to-interfaces

(located at x = 0 and x = d) components of the particle wave vector k to
the right (>) or to the left (<) of the corresponding interface, while k; is
the parallel-to-interfaces component of an electron wave vector, which
is conserved for the sharp interfaces under consideration. The two-
dimensional vector k; defines the angle of electron incidence at the in-
terface.

From the particle propagation point of view, the partial reflection
from and transmission through a potential inhomogeneity may be ex-
plained by the quantum mechanical rules of computing the probabili-
ties of different events. These rules represent the quantum-mechanical
generalization of the Huygens—Fresnel principle and were introduced
by Feynman as the path-integral formalism [19]. It states that a wave
function of a single particle moving in a perturbing potential V(r, t)
may be presented as

Y(r,t) = jdr'K(r, 1,1, )P(, 1) . (3)

Equation (3) shows (in accordance with the Huygens—Fresnel princi-
ple) that the wave function ¥(r, ) at the space—time point (r, ¢) is the
sum of the contributions of all points of space where the wave function
Y(r', t,) at t = t, is nonzero. The propagator K(r, ¢; r’, ,) is the probabil-
ity amplitude for the particles’ transition from the initial space—time
point (r’, t,) to the final point (r, t) by means of all possible paths. It
provides the complete information on the particles’ dynamics and re-
solves the corresponding time-dependent Schrédinger equation.

Thus, the problem is to find the propagator K(r, ¢; r’, t,) for the giv-
en potential V(r, t). In some cases, for example, when the potential is
quadratic in the space variable, the kernel K(r, t; v/, ,) may be calcu-
lated exactly. In the case, when the potential changes smoothly
enough, a quasi-classical approximation can be employed. However, it
is not the case for the singular potential (1).

According to [11], the time-dependent retarded (operator) propaga-
tor K(t;¢') = 0(t —t")exp|[-iH(t — t')/h] can be calculated with the use of
the following definition:
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Kt t) =0t — t’)zL je-““f-*’)/h [G(E +ig) - G(E —ie)|dE, e > +0, (4)
T

where

1

“E) =g

()

is the resolvent operator, E stands for the energy and H is the Hamil-
tonian of the system under consideration. Correspondingly, G(E tic) =
= G*(E) defines the retarded (G") or the advanced (G") Green’s function.
The E-resolving Fourier transformation (4) is useful for the calcula-
tion of the propagator K(t; ¢') when the Green’s functions G*(E) may be
found for each value of E, i.e., when the considered processes are ener-
gy-conserved as is the case considered in this paper.

We are looking for the space—time propagator K(r,t¢;r’,0)=
=(r|K(¢; 0)|r"), defining the probability amplitude for a particles’ tran-
sition from the initial point (r’, 0) to the final destination (r, ) in the
presence of the potential (1). For the considered geometry, it is conven-
ient to present the r-representation of the Green’s function with the

Hamiltonian H, G(r,r; E) = <r z

1 r’> , as follows:
H

G(r, r/; E) — %Z eikn(p—p')G(x, x/; E; k“), (6)

K

where p=(y, z) is a two-dimensional parallel-to-interface vector and A
is the area of the interface. Thus, the problem is reduced to finding the
one-dimensional Green’s function G(x, x’; E, k;) dependent on the con-
served particle energy and parallel-to-interface component of the wave
vector. In the following calculation of this function, we will suppress,
for simplicity, the dependence on the argument k, which will be recov-
ered at the end of calculation.

We showed in [11] that the Hamiltonian corresponding to the ener-
gy-conserving processes of scattering at potential steps can be present-
ed as

H = H, + H,(x; E), H,(x; E) = Y H;(E)3(x - x,). (7)

Here, H,(x; E) describes the perturbation of ‘free’ particle motion (de-
2 2

fined by H, = —zh—aa—z) localized at the potential steps with coordi-
m or

nates x, (in the case of the potential (1), there are two potential steps at
x,=0and x,=d):
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s ihr s
H}(E) = [ vi(E) - vi(E) ],
s ihp s
H{(B) = [ v:(B) - vi(E) ], )
2ihvi(E)Vi(E)

H (E) =

@)+ i@ |

where H _(E) is the reflection (from the potential step at x=x,, s€

13

€ {0, d}) potential amplitude, the index >(<) indicates the side on which
the particle approaches the interface at x=x,: right (>) or left (<);
H _(E) is the transmission potential amplitude, and the velocities

1><

Ul (E) = hkl_(E) / m (k. (E) are given by (2)). Note that the pertur-

bation Hamiltonian H; dependence on k; (which is omitted for brevity)

comes from Eq. (2).

The perturbation expansion for the retarded Green’s function
G'(x, x'; E) in the case of the rectangular potential (1), which can be
effectively represented by the two-step effective Hamiltonian (7),
reads for different source (given by x’) and destination (determined by
x) areas of interest as (see also[17, 18])

G'(x,x3E) = Gy (x,d; EYT"(E)G, (0, x5 E), x' <0, x>d;
G (x,x3E) = Gy (x,0; EYT"(E)G, (d,x3E) , x'>d, x<0;
G'(x, x5 E) = Gy (x,0; E)T"" (E)G; (0, x’; E) + G, (x,d; E)YR" (E)G, (0, x’; E),
x'<0, 0<x<d; 9)
G'(x, x5 E) = Gy (x,0; E)T"" (E)G; (0, x’; E) + G, (x,0; E)R" (E)G, (d, x’; E),
O<x'<d, x<0;
G'(x,x; E) = G, (x,x’; E) + G (x,0; E)R"(E)G, (0, x; E), x’<0, x<O0.

Here, the transmission and reflection matrices are

T* (E)G;(d,0; EYT* (E)

T+ (E) — >< D+(E) ,
B = ) BB S T EG@EDTE), (0

T (E)G, (0,d; E)T (E)G, (d, 0; E)TY' (E)
D'(E)

R'(E)=T"(E)+
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D*(E) =1-G;(d,0; EYT**(E)G; (0,d; EYT*(E) .

The one-dimensional retarded Green’s function G;(x,x;E) corre-
sponding to a free particle moving in constant potential V(x)=0 or
V(x)=U (or A) is (see, e.g., [20])

Gy (x,xE) = o k(E) ———exp [Lk(E)|x x

G (x,xE) = exp| ik, (E)|x -’

m
Y P — (11)
. 2
I’h u(A) (E)
where the wave numbers are determined by Eq. (2). The scattering (at

the step located at x =x,) t-matrices are defined by the following per-
turbation expansion:

H(E)
1-Gy(x,,x; EYH;(E)’
(12)

where H(E) and the interface Green’s function G,(x,,x,;E) are de-
fined differently for reflection and transmission processes [11]: the
step-localized effective potential is given by Eq. (8) and the retarded
Green’s functions at the interface for the considered reflection and
transmission processes are, correspondingly,

1 1
><(xs’x ):T ><(.X' s;E):
e (B iV} (E)v! (E)

T*(E) = H’(E) + H*(E)G,(x,,x; E)H*(E) +... =

(13)

in accordance with (11).
From (8), (12) and (13), we have for the reflection T’ (E) and

transmission T (E) ¢-matrices, used in (10) (s € {0, d}), corresponding
to the retarded Green’s function and scattering at the interface located
atx=x,¢€ {0, d},

T (E) =imvl rl., » T2 (E) = ihuivit’, (14)

where r*

>(<

the right (left) of the potential step at x = x, and transmission through
this step

,(E) and t,(E) are the standard amplitudes for reflection to

s _ 1,8 s _ 1,8 2 ,ksks
rf(E) u ,-(S(E) zu, t°'(E) = = (15)
ks E +E E +E
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and the argument E in the wave vectors is omitted for brevity.
Using Eqgs. (2), (9), (10), (11), (14) and (15), we obtain

’ m ik, (x— —ikx’ ’
G*(x, x5 E) = — e Dy E)e ™ x' <0, x>d,

ih”\/kk,

G'(x,xE) = - mn

Lhz\/%

[eik“"t'(E)e'ikx/ + e’ik”xr'(E)e'ikx'] , X' <0, 0<x<d,

ey E)e™ D, ¥’ >d, x<0,

m
G (x,x5E) = ——F—
in®\Jkk,

m
G'(x,x3}E) = ——
in®\Jkk,
_m.
i’k

where the transmission and reflection amplitudes are defined as

4,/kk, k™ 2\kE, (k, +E
A ue t/(E): u( A u)

[e’ikxt'(E)eik”x' + e'ier’(E)e”'k"x'] , x<0, 0<x'<d,

G*(x, 2 E) = [e”“‘x*x" + r(E)e-ik‘“x’)] , x<0, x' <0, (16)

HE)=——F—, ,
d(E) d(E)
r'(E) = 2*/%02“ — e ,
d(E)
HE) = (B—Fk)ky +k)—(k+E )k, — k)" ,
d(E)
d(E)=(k+Ek )k, +k)—(kE—F)E, -k, )", a7

We remind that k, k,, and k. are the perpendicular-to-interface
components of the particle wave vector in different spatial areas,
which depend on the energy E and k; as indicated in (2), and k; is the
parallel-to-interface component of this vector, which is conserved for
the considered specular scattering at the interfaces. Using the same
approach, it is not difficult to obtain the Green’s function G'(x, x’; E)
for other areas of arguments x and x’.

The transmission probability |¢(E)|? through and reflection probabil-
ity |[r(E)|? from the asymmetric potential (1), which follow from (17) for
real k, and k,, are given by

4kE’E,
(k+ k)R, + (K = E)(k; - k) sin’(k,d)’

B[ =
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Bk k) + (- K2k - k) sin®(k,d)

|r‘(E)|2 - 272 2 2 2 2\ i 2 . (18)
(k+ k)E + (B - E2)(k: - k) sin®(k,d)

Note that when k,d=nmn (n is integer), the resonance transmission
(t(E)*=1 and |r(E)|* = 0) happens only for a symmetric rectangular po-
tential with A=0 (ky= k).

In accordance with the obtained results for Green’s functions, we
will consider the situation when a particle, given originally by a wave
packet localized to the left of the potential area, i.e. at x” <0, moves to-
wards the potential (1). We also choose A >0, which corresponds to the
case when, e.g., the spin-up electrons of the left magnetic layer (x" < 0)
move through the nonmagnetic spacer to the right magnetic layer
(x> d) aligned either in parallel (A =0) or antiparallel (A > 0) to the left
magnetic layer. At the same time, the amplitude U in the potential (1)
may acquire both positive (barrier) and negative (well) values.

From Egs. (16), we see that G'(x, x’; E) =G'(x’, x; E). Therefore, the
advanced Green’s function G (x, x’; E)=[G'(x’, x; E)] =[G'(x, x'; E)]’
(see, e.g., [20]). Thus, the transmission amplitude (4) is determined by
the imaginary part of the Green’s function and can be written as

K(x,t;x',t,) = —0(t — to)l jdEe'iE(t_Wh Im G (x,x; E). (19)
TE )

Formulas (16)—(19) present the exact solution for the particle propaga-
tor in the presence of the potential (1) in terms of integrals of elemen-

tary functions for a given angle (k) of a particle’s arrival at the poten-
tial (1). Thus, the Green’s function and propagator are dependent on
the additional argument ky, i.e., actually, we have obtained the solution
for G'(x, x’; E; k) and K(x, t; x’, to; k;). It should be kept in mind that
the wave numbers (2) and, therefore, the quantities #(E; k), t'(E; k),
1Pk /(2m) too
r(E; k), and r(E; k;) in (17) are different in the j dE and j dE
—oo WPk /(2m)
energy integration areas: in the former case, k(E; k) and Eku(E; k)
(A=0) should be replaced with ik(E; k) and iEA(E;kH) , Where

E(E;k) = K -2mE[n* and k,(E;k) =k +2m(A - E)/n* . At the

same time, for energies E < hzkﬁ/(Zm) , the wave number &, =ik, ,

Eu = \/kﬁ +2m(U - E)/h2 , for U >0 (barrier), but for U <0, it is real,

ie. k, =\ 2m(E+[U)/n* -k’ if E>n*k?/(2m)-|U|, and &k, =ik,,

k, = k2 —2m(E +|U|)/n* if E <#’?/(2m)-|U|. It follows that the
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‘free’ Green’s function G, (x,x; E) = [m/(ih*k)]e™ ™ is real in the en-
ergy interval (—co, hzkﬁ /(2m)) and, therefore, does not contribute in

this interval to the corresponding ‘free’ propagator K,(x, t; x’, t,) de-
fined by (19). It is remarkable too that, for energies E < hzkﬁ/(Zm) , the

imaginary parts of the Green’s functions vanish in all spatial regions,
as is seen from definitions (16) and (17) (e.g., Imt(E)=0 and Imr(E)=0

for E < hzkﬁ/(Zm)). Therefore, the energy interval (—oco, hzkﬁ/(Zm))

does not contribute to the propagation of the particles through the po-
tential well/barrier region.

From Egs. (2), (16) and (17) we see that the dependence of the
Green’s function on E and k; comes in the combination E - hzkﬁ / 2m),
and, therefore, it is convenient to shift to this new energy variable,
which is the perpendicular-to-interface component of the total particle
energy. Thus, accounting for (16)—(19) and that, for the new energy
variable, the energy interval (—e, 0) does not contribute to the propa-
gator, we have for ¢ > #,:

K(x,t;x',to;ku) =

e’ CiBG-tyn 1 1 ik (E)(x—d) . —ik(E)x’
=—JdEe o ——Re| ——=1t(E)e™ e ,

mho JuE) | Jou(E)

x'<0, x>d;

K(x,t;x,t3:k)) =

_;ﬁ - —i x’
_ermtw TdEe—iE(t—to)/h 1 g le™ [#(B)e™ ™ + r'(E)e ™~ ]
Th 0 \/U(E) \/Uu (E)
x'<0, 0<x<d;
(20)
K(x,t; %, ty3k,) =
“hzm (tty) +eo
_ e t—t J_dEe_iE(t—to)/h 1 Re [eik(E)\x—x’\ + r(E)e—ik(E)(erx’)}
o v(E)
x' < 0, x< 09
where (see (2))

v(E) = hk(E)/m , k(E) = 2mE/n*,
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v,(E) = hk,(E)/m , k,(E) =2m(E - A)/1?,
v,(E) = hk,(E)/m, k,(E)=2m(E -U)/n. (21)

The transmission and reflection amplitudes #(E), r(E), t'(E) and r'(E) in
(20) are defined by (17) with the wave numbers (21).

It is easy to verify that the integration over E and k; (according to
(6)) of the first term in the last line of (20) results in the known formu-
la for the space—time propagator for a freely moving particle

3/2 . 12
K, (r,t;v',t,) = 0(¢ — ¢,) S C— exp imlr =r)” , x<0, x'<0.
2in(t - t,) 21(t —t,)

(22)

The obtained results for the particle propagator completely resolve (by
means of Eq. (3)) the time-dependent Schrédinger equation for a parti-
cle moving under the influence of the rectangular potential (1).

3. TIME-DEPENDENT PROBABILITY DENSITY OF FINDING
A PARTICLE IN DIFFERENT SPATIAL REGIONS

Using Eqgs. (3), (6), (16) and (19), we can present the wave function in
different spatial regions at ¢t > ¢, as

W(r, 8) = y_(r,8) + y_(r, 7). (23)
Here,

1

1) =
v, (r,7) o

1

s t(E)e™ Py (E;p,t), x>d;
A

+oo
J‘dEe—iE(t—to)/h
0

s

v (r,t) = ﬁ JdEe‘iE<f-fo)/h 5 “(E)e By (E;p,t), x>d;
0 Uy
1 't —iE(t-ty)/h 1 ’ ik, (E)x / —ik, (E)x
V(1) = ——— [dEe ™ [ £ B+ (B)e ™" [y (Esp,1),
- NP Ju, (E) ]
O<x<d;

v = [aEe = (B P 11 (B)e" P |y (Bsp,1),
0

1
Vor o

O<x<d;
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1 7 —iE(t—ty)/h 1 ik(E)x —ik(E)x
W (1, 1) = —— [dEe ™" ——_[e"® 4 1(B)e O |y (E;p,1),
N2mh '([ JU(E) [ J
x<0;

~iE(t—ty)/h 1 [e—ik(E)x + 7 (E)eik(E)x:' \If<(E§ 0, t) ,

1 +oo
,t) = —— |dE
V) NEY) { ¢ Ju(E)

x<0; (24)

and r = (x, p). The wave function in the E-representation v__,(E;p,?) is
related to its k-representation y_  [E(E);p,t)] as

1
E;p,t) = ————=v_|k(E);p, 1],
v, (E;p,t) zmv(E)u&[( ); P, t]

1
E; 9t =TT <kE; 9t’
VB 1) = s [R(E); p, 1]

. [R(E);p,t] = [dp'K (p,t; ', 1) [dxc'e ™ y(x', 0',1,) ,

v_[R(E);p,t] = jdp’K(p, 01, )jdx’e"k‘“x’w(x’, pt,)

K(p,t; p/ t)= lZexp _ihzkﬁ (t-t,) eik”(p—p’) —
T AL h 2m 0

_ _(p-p)m
" 2min(t -1, p{ Zih(t—to)}’ (25)

where K(p, t; p’, t,) is the ‘free’ propagator in the parallel-to-interface
(y, z) plane (see (6), (20), and (22)).

It can be verified that the wave functions (24) and their derivatives
are continuous at x=0 and x=d. To be definite, we assume that for

positive energies k(E) = \/2mE/h2 >0 and, therefore, y_[R(E);p,?)] is
related to the component of the initial wave function y(x’, p’, t,) corre-

sponding to propagation to the right along the x-axis, and, according-
ly, v_[R(E);p,t)] represents propagation to the left. When the poten-

tial V(x)=0, integration over x” in (25) is restricted to the negative
semi-space (x" < 0), as it follows from the expressions (20) for the parti-
cle propagator.

The result given by Egs. (23), (24), and (25) indicates that, general-
ly, the contribution of the wave function, originated at ¢ = ¢, to the left
of the potential (1) (x” <0), to the wave function in the region of the po-
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tential (0 < x <d) and to the right of it (x > d) comes at t > t, from both:
the components moving to the right, ., and to the left, y.. This rather
paradoxical result follows from the fact that if the initial wave packet
has the non-negligible negative momentum components (restricted to a
half line in the momentum space), the corresponding spatial wave
function is different from zero in the entire x-region (—e, +0), inter-
acting with the potential even at t < t,, and is thus modified by this in-
teraction (see also [21], [3]). As a result, the backward-moving compo-
nents contribute to the behaviour of the wave function at ¢ > ¢, in the
spatial regions to the right of the original wave packet localization.
Consequently, the probability density of finding a particle in the
space—time point (r, t), |y(r, t)|?, is determined by the forward- and
backward-moving terms, as well as their interference:

v (r,8) + 2Re . (r, Y. (r,1) . (26)

v, +

i, t)f =

Equations (24)—(26) generally resolve the problem of finding a par-
ticle in the spatial region of interest at time ¢ for a given initial wave
function y(r’, t,). These equations can be used for numerical modelling
of the corresponding probability density in the different space—time
regions (see below) and for determining some characteristics of the
particle dynamics under the influence of the potential (1).

In order to estimate the actual contribution of the backward-moving
and interference terms to the obtained general formulas, we should
consider a physically relevant situation as to the initial wave packet.
Let us consider the case when the moving particles are associated with
a wave packet which is initially sufficiently well localized to the left of
the potential (1). Thus, we now consider the problem for a particular
case of the initial state corresponding to the wave packet:

’ _ 1 (r’_ri)Z
l|f(r ’tO) —Wexp[—T(jz

located in the vicinity of r;=(x;, p;) and moving in the positive x direc-
tion with the average momentum p,=7k, k =k, >0 (k, =(k, kfl) R
r’ = (x/,p")) . Thus, we consider a general situation, when a particle, as-
sociated with the wave packet (27), comes to the potential (1) from the
left with the positive perpendicular-to-interface momentum compo-
nent ik, > 0 at the angle defined by the parallel-to-interface momentum
component %k’. Now, we can perform integration over spatial varia-
bles x/, p’, as it follows from (25) and (27).The result is

+ ik, -r'} , x,<0, k>0, 27

V. (E;p,t) = C(p, ). (E), Y (E;p,t)=C(p,t)W_(E),

v, (E) _ [TEhU(E)]_l/z (27.502)1/4ei[ki—k(E)]xie—[ki—k(E)]Z62 ,
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v (E) — [nhU(E)]71/2 (27102 )1/4 ei[kﬁk(E)]x[e—[k[+k(E)]2 o? ,

-0P — 2'ki62 2m i i 2
qﬂp,ﬂzzwﬁi mo —exp _pop-2ko) —|e"®e M, (28)
7 in(t — ) + 2mo 2i(t — t,) + 4mo

where the factor Cy(p,t) defines the dependence on the parallel-to-
interface components of the vectors involved. Thus, the forward- and
backward-moving components of the wave function y.(r, t) (24) for
the initial wave packet (27) reduce to the one-dimensional integral over
energy E with the energy-dependent functions y,(E) and the common
factor Cy(p, t).

We note that

faolc,0.0)f =1, (29)

and, therefore, the total probability density of finding a particle in the
given space—time point (x, t)

lwx, ) = [dolwr, ) =

as it follows from (26), and the functions y.(x, t) are determined by
Egs. (24) where y.(E; p, t) is replaced with y.(E) (see (28)).

A physically relevant situation occurs when the initial wave func-
tion vanishes at x > 0 (well localized within the x <0 half-line) because
the propagator (20) transmits this function from the x’ <0 region to
the x>0 or x <0 regions. This can be achieved if we define the initial
wave function as (27) at x” <0 and set it zero at x"> 0. It can be shown
that, when the condition

v, () +[w ) + 2Rew, (x, W (x, 1), (30)

X,

i

>>1 31
. (31)

holds (i.e. when the tail of the initial wave packet (27) is very small
near the arrival point x =0), the Fourier transform of the initial wave
packet matches the Fourier transform of a cut-off Gaussian wave
packet defined as (27) at x” <0 and zero at x" > 0 (see [22]).

Generally, both the y.(r, t) and y.(r, ) components contribute to the
probability density [y(r, t)|? (see (26)).

We can also assume that

ko>>1, (32)
which implies that the perpendicular-to-interface momentum disper-

sion %/(20) is much smaller than the corresponding characteristic mo-
mentum p, =/ik; or, equivalently,
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i’ nk n’k*
s <<E , E 2 E, 2
i.e., the energy dispersion %#°/(8mo?) is much smaller than the perpen-
dicular component E, of the incident particle energy E, = (h2/2m)><
x(k’ + k!*). Then one can see from (24) and (28) that in the case when
condition (32) holds, the contribution of the backward-moving term
y(r, t) to the probability density is significantly smaller than that of
the forward-moving term y.(r, t), and, therefore, in the first approxi-
mation the former can be neglected. Thus, the backward-moving term
y(r, t) is not essential in the quasi-classical approximation when both
inequalities (31) and (32) are satisfied and, therefore, the particle scat-
tering at the potential (1) is associated with the wave packet (27) char-
acterized by a well-defined location relative to the potential and well-
defined momentum. However, if the inequality (32) (or (33)) is violat-
ed, then both the forward- and backward-moving components of the
wave function (24) equally contribute to the probability density
[y(r, t)°. In this case the quasi-classical approximation is not relevant
and the particle is associated with the well-localized wave packet which
has the broad perpendicular-to-interface momentum (energy) distribu-
tion.

R 33
2mo (33)

4. STATIONARY CASE AND NUMERICAL MODELLING

We will consider the probability density [y(x, t)|? (30). It is convenient to
shift to dimensionless variables. As seen from (24), there is a natural
spatial scale d, an energy scale E,=#"/(2md?) (the energy uncertainty
due to particle localization within the barrier of width d), and a corre-
sponding time scale t,=//E,. Then, using (24) and (28) (with C\(p, t)=1),
we can obtain the wave function y(x, ¢) in the different spatial regions
resulting from the evolution of the initial Gaussian wave packet (27) in
the presence of the potential (1). Thus, the one-dimensional wave func-
tion, following from (24) and needed for the calculation of the probabil-
ity density (30), in the dimensionless variables is

W& D) = v (& D v (& D), T>1,,

s 1 &2 ,.F dE
v (%,t) = e | —————
J2@m)?t d*? ! EVE - A"

e EE By x

(NEEV? [z fFe L
xe( F) o VE-AGE l)el\/Exi, i>1,
1 61/2 ik[x[]:o dE~

v_(%,1) = e Al B%
Ve a4 (- Ayt
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% e—(\/E+ EL) & e—l(x/i) (%-1) L\/—x -

, x>1,

s 1 6 e T dE
\lj>(x’ t) - \/5(275)3/4 d1/2 e J

+r'(E)e'im’z} e_(ﬁ_ﬁ) eVEE 0 g <1,
1 ~1/2 Foo

IIJ<( , )_ ” 1/2 eikixiJ. - fiE~ - _
J2(2m)** d o EV[(E -Uy"]

, 0<x<1,

1 5'* N

ok dE —iB(i-iy) | iNE%
W>( ’ )_\/_(2 )3/4 dl/z j |: +

+ r(E)e’iﬁﬂ ei(ﬁim) * o B , ¥<0,

.z 1 &7
v (%1) =

+ r*(E)eiﬁ’zJ e_(ﬁﬂ/a) VB i %<0,
where

HE) = (412“1/4 JE—U(E - A/ eE0 ) /d(E) ,

t(B) = 28" (E - Uy (\/E—A+JE—(7)/d(E),
F(B) = 2BYA(F - O)"* (\/E U -JE- A)e”ﬁ/d(ﬁ) ,
r(E)=[(\/_ JE - U)( E-A+E- U‘)
(VB +VE-O)(VE-2-VE-0)e"7 | fach),
d(E) = (VE +JE-U)(VE-&+ E—ﬁ)—
-(VE-VE-U)(VE-2-VE-T )7

b

ot J‘ dE Gh ikt —i\/Ea”c n
V2@t d” "

—iE(i-T) iNE-Uz
E1/4(E U)1/4 i |:t (E)e +

o 1EETy) |:t/(E~)ei«/E—l79? n

(34)

(35)
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and E=E/E,, U=UJ/E,, A=AE,, E =E |E,, E =1i’k?/2m),
t=t/t,, t,=t,/t,, 6=0/d, ¥=x/d, X, =x,/d. The conditions (31)
and (33) read in the dimensionless variables, correspondingly,

|%|>> 26, E >>1/5". (36)

It is instructive to consider first the limiting case defined by the
second inequality (36). In this case, the forward-moving terms y_(&,?)
in Egs. (34) give the main contribution to the total wave function, i.e.,
W(X,%) = y_(%,1) . Also, the integrals over energy in y_(&,7) (34) can be

asymptotically evaluated at A = E l62 >>1 due to the fact that the con-
tribution to these integrals mainly comes from the energy region
E=E . In this case, the wave functions y_(%,f) reduce (in the first

approximation with (E LFJZ )"' <<1) to the stationary (for E= EL) re-
sults, oscillating with time as exp [—iE L(t~ - fo)] . Thus, if we present

Egs. (34) for y_(%,%) as
v (%,7) = J(p(o?,a?i;E)exp[—iE(f - fo)]exp [xf(E)]dE,

A=E & >1, f(E):—(JE—\/}ZT)z/EU (37)

where ¢(x, ii;E) stands for any integrand in (34) multiplied by expo-
nentials of (37), the asymptotic value of (37) is

v (%) ~ %JET@(&, %3 B, )exp[-iE,( -4,)]. (38)

Accordingly, this stationary result leads to the square modulus of the
W (%,1) ? , defined by Egs. (34), which is independent of

time. For the case of the potential well (U <0) as well as for the poten-

tial barrier (U > 0), we obtain, at E, >0 (in the original non-scaled vari-
ables):

wave function

» 1 16E |E -U|
0N e Jacm

1 16E,

V2no |d(E, )

, x>d;

2

E, - A-(U - A)cos® [\/Zm(ﬁ;l —U)/A (x - d)}

. () =
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0O<x<d;
(B =
= l(JE, + \/m)z (E, —~U)+4U(U - A)sin® [\/2m(El - U)/hzd} ,
E.>> 1?/2mo?. (39)

Note that, when a particle tunnels through a barrier (E, >0, U >0,
E.<U), cos[\/zm(EL —U)/R (x - d)} and sin[\/zm(EL - U)/h2d} in

(39) should be replaced with cosh[\/Zm(U—Ei)/h2 (x—d)} and

isinh [\/Zm(U -E l)/ hsz , respectively.

Formulae (39) provide the spatial dependence of the wave function
square modulus at different spatial regions relative to the potential
area for the stationary case, when the initial wave packet (27) is char-
acterized by an extra narrow distribution in the energy (perpendicular-
to-interface momentum) space. Thus, in this approximation, the
transmitted probability density (x > d) is constant in space, while in the
potential region (0 < x < d), we have the oscillating interference pattern
(for E, >U).

The picture before the potential (x <0) is more complicated and re-
sults from the interference of the incoming and reflected waves. The
corresponding formula becomes simplified for the resonant case, when

J2m(E, —-U)/h*d = nin (n is the integer), and is given by (E, > U, E, > A)

|\|1>(x)|2 = 211t0 (\/E_l - 4El _A)2 [El — Asin? (JZmEL/hzx”, x <0,

E, >> 1*/2mo®, \J2m(E, -U)/h*d =nn . (40)

The oscillating interference picture given by (40) is caused by the ear-
lier-mentioned fact that in the case of an asymmetric potential (A # 0),
the reflection amplitude r(E) # 0 for the resonant energies E (see (17)).

From Egs. (39) and (40), we see that the norm |l|!>(0)|2 = (W2mo) ! x
x4E, (JEl +JE, - A)_2 at the potential left boundary x=0 is trans-

mitted at the resonance condition \/Zm(E - U)/ #*d = mn to the region
x> d beyond the potential. Only for a symmetric rectangular potential
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(A = 0), the reflection amplitude r(E)=0 for the resonant energies and
there is only the probability density |1|f>(x)|2 = (/2n6)" (x<0) stem-
ming from an incoming wave and arriving to the x >d area. Thus, the
dependence of the constant in space transmitted probability density
(39) versus the potential amplitude U will exhibit the oscillating (at
E, >U) pattern beyond the barrier (x >d) with an amplitude which is
greater for the asymmetric barrier (A #0) as compared to the symmet-
ric one (A=0). The same is true for the oscillating x-dependence of
[w-(x)|? inside the potential area (0 < x < d).

The time dependence of the probability density [y(x, ¢)|* exhibits it-
self only when there is a sufficient momentum dispersion, as follows
from Egs. (34). On the other hand, a sufficient momentum dispersion,

when E ,6° ~ 1, leads to a non-negligible counterintuitive contribution

of the backward-moving components of the wave packet to |w(x, t)%.
The space—time evolution of the scattering process can be visualized by

numerical evaluation of the probability density |\u(£, t )|2 (34) of find-

ing the particle in the scaled space—time point (&,%). We will focus on
the influence of the wave packet backward-moving components and the
potential asymmetry parameter A on the particle dynamics. As men-
tioned earlier, the asymmetric rectangular potential can model the po-
tential profile of the magnetic three-layer when it is switched from the
parallel configuration of the magnetic layer (modelled by the symmet-

ric potential profile with A=0) to the antiparallel orientation. For the
case under consideration, when the particle, associated with the Gauss-
ian wave packet, moves towards the potential (1) from the left, one can

expect that the influence of the asymmetry parameter A (defining the
height of the right potential step of (1)) will be more pronounced if the
contribution of the backward-moving components of the wave packet is
essential (the numerical evaluation confirms this expectation).

To make the dynamics of the wave packet more particle-like, we ac-

cept the condition of the narrow wave packet, 5 <1, and put ¢, = 0. For
an electron and the potential width d =10"" cm (1 nm), the characteris-
tic energy E,~3-:107% eV and the characteristic time ¢,~2-10*s. In ac-
cordance with the accepted conditions, we will posit E = 102,
x,=-10,and 6 = 1/3 or 6=0.1. We choose U =10 in the case of a po-
tential barrier (over-barrier transmission), and U = -10? for a poten-

tial well. We will compare two cases: & =1/3, when the second inequal-

ity (36) is satisfied and the backward-moving positive energies compo-
nents of the initial wave packet are not essential, and 6 =0.1, when
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their contribution matters. The dimensionless time interval # = 0.1—
1.5 is chosen from a simple estimation for the average scaled time ¢,/%,

that it takes a particle with the initial energy E | =10? to reach the po-
tential starting from the point % =-10: ¢ /¢, = |xl| m/hkitd =

- |z|/2JE. =1/2.

Figure 1 shows the probability density |1|!(5c, ¢ )|2 of finding the parti-
cle at # =1, i.e. on the right-hand side of the barrier (1) (U > 0), as a

function of ¢ and A changing from A =0 to A = EL/2 when 6 =1/3.

Figure 2 shows the same function for 6 =0.1. We see that in the
case when the contribution of the backward-moving components of the
wave packet is important (6 =0.1), the time distribution of finding

the particle beyond the barrier |1|J(1, ¢ )|2 for the asymmetric potential is

essentially different from that for the symmetric one: Beginning from
the value of the asymmetry parameter A =20, this distribution be-
comes more broad and pronouncedly nonmonotonic for A > 20 .

For the case of a potential well with U = —10%, we numerically eval-

uated |\|1(9E, t )|2 inside the well (X = 0—1) for the case of the broad ener-

gy distribution of the initial wave packet (6 = 0.1) and the asymmetry
parameter A =0 and A = EL/Z = ‘U’VZ .

Fig. 1. Probability density distribution |1|1(1,f )|2 on the right-hand side of the
barrier as a function of time and asymmetry parameter A for the narrow en-
ergy distribution of the initial wave packet (& = 1/3).
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Figure 3 shows the interference pattern inside the symmetric well,
which differs sufficiently from the stationary square cosine-type pic-
ture, given by Eq. (39) (for A=0). As seen, the amplitude of this pat-
tern grows with time from zero to the maximum value (reached ap-
proximately at ¢ = 0.5) and then again diminishes to 0, thereby show-
ing the finite time during which a particle exists in the well region be-
fore leaving it either for the region before (X < 0) or beyond (% > 1) the

well. We also see that the interference pattern of |\|I(5c, 7?)|2 is more

structured in space and time. These changes in the probability density
distribution result from the influence of the backward-moving compo-

lw(l, )

Fig. 2. Probability density |1|J(1, t )|2 as a function of £ and A for the broad en-
ergy distribution of the initial wave packet (6 =0.1).

v B 600000

£

Fig. 3. Probability density |1|1(3?:, t )|2 inside the symmetric well (A = 0) for the
broad energy distribution of the initial wave packet (6 =0.1).
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Fig. 4. Probability density |1|J(JE, f)|2 inside the asymmetric well (A = 50) for
6=0.1.

nents of the wave function y_(X,¢), which is essential for the consid-

ered case of sufficient energy dispersion (E & =1).
In Figure 4, we see the influence of the asymmetry parameter

A =50 on that probability density |1|1(5c, f)|2 inside the asymmetric

well. The calculated distribution exhibits a very structured and pro-
nouncedly nonmonotonic interference pattern in space and time com-
pared with that displayed in Fig. 3.

5. DWELL TIME

For a finite spatial interval, the so-called dwell time, i.e. the average
time spent in this interval by a particle described by the packet y(x, t),
is customarily used. The dwell time in the potential region (0, d) can be
defined in the three-dimensional case for the potential (1) as

d
0,d) = lim_ jdt jdx jdp (e, p, 1) (41)
0 th O

Substituting the third and fourth lines of (24) into the definition (41),
we obtain for the initial wave packet (27)

1(0,d) = 7.(0,d) + 1.(0,d) + 2Re1_(0,d) ,

2 2

o(x, E)

E
o (B) V. (E)

o(x, E)

E
o (B) v_(E)

b

7.(0,d) = TdEde
0 0

, 1.(0,d) = TdEde
0 0
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w4 Low,E) | *
© (0,d) = [dE[dx| XE) |\ By (E),
JdE] [WEJ
o(x, E) = {(E)e™* + r/(E)e ™, (42)

where the functions y.(E) are defined by (28) and the equality (29) is
taken into account.

We see that, again, the dwell time is determined by the forward- and
backward-moving components of the initial wave packet as well as
their interference. The entire range of energy (0, +<) contributes to the
dwell time. It is not difficult to get from (42), (17) and (21) that the
forward- and backward-moving components of the dwell time are

1.,(0,d) = _[dET>(<)(E; d). (43)
0

The per unit energy interval energy-dependent dwell time 7.(E; d)
caused by the forward- (backward-) moving component of the initial

wave packet y.(E)is, for E> A (k, =+/2m(E - A)/h2 is real),
2

T, (E;d) =H(E;d) (v, (E) ,

k 2k d(E’ + E}) - K} sin(2k,d)

v, (k+E)E +EKsin’(k,d)

H(E;d) = , E>A>0, (44)

where ngki—kfzi—T(U—A), K =k -k =2h—TU.ForE<A,A20

(B, = ik, , k, =2m(A - E)/n?),

k 2k d(E} + k) - K} sin(2k,d) + 4k k, sin®(k,d)
v, (k+k)°E + B K? sin®(k,d) + k2R k, sin(2k,d) °

E<A, A>0, (45)

H(E;d) =

where K. = k> -k’ = 2m(U + A - 2E)/h* . Both Eq. (44) and Eq. (45) are

valid for k&, real as well as for the imaginary £k, =ik

u 2

k, =+2m(U - E)/n* when E<U (barrier). Note that y..(E) has the

dimensionality of the inverse square root of energy (see (28)), and thus
the expression for t(E, d) has the dimensionality of time and represents
the generalization of the energy-dependent dwell time obtained earlier
by Buttiker [23] to the case of the asymmetric rectangular potential (1)
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(if A=0, Eq. (44) reduces to the Buttiker result).
The per unit energy interval interference dwell time, which follows
from (42), can be written as

T (E;d) =

k(B + KY)sin(2k,d) + 2(K? — k2)k,d — ik, k, sin®(k,d)

= Re 5
v, [i(kkA + k) sin(k,d) - k,(k + k) cos(kud)]

V. (EW_(E)

Ret_(0,d) = | dEt_(E;d). (46)
0

Note that Eq. (46) holds for both the real &, (E > U) and the imaginary
k, =ik, (E<U)as well as for both the real &, (E > A) and the imaginary
k, =ik, (E<A).

We see that the total per unit energy dwell time,

WE;d) = t(E; d)[w>(E)|2 + |q;<(E)|2} +21_(E;d), 1(0,d) = T‘C(E; d)dE, (47)

is generally defined by both the forward- and backward-moving com-
ponents of the initial wave packet as well as their interference. For the
resonance energies satisfying the condition k,d =nn (n is integer, k&, is
real), taking place in the cases of U<0 and U >0 (when E >U), Eqgs.
(44)—(47) reduce, e.g., for the real &, (E = A), to

_ 42Ky + ) . . Bk - k)
== { Rk Tk [|W>(E)| +[w.(E) ] +4Re PhRY [w>(E)w<(E)]},

(48)

where d/v(E) is the time that it takes for a particle with the energy E to
propagate through the spatial range d in the absence of a potential.
Thus, the expression in the curly brackets in (48) shows the difference
between the dwell time in the range of the potential and the ‘free’ dwell
time d/v(E).

From the above it follows that, generally, the dwell time depends on
the energy spectrum of the initial wave packet y.(E) and cannot be
realistically defined, e.g., simply by #(E; d) (44) or (45). Further, we
will use y.(E) (28), defined for the Gaussian initial wave packet, and
shift to the dimensionless variables defined in the previous section. As
aresult, we obtain from Eqs. (44)—(47)

1(0,d) = TdE%(E; d), %(E;d) = % (E;d) + t_(E;d) + 1. _(E;d) ,
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1

2\/% JE o
WE-UQ@E-U-A) - (U - A)sm(Z\/ )

(@+JT) (E-U)+U(U - A)sin? (\/7)
x{exp[_z(ﬁ_ﬁ)%z}exp[ 2(VE, +VE) s }} E>Azo0,

1

\/_ “JE-U

x[(ZE—ﬁ—A)sin(2\/]:~7—U’)+2\/E—U’(A—U)—

—4i\/E—A\/E—(7sin2(\/E~’ )H(fx/ A+ E- U)sm(\/ ﬁ)

2

~(VE+VE-2)VE-T cos(VE-T ]|
xexp[—Ziﬁii}exp{—(\/E—\/E)z Gz}exp[—(\/E—L+\/E)2 62}, (49)

where the characteristic time ¢,/2 = #/(2E,) = L\/E -4 &
v(E) v(E))

i.e.it is the time spent in the region of the potential width d by a ‘free’

particle with the energy E=E, (E =1), and thus %(E;d) has the di-

mensionality of time (for brevity, we do not show Eq. (45) in the di-
mensionless variables).
The relative contribution of the forward- (backward-) moving com-

(E;d) and interference term %_(E;d) to the dwell time

t(E;d)+1.(E;3d) = ——

T (E;d) =

ponents 7T

>(<)
7(0, d) (49) depends on the value of the parameter Ei62 . If the second

inequality (36) is satisfied, i.e., Eﬁsz >>1, the contribution of the
backward-moving and interference terms to the dwell time (49) is
much smaller than that of the forward-moving term %>(E; d), and,
therefore, the former terms may be ignored in the first approximation
in the limit given by (36). Moreover, the integral of %>(E‘; d) over E
can be asymptotically estimated due to the sharp maximum of the inte-
grand at E = E, . The result is



TIME-DEPENDENT SCATTERING IN NANOSTRUCTURES 47
d__B__
w(E) JE -U
oJE, ~U@QE, -U-4)-( - &)sin(zw/E‘L - U‘)
~ ~ ~ 2 ~ ~ ~ ~ ~ ~ ~
(,/El +JE, - A) (E, —U)+UU - Aysin? (w/EL - U)

E >A>0, (50)

10,d) ~ 1.(0,d) =

X

2

which coincides with Eq. (44) for t(E.; d) written in the dimensionless
variables. It should be stressed that this result represents only the first

term of the asymptotic expansion of J.: dEr>(E; d) with a small value

of the parameter 1/ (E ' 6%), i.e., for an initial wave packet characterized

by an extra narrow momentum distribution.

For the resonance energies satisfying the condition k,d =7nn (n is in-
teger, n#0, k, is real), which reads in the dimensionless variables as
E, -U =1’n”, the relative to the ‘free’ dwell time d/v(E,) expression
(50) reduces to

2E (2E, -U - A) _
(VE. + &, -4) (& -0)
2E (E, — A + n*n?)

At U <0 (dwell), the inequality ‘(j‘ =n’n® — E, >0 should be satis-

7.0, d)v(E,)/d =

(51)

fied (n is bottom-limited), and when m’n”® >> EL > EL —A>0, which is

the case for large enough ‘lj , the asymptotic relative resonant dwell

time (51) approaches 2EL(JE~L + «/ENl — A)?. This value is greater than
1/2, to which the values of the high order resonances of the dwell time
reduce for a symmetric potential (A =0). Thus, the greater the asym-

metry parameter A, the greater the amplitudes of the dwell time reso-
nances.

For U >0 (barrier), the condition U = E, —n°n* >0 should hold,
E, >U, n is restricted to the small values defined by E, , and at

n’n® << E, — A < E, , the dwell time (51) behaves as
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2E (E, - M(JE, +E, -Ayn*n®T".
If E - U — 0 (reverse points in classical physics), which can hap-

pen only at U > 0, the asymptotic relative dwell time 1.(0, d)v(E.)/d
(50) reduces to

7.(0,d)v(E,)/d = AE, [(\/ET + \/mf SO0 - A)T § AE, 1)

= — <
4E +U?
E -U—o0, (52)

where the value 4E, / (4E, +U?) corresponds to a symmetric potential,
i.e., the dwell time (52) in the asymmetric case is larger. In particular,
at U =0, this dwell time for A>0 is larger than the ‘free’ dwell time
d/v(E))in the absence of a potential (U = 0, A=0).

It is interesting to plot the dependence of the relative dwell time (50)
on the amplitude of the potential U changing from negative values (the
well) to positive ones (the barrier), for the symmetric (A=0) and asym-
metric potential. Formula (50) is valid for both the U <0 and U > O cas-
es, and in the latter case, when E, —U < 0, Eq. (50) is transformed into

1.(0,d)o(E, )/d =
3 2\/L7—EL(I7+A—2EL)+(L7—A)sinh(2,/(7—]§]l) (53)
VO =B, (£, + B -A) @-£)+00 - Hysink? (T -5, )

Figure 5 shows the U -dependence of 1.(0, d)v(E,)/d (50) for a sym-

(0, d)g(E /d

NN

-2000 -1500 -1000 =500 0

Fig. 5. Dependence of the asymptotic dwell time (Eq. 42) on the well/barrier
symmetric potential (A =0).
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Fig. 6. Dependence of the asymptotic dwell time (Eq. 42) on the well/barrier
asymmetric potential (A = 90).

metric potential (A =0) in the broad range of U =-2-10°-2-10? and
E, =10°. One can see the series of resonances at U <0, the amplitudes
of which approach 1/2 for big enough n, n? >> E /n , whlle at U >0
there is a limited series of resonances with n* < E / n° (for E >U)
with the larger amplitudes because a particle moves more slowly in the
presence of a potential barrier than in the region of a potential well.

Figure 6 shows the same U -dependence of 7.(0, d)v(E 1)/d (50) for
A =90. We see an essential increase of the resonances’ amplitudes in-
side the well and other details which display the influence of the poten-
tial asymmetry on the dwell time in correspondence with the analysis
given above.

6. SUMMARY

We have applied the MST to the calculation of the propagator which
exactly resolves the time-dependent Schrodinger equation for a parti-
cle in the presence of a one-dimensional rectangular asymmetric
well /barrier potential (1). This approach based on the obtained effec-
tive potentials (7), (8), which are responsible for reflection from and
transmission through the potential steps, is alternative to the match-
ing procedure conventionally used for solving the stationary Schro-
dinger equation. The advantages of this MST approach are: a natural
picture of the considered processes in terms of a particle scattering at
the potential jumps (in contrast to the traditional wave point of view);
the time-dependent picture of the quantum effects of particle reflec-
tion from a potential well and particle transmission through a poten-
tial barrier; the natural decomposition of the Schrédinger equation so-
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lution into the sum of the forward- and backward-moving terms (with
no use of the evanescent states [3]), which takes into account that the
initial wave packet, confined to a restricted spatial area and represent-
ing a particle moving towards a potential, contains both the positive
and negative momentum components. Aside from being related to the
fundamental issues of quantum mechanics, the obtained results can be
also important for the kinetic theory of nanostructures, where the con-
sidered rectangular potential (1) is often used to model the potential
profile in the magnetic nanostructures utilized, e.g., in spintronics de-
vices.

The obtained probability density |y(x, t)|> of finding a particle in the
space—time point (x, t), when it initially was located in some spatial re-
gion and moved in some direction, is generally defined by the probabil-
ity density corresponding to the wave component moving in this direc-
tion |y.(x, t)* as well as by the probability densities related to the
backward-moving component |y.(x, t)]> and the interference of both

2Re [w> (e, )Y (x, t)] . For the case of the initial Gaussian wave packet,

we have shown that the contribution of the backward-moving compo-
nent to the probability density |y(x, ¢)|? is small when the initial packet
is characterized by a narrow energy (momentum) distribution, which is
characteristic of the quasi-classical approximation for a transport
phenomenon. We calculated, in this case, the asymptotic time-
independent values of [y.(x)|? in the different spatial regions relative to
the potential area. This situation (extra narrow energy distribution)
actually corresponds to the stationary case with no energy dispersion.
Thus, the transmission through and reflection from the potential
well/barrier can be described as a function of time only when the mo-
mentum (energy) dispersion of the initial wave packet is significant
(accordingly, the wave packet spatial localization is narrow). But in
this case, the counterintuitive (non-classical) contribution of the
backward-moving components of the wave packet should be accounted
for. This rather paradoxical quantum mechanical result reveals itself
in the problems connected to measuring time in quantum mechanical
effects.

Using the exact result for |y(x, t)|?>, we have numerically plotted the
time distribution of finding the particle beyond the barrier (U >0),
lw(1, ¢t)* and found that, when the contribution of the backward-
moving wave packet components is important (broad wave packet en-
ergy distribution), the influence of the potential asymmetry can be es-
sential (Figs. 1, 2). Plotting |y(x, t)]* in the well (U <0) region, we
showed that the backward-moving components of the wave packet fun-
damentally change the probability density, when the initial wave pack-
et is broad enough in the energy (momentum) space, and the asym-
metry of the potential well adds more to the structure of this space—
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time distribution (Figs. 3, 4).

The obtained solution is applied to the calculation of the particle
time dwell time within the potential area. Again, the forward- and
backward-moving components of the obtained exact wave function
contribute to the particle dwell time. For a narrow momentum distri-
bution of the initial wave packet, the analytical asymptotic value of the
main (in this case) term contributing to the dwell time in the potential
region, caused by the forward-moving probability density |y.(x, t)I%,
was obtained and plotted as a function of the potential amplitude U
changing from the negative (well) to the positive (barrier) values. The
series resonances displayed in Figs. 5, 6 show the essential influence of
the potential asymmetry on the particle dwell time. These results gen-
eralize the known Buttiker results [23] for the dwell time.
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