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In this paper, we find a new large scale instability which appears in obliquely rotating flow with the small scale
turbulence, generated by external force with small Reynolds number. The external force has no helicity. The theory

is based on the rigorous method of multi scale asymptotic expansion. Nonlinear equations for instability are ob-
tained in third order of the perturbation theory. In this article, we explain in details the nonlinear stage of the insta-

bility and we find the nonlinear periodic vortices and the vortex kinks of Beltrami type.

PACS: 47.32C-; 47.27.De; 47.27.em; 47.55.Hd

INTRODUCTION

It is well known, that the rotating effects play an im-
portant role in many theoretical and practical applica-
tions for fluid mechanics [1] and are especially im-
portant for geophysics and astrophysics [2 - 4], when
one have to deal with rotating objects such as the Earth,
Jupiter, the Sun, etc. Rotating fluids could generate dif-
ferent wave and vortex motions, for example, gyroscop-
ic waves, Rossby waves, internal waves, located vorti-
ces and coherent vortex structures [4 - 7]. Among the
vortex structures, the most interesting are the large scale
ones, since they carry out the efficient transport of ener-
gy and impulse. The structures which have characteris-
tic scale much more than the scale of turbulence or the
scale of external force which generates this turbulence
are understood as large scale ones. In this paper we find
a new large scale instability in obliquely rotating flow
which is influenced by the small scale external force
with zero helicity. Its axis of rotation does not coincide
with the Z axis. This force supports small scale turbu-
lent fluctuations in fluid. The nonlinear large scale heli-
cal vortex structures such as Beltrami vortices or local-
ized kinks appear as a result of the development of this
instability in rotating fluid. This supposes that the exter-
nal small-scale force substitutes the action of small-
scale turbulence. Further we consider that the external
force acts in the plane (X, Y). Instability occurs only
when the vector of angular velocity of rotation € is
inclined relatively to the plane (X, Y), as shown in
Fig.1. If the fluid is rotating around the axis Z strictly,
then instability does not occur. The helical 2D velocity

field WX,Wy turns around the axis Z, when Z changes

in the periodic wave (Fig. 2) and makes one turn in the
kink (Fig. 3). The found instability belongs to the class
of instabilities called hydrodynamic a-effects. For these
instabilities the positive feedback between velocity
components is typical:

0
oW, — AW, —a, W, = 0,
W =0
OW, — AW, +a, —W, =0,
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and leads to the instability. a-effect origins from mag-
netic hydrodynamics, where it engenders the increase of
large scale magnetic fields (see for example [16]). Later
it was extended to ordinary hydrodynamics. Several
examples of hydrodynamics a-effect [8-15] are known
for today. From this point of view, in this study we
found a new example of the a-effect. The theory of this
instability is based on a rigorous method of multi-scale
development, which was proposed by Frisch, She and
Sulem for the theory of the AKA effect [13]. This
method allows to find the equations for large scale per-
turbations as the secular equations of the asymptotic
theory, to calculate the Reynolds stress tensor and to
find the instability. The small parameter of asymptotical
development is the number of Reynolds R,R <1. Our
paper is organized as follows: in Section 2 we formulate
the problem and the main equations in rotating system
coordinates; in Section 3 we discuss the concept of mul-
ti-scale development and we give the secular equations.
In Section 4 we calculate the velocity field of zero ap-
proximation. In Section 5 we describe the calculations
of the Reynolds stress and find the large scale instabil-
ity. In Section 6 we discuss the saturation of the insta-
bility and find the nonlinear stationary vortex structures.
The results obtained are discussed in the conclusions
given in Section 7.

1. THE MAIN EQUATIONS
AND FORMULATION OF THE PROBLEM

Let us examine the equations of motion for non-
compressible rotating fluid with the external force F,
in rotating coordinates system:

N (VW +26xV =
ot

—_lvpiava+ F,,
Po (1)
divv =0. )
The external force If0 is divergence-free. Here Q

is angular velocity of fluid rotation, v is viscosity, 2y is
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constant fluid density. Let us design characteristic am-
plitude of force fy, and its characteristic space and time
scale Ao and t, respectively. Then Ifo =f F, [iij .
b Y
We will design the characteristic amplitude of veloc-
ity, generated by external force as vo. We choose the

dimensionless variables (t, )_(',\7)

£t Vol Ifo—>i, p_F ,
s 0 Vo fo PoFy
2 AY A% f, Al
h=—, Po__' 0=72 Yo~
14 A A 14

Then, in dimensionless variables the equation (1)
takes following forme:

%+R(\7.V)\7+5x\7=—VP+A\7+ F 3
R:M'|D|:\/ﬁ_
12
A

\} 214
0.0 ,|D|=\/Ta. Where R and Ta= 49210
v 1%

are respectively the Reynolds number and the Taylor

number on scale A,. Further we will consider the

R=

Reynolds number as small R <1 and will construct on
this small parameter the asymptotical development.
Concerning the parameter D, we do not choose any
range of values for the moment. Let us examine the fol-
lowing formulation of the problem. We consider the
external force as being of small scale and of high fre-
quency. This force leads to small scale fluctuations in
velocity. After averaging, these rapidly oscillating fluc-
tuations vanish. Nevertheless, due to small nonlinear
interactions in some orders of perturbation theory, non-
zero terms can occur after averaging. This means that
they are not oscillatory, that is to say, they are large
scale. From a formal point of view, these terms are
secular, i.e., they create the conditions for the solvability
of large-scale asymptotic development. So, the purpose
of this paper is to find and study the solvability equa-
tions, i.e., the equations for the large scale perturbations.
Let us denote the small scale variables by

X, = (X,,t,), and the large scale ones by

X =(X,T). The small scale partial derivative opera-

i i and the large scale ones i i are

oxy ot oX 'oT
written, respectively, as ¢,,0,,V,; and 6T . To construct

a multi-scale asymptotic development we follow the
method which is proposed in [16].

2. THE MULTI-SCALE ASYMPTOTIC
DEVELOPMENT

Let us search the solution to equations (2) and (3) in
the following form:

V(X,t) = %Wl(X)+\70(x0)+ RV, +

tion

+R%V, + R, +---, @)
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PR, = 5 P (X) + 2 P (X) + Py (X) + Py (1) +

2
+R(P,+P1(X))+R?*P, + R°P, +---. ©)
We introduce the slow variables X = RZ)_('0 and

T= R4t0 which lead to the following expressions for
the spatial and temporal derivatives:

% =0, +R*V,, (6)
X
% =0, +R%;, @)
82 2 4
axjﬁxj:ajj+2R 6J.VJ.+R ajj. (8)

Using initial notation, the system of equations can be
written as:

(0, +R%O; V' +R(0; +R*V ) )(VV ')+ Dlg vV« =
=(0;+R*V)P+(0;+2R%,V,+R'V V' +F,,
(ai +R*V, V' =0. (10)

Substituting these expressions into the initial equa-
tions (2) and (3) and then gathering together the terms
of the same order, we obtain the equations of the multi-
scale asymptotic development and write down the ob-

tained equations up to order R® inclusive. In the order
R there is only one the equation:

©)

0,P,=0,=P,=P,(X). (12)
In order R™% we have the equation:
0,P,=0,=P, =P,(X). (12)

Inorder R™ we get a system of equations:
6IW_i1 -0 ij_il + ngijkW_"1 =—(0P,+V.P,)-0 jW_i1W_jl, (13)
ainl =0. (14)
The system of equations (13) and (14) gives the sec-
ular terms
-V,P,=DlgW¥, (15)
which corresponds to a geostrophic equilibrium equa-

tion. In zero order R, we have the following system of
equations:

OV — 0 Vo + 0, (W Vg + VoW 1) + Dy v =
=—(6,P,+V,P,)+F;, (16)
o,V = 0. (17)
These equations give the following secular equation:
VP, =0,= P, =Const. (18)
Let us consider the equations of the first approxima-

tion R:
Oy — 0 vy + DIy vy +0, (W) + W +vpvd) = (19)

= _vj (Vv—ilw—j;l) -(OR+VPy),

oV, + VW' =0. (20)

Secular equations follow from this system of equations:
VW' =0, (21)

ViWIW3) =-ViP,, (22)
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The secular equation (21) and (22) are satisfied by
choosing the following geometry for the velocity field
(Beltrami field):

W = (W%(2)W(2),0);T.
VP,=0,=P,

In the second order R?, we obtain the equations:
Oy =0V, =20,V vy +
+0, W'+ VW +vv) +viv)) + ngijkvg< =
= -V, (W] +V W) - (6,R, + V,R), (24)
oV, +Vy, =0. (25)
It is easy to see that there are no secular terms in this

order. Let us come now to the most important order R®.
In this order we obtain the equations:

i i i i i
OV + 0 W., —(0;V3 +20,V v, +V W) +
+V, WAV VW +vpvd) +
iy,] i j iy,] iv,] iy, ]
+0; (W2 V3 + VW + Vv, + VoV + Vi) +

=T.(2), (23)

= Const.

+Dlegy vk = —(8,P, +V, Py), (26)
oV, +V,v, =0.
From this we get the main secular equation'

o; W' —AW' .tV (v )——V P1, (27

There is also an equation to find the pressure P,
-V,P,=Dlg,W'. (28)

3. THE VELOCITY FIELD IN ZERO
APPROXIMATION

It is clear that the most important is equation (27). In
order to obtain these equations in closed form, we need

to calculate the Reynolds stress V, (\ﬁ) . First of all
we have to calculate the fields of the zero approxima-
tion V'.f . From the asymptotic development in zero order
we have:

OV — 0 Vo +W 50, Vo + D'y vy = —0,P + 5, (29)

Let us introduce the operator Do:

Do =0,-0; +W*,. (30)
Using Do, e rewrite equation (29) in the form:
Dovy + Dlg, v = -0,P, + i, (31)
Pressure P, can be found from condition divV = 0.
[ D x 51 A
P, = TI (32)
Let us introduce designations for the operators:
. [6xd]
Pij = 61- T‘ (33)
and for velocities: V, = Uy,V,’ =V,,V," =W,. Then ex-

cluding pressure from (31), we obtain the system of
equations to find the velocity field of zero approxima-
tion:
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(DAO+ F’Axx)u0 +(I5; - Dz)v0 +(I5; + Dy)w0 =R
(ISX\y+DZ)u0 (34)

(|5\—Dy)uo

+(I30+ F/’y\y)v0 +(I5Z\y —DX)WO =F’,

- +(PyZ+DX)v0+(DO+Pu)WO:FOZ.

In order to solve this system of equations we have to
set the force in the explicit form. Let us choose now the
external force in the rotating system of coordinates in
the following form:

=0,Fo. = f, (TCOS% + ]COS(pl);gol =kix— opt, @, = kax— pt,

ki =k, (1,0,0),kz =k, (0,1,0).
It is obvious that divergence and helicity of this

force us equal to zero: ForotF =0. Thus, the external
force is given in the plane (x, y), which is orthogonal to
the projection of angular velocity Q.

z
b s}

oy

Fig. 1. In general, the angular velocity Q is in-
clined relative to the plane (X, Y) in which there
is an external force Fo,

The solution for equations system (34) can be found
easily in accordance with Cramer's Rule:
A A A
Uy ==,V =—2,w, =—2.
A A A
is the determinant of the system (34):
I/D\0 + IE'X\x Isy\X -D, PAZx + Dy

A= ny+DZ DU+Pyy

(35)

Here A —

(36)

37)

(38)

(39)

wl>
I
)

,+D, D,+P, F/'|.

vy
P.-D, P,+D, 0

X

Expanding the determinant, we obtain:
R R AN RN RN

R0 o) (705 7
P.=0,)(F-D.)- (B0 ) (B Bu) R+ (ap)

A0+ )02)-{5 0740,
WO:%[(IS\+DZ)(I5\+D) (I’Aﬂ—Dy)(a,Jrlf’y\yﬂFoer (42)

(070 (B o0,
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(43)

A:(/\,J+/;)[(|3:)+§y\y)(6 F?) (P +D )(FT D )}
~(Re=0.)[(By +0.)(Bu+Pu) = (P -2, )(y -D.) ]+
+(P,+D )[(P +D)(Pyz+DX)—(DU+Pyy)(PXZ—Dy)]

In order to calculate the expressions (40) - (43) we

present the external force in complex form:
X _ fO ipy —ip, Yy — f 2 —ipy

F, _?(e +e),F, 2(e +e'). (44)

Then all operators in formulae (40) - (42) act from

the left on their eigen function. In particular:

I5\oei(ﬂ2 =gl I/D\O(kzv_a)o)v /D\oei(ﬂ1 = I/D\O(kll_a)o)’

Ae'” =e”A(K,,—, ), A =e"A(k;,~a,)

To simplify the formulae, let wus

k,=1w,=1f,=1.

We will designate:

Dy (k—@,) =1-i(1-w,) = A D, (k,~@,) =1-i(1-w,) = A . (46)

Before doing further calculations, we have to note

that some components of tensors I3ij (kl) and |3i,- (kz)

(45)

choose

vanish. Let us write the non-zero components only:

ﬁyx(kl)zDZ,ﬁzx(kl)Z—Dy,ﬁxy(kz)z—D sz( ) D (47)

Taking into account the formulae (45) - (47), we can

find the determinant:

A(kl) =A + DZXAK,A(kZ) = A3y + DzyAy. (48)

In a similar way we find velocity field of zero ap-
proximation:

1 ei(/’z

UO = EW+CC’ (49)
'(Pl
Vo= ;AZ ABZ +C.C., (50)
"ﬂzD ip
W=t L&D L cc ()
2 A +D 2 A2 +D?,

We note that the angular velocity D, component

disappears from the expression for the velocity field of
zero approximation, which is a consequence of the
properties of an external force.

4. REYNOLDS STRESS AND LARGE SCALE
INSTABILITY

To close the equations (27) we have to calculate the
Reynolds stresses w,u, and w,v, . These terms are easi-

ly calculated with help of formulae (49) - (51). As a
result we obtain:
D
WU, = l—yZ’WOVO — 1% (52)
2|p,+0%)| 2|p, + D7,
Now equations (27) are closed and take form:
D
('9 W AW +§%ﬁ:0,
22|A, + D[ (53)
oW, — AW, — 0 1L=O.
z2|p, +D?,

We calculate the modules and write the equations
(53) in the explicit form:
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0;W, — AW, + 1o O, 7=0,
20 4(1 w ) [D2y+wy(2—wy)} (54)
oW, -aw, -1 D, -0

202 4(1-w,)’ +[D2x +W, (2—WX)]Z

With small W,,W, we obtain the linear zed equa-
tions (54)
0

OW, — AW, — e, —W, =0, (55)

0
OW, — AW+ —W, =0.

2 2
D, (D y_f),a _ D, (D _f)
(4+D%) (4+D%)
The system (55) describes the positive feedback be-
tween the components of velocity. We will look for the
solution of linear system (55) in the following form:

W,,W, ~exp(yT +ikZ). (56)
Substituting (56) in equation (55), we obtain the dis-
persion equation:

—iﬂlaxayk—kz. (57)

The dispersion equation (57) shows the existence at
aa, =0 the large scale instability with maximum

o,
4

1 ~—= Asaresult of the development of insta-
_E axay. p

ay=2

at the

grovvth rate ¥ mex wave vector

bility the large scale helical Beltrami vortices are gener-
ated in the system. When aa, <0, damped oscilla-

tions with a frequency a, = /axayk arise instead of

instability. In fact the behavior of » depends on how is
located the external force F,*,F,’ with respect to the

perpendicular projections of the angular velocity of ro-
tation and the values of components D , D,. If one of

the component D, D, is zero or equal to /2, then the

instability is absent. Instability exists in the following
cases:

1.D, - JZDy - ﬁ;

2.D,,D, ~0,D, <+/2,D, <2;

3.D,<0,D,<0,D% »2,D% 2

4.D,<0,D,<0,D% <2,D% <2

5.D,<0,D, ~0,D% »2,D? <2;0rD? <2,D? >2;

6.D,>0,D,<0,D% »2,D? <2;0rD? <2,D? >2;
In all other cases damped oscillations occur.

5. SATURATION OF INSTABILITY AND
NONLINEAR VORTEX STRUCTURES

It is clear that with increasing of amplitude nonlinear
terms decrease and instability becomes saturated. Con-
sequently stationary nonlinear vortex structures are
formed. To find these structures let us choose for equa-

tions (54) 9 =0 and integrate equations one time over
oT

Z. We obtain the system of equations:
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d D

1
—W, == - +C,,
027 240-w,) +[D% +w (2-w,)]  (58)
iWy:—1 > D, >+C,.
dz 24(1-w,) +|:D2X+WX(2—WX):|
Let's take for this system new variables:
1-w, =u,,1-w, =u,. Then we obtain:
du, 1 D,
2 2 (D% 1) 21 D% e
( y+)+ <_ y)uy+uy (59)
du
1 D, +C,.

dZ  2(p? +1) +2(1-D?,)u?, +u,
The system of equations (59) can be written in Ham-
iltonian form:

du __oH
dz ou,
du, _oH

dz ou,

Where Hamiltonian H has the form:
H= h(DX,uX)+h(Dy,uy),

with function h(D,u):
du (61)

D
h(D,u)=— cu.
(D) ZJ(D2+1)2+2(1—D2)UZ+U4+ ’

Integral in expression (61) is calculated in elemen-
tary functions [17]. Let us choose for simplicity
D,=D,=D=1 In this case, the function (61) is equal

[17]:

(60)

2
h(u)=i Inuz+2—u+2+arctg 2u2 +Cu. (62)
16 | u"-2u+2 2-u

The sum h(u, )+ h(uy) can be write down as one

formula. Then Hamiltonian is equal:
uZ+2u, +2)(u?+2u, +2

H:iln(xZ X )(yz y )+
16 (u’-2u,+2)(u~2u, +2)

2u, (u?, -2)+2u,(u°, - 2)
16 2(u, + uy)2 —utu? —4

It is easy to construct the phase portrait of Fig. 4. for
Hamiltonian (63) and specific values C,= 0.1, C,=0.1.

(63)

+Cu, +C,u,

Fig. 2. Nonlinear spiral wave Beltrami, which corre-
sponds to a closed trajectory in the phase plane

(C,=0.1, C,=0.1). The spiral is oriented along Z-axis
and inclined relative to the axis of rotation
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The phase portrait shows the presence of closed tra-
jectories in the phase plane around elliptic points and
separatrix that connect hyperbolic points. It is obvious
that the closed trajectories correspond to nonlinear peri-
odic solutions. The separatrix correspond to localized
solutions of kink type.

4 3 2 WXEZ) ¢
Fig. 3. Localized solution (kink), which corresponds to
the separatrix in the phase plane (C;=0.1, C,=0.1)

w,

34

X

21
1+
L

©

2

-1 0 1 2 3w,

Fig. 4. Phase plane for Hamiltonian (63) (C;=0.1,
C,= 0.1). We see the presence of closed trajectories
around the elliptic points and separatrix that connect
hyperbolic points. Phase portrait is typical
for Hamiltonian systems

CONCLUSIONS

In this work we found new large scale instability in
rotating fluid. It is supposed that the small scale vortex
external force in rotating coordinates system acts on
fluid which maintains the small velocity field fluctua-
tions (small-scale turbulence with low Reynolds number
R,R «1). For the real applications this Reynolds num-
ber should be calculated with help of the turbulent vis-
cosity. The asymptotic development of motion equa-
tions by small Reynolds number allows obtaining mo-
tion equations for the large scale. These equations are of
the hydrodynamic o- effect type, in which velocity
components W,, W, are connected by the positive feed-
back. This may result in the appearance of the large
scale vortex instability. This instability is responsible
for the formation in rotating fluid with small scale ex-
ternal force of large scale Beltrami vortices. With fur-
ther increase of amplitude the instability stabilizes and
passes to a stationary mode. In this mode the nonlinear
stationary vortex structures are formed. The most inter-
esting structures belong to a variety of vortex kinks.
These kinks connect stationary hyperbolic points of the
dynamical system (58).

Note that in contrast to previous work on the hydro-
dynamic a- effect in rotating fluid, the method enables
us to construct an asymptotic development in a natural
way and to explore non-linear theory of nonlinear sta-
tionary vortex Kinks.

o
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KPYITHOMACIHITABHASI HEYCTOMYHUBOCTD U HEJIMHEMHBIE BUXPEBBIE CTPYKTYPBI
B HAKJIOHHO BPAIIAIOIIENACS J)KHIKOCTHU C MEJIKOMACIHITABHOM BHEIIHEN
HECIIUPAJIBHOM CHJIOM

M.HU. Konn, A.B. Typ, B.B. Anoeckuii

Hatinena HOBast KpyrmHOMacIITaOHAs HEYCTOMYMBOCTD, KOTOPasi BO3HUKAET B HAKJIOHHO BPAMIArOIICHCS KHUIKO-
CTH C MEITKOMACIITa0HOH TypOYICHTHOCTBIO. TypOyIIEHTHOCTh TCHEPUPYETCS MEIKOMACIITAOHOW BHEIITHEH CHIIOH ¢
MaJbIM unciIoM PeitHonbaca. BHemHsAs cuna He uMeeT cnupalibHOCTH. Teopust OCTpOeHa CTPOTUM METOAOM MHO-
roMacImTabHOTO aCHMITOTHYECKOTO pasioxeHus. HennHeHbIe ypaBHEHUS I HEYCTOWYMBOCTH TOIYYCHBI B TPe-
ThEeM TOpsIIKE TeopuH Bo3MmylleHui. [IpoBeneHo geTanbHOE UCCieI0BaHE HETMHEHHOM CTauu HEYyCTOMUYUBOCTH U
HalJIeHbl HEJIMHEIHbIE EpUOUUECKHe BUXPU belbTpaMueBCKOro THIla U BUXPEBbIE KMHKH.

BEJMKOMACIITABHA HECTIAKICTh TA HEJIHIMHI BUXOPOBI CTPYKTYPHU B PIJIUHI,
1O OBEPTAETHCA NI HAXMNJIOM, 3 MAJIOMACIHITABHOIO 30BHIINIHBOIO
HECHIPAJIBHOIO CMJIOIO

M.I. Konn, A.B. Typ, B.B. Anoecvkuii

3HailiIeHO BeJIMKOMAcIITa0Hy HECTIHKICTh, SKa BUHUKA€E B PiJMHI, 110 00€PTAETHCS il HAXHIIOM, y MaJOMacIl-
TabHiil TypOyneHTHOCTI. TypOyJICHTHICTh IeHEPY€EThCS MajoOMAacIITaOHOIO 30BHINIHBOIO CHJIOI 3 MajlUM YHCIOM
PeitHonbca. 30BHINIHA CHIa HE Mae CipaibHOCTI. Teopis noOdynoBaHa 3 BAKOPUCTAHHSIM MOCIIOBHOTO OaraTtoma-
CIITaOHOTO aCHUMIITOTUYHOTO MeToy. HenmiHilHI piBHSHHS U1 HECTIHKOCTI OTPUMAHO B TPETHOMY MOPSIKY Teopil
30ypenb. [IpoBeneHO AeTanbHE JOCTIIKECHHS HETiHIWHOI CcTaluii HECTIHKOCTI Ta 3HAWIECHO HENHIHI MepioauJHi
BUXOpH benbTpaMieBCHKOTO THITY Ta BUXOPOBi KiHKH.
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