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On the basis of analytical solution of the time-dependent Schrddinger equation the excitation of residual current
density (RCD) in a gas ionized by two-color laser pulse is studied. We find general analytical expression for the
RCD for arbitrary values of the Keldysh parameter, which coincides with the semiclassical calculations in the case

of tunneling regime of ionization.
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INTRODUCTION

This work is focused on analytical investigation of
the excitation of quasi-dc residual current density
(RCD) due to gas ionization by ultrashort laser pulses.
At present, this phenomenon is of great interest due to
the possibility of using it to convert efficiently laser
pulses into low-frequency radiation, in particular, into
the radiation of terahertz frequency band [1 - 10].
Various ionization-driven mechanisms for generating
residual currents in the plasma are being considered at
present. When multicycle laser pulses are used, the RCD
can be generated due to gas ionization by two-color laser
pulses [3, 4, 6 - 10] or due to the asymmetry of the
ionized medium [11]. In the case of using few-cycle laser
pulses, free electrons can be accelerated by the electric
field of the ionizing laser pulse itself [1, 2, 4, 12 - 15].

Previous analytical studies of this phenomenon were
based on the so-called semiclassical approach, which
includes the hydrodynamic equation for the plasma
current density, and the adopted model expression for
the tunneling ionization probability per time unit [4, 10,
15]. However, the range of applicability of the
semiclassical approach is limited by the parameters of
laser pulses corresponding to the tunneling regime of
ionization, when the Keldysh parameter [16] (defined
by the ratio of atomic ionization energy and the average
kinetic energy of an electron in a laser field) is much
less than unity [12].

In this work we calculate RCD analytically by
solution of the time-dependent Schrddinger equation
using the strong-field approximation used in the pioneer
work of Keldysh [16]. We assume that the quasi-dc
RCD is generated due to gas ionization by two-color
laser pulse, which contains a strong field at the
fundamental frequency and a low-intensity field at the
doubled frequency. We find the general analytical
expression for the time derivative of the low-frequency
current density and simplify it in the case of the low
Keldysh parameter. In this case we obtain closed-form
formula for the RCD and show that it coincides with the
corresponding formula obtained on the basis of
semiclassical approach.

1. STATEMENT OF THE PROBLEM

We assume that the electric field E(t) of the laser
pulse is polarized linearly along the z axis. In order to
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ensure equality to zero of the integral of E(t), the
electric field is given via the vector potential A(t):

EQ =12 AW =22 a(t)

1)
a(t) = f(t)[sin(a)ot) +Esin(2a)0t +¢)}.

Here, Z is the unit vector along the z axis, E is the
peak amplitude of the main field, « <<1 is the ratio of
the amplitudes of the additional and main fields, wg is
the fundamental (carrier) frequency, ¢ is the phase

shift between the carriers of additional and main fields,
f(t) is the pulse envelope, and c is the speed of light

in vacuum. For the sake of certainty, we will assume
that the envelope has the Gaussian form

f(t)= exp(—2|n2t2/r%). )
Here, 7, is the intensity full-width at half maximum

(FWHM). We neglect the interaction of atoms with each
other assuming that the gas density is sufficiently low.
In addition, we do not take into account the polarization
response of plasma assuming that the maximum density
of plasma is much less than the critical density and

plasma frequency is @, << rgl.

The quantum-mechanical approach for calculation of
the RCD is based on the solution of time-dependent
Schrédinger equation for the electron wave function  :

2
|ha_!//: _h_
ot 2m

Here, 7 is the Planck constant, U (r) is the potential of

the parent ion. For the sake of simplicity, we assume
that the gas consists of hydrogen atoms and U (r) is the

u(r) =—e?/r. The RCD of free

V2 +U(r) —erE},/ . ©)

Coulomb potential,
electrons is written as

eN, .
=—2w 1Bl @)
m —©

where Ng is the undisturbed gas density, p=-inv is

JRCD

the momentum operator, and ¢ is the projection of
the wave function on the continuum states.
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2. ANALYTICAL RESULTS

Since the duration of the laser pulse is sufficiently
large, the density of free electrons increases during
many periods of the electric field. It allows one to
approximate the RCD by the following integral

. © 0§
Jrep = fajdt (5)
where
i eN _
=W p.nd®p (6)

is the average (low-frequency) growth rate of RCD,
which is equal to the time derivative of the low-

frequency current density j. Here, W(p,t) is the

averaged over the field period momentum distribution
of the ionization probability per unit time.

In order to calculate W (p,t) we assume that the
envelope of the pulse is constant, i. e., the vector
potential is

. CE;
At)=-2

[sin(eyt) + (] 2)sinQayt + @)1, (7)
0
where the field amplitude E; = Eqf(t) is the function

of the "slow" time. We wuse the strong-field
approximation used in the Keldysh work [16]. In this
approximation the interaction of free electrons with the
parent ion is neglected. At the same time, it is assumed
that the laser pulse intensity is small enough to neglect
the depletion of the atomic ground state. In this case the
momentum distribution of the ionization probability per
unit time is expressed as the sum of the probabilities of
n-photon processes:

W (p,t) =

27 2 L [ AE
)] 26(——nj. (8)
h () n=n* ha)O

Here, n*:(rp/(hwo)+1> is the minimum possible
number of absorbed photons (the expression (x)
denotes the integer part of the number x),

Ip=lp+Up, 1, IS the atom ionization energy,

U, =Upo(1+a?/4) is ponderomotive energy in the
two-color field, U, =e’Ef/4meg is ponderomotive
energy in the field of field,
AE = p2/2m+l~p is the energy for detachment and

fundamental

acceleration of the electron.

The function L(p) in the formula (7) describes the
envelope of the momentum distribution of the ionization
probability. Taking into account that the photon energy
is much smaller than the ionization energy, i. e.,
Ng = I x/hewy >>1, the function L(p) is written as

1/2 .
e|S(p,tS )h
-9
t

E(ts)

7Th3|3/2
L(p) =20 ——-P
€ {1+ pi/2ml,

Here,

t{(p+eAf /c)2

S(p.t) :(j) L det’. (10)
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is the part of the action of a free electron that is
independent of the coordinates, p, is the module of the

transverse momentum, tg is the stationary points of
S(p,t), and s is the index numbering these points. The
values of tg satisfy the equation
St _ 0.
ot |

S
and have a positive imaginary part and a real part lying

in the interval [0,27/ a, .

The action of the second harmonic field is taken into
account in the phases in Eq. (9) by considering terms
linear with « . Under the condition a << 7,7+ the

stationary points of action are found in the absence of
additional field:

t = a)al arcsin(yqZ +iy 1+qi )

(11)

(12)
to =7l —(tl)*.
Here, where q, is the projection of dimensionless

momentum q:p/‘/2mlp on the z axis, q; is the
module of the transverse dimensionless momentum,

7 =2l p/U po is the adiabacity parameter of Keldysh.

Following the work [16] we assume that the main
contribution in W (p,t) is given by the small values of
final electron momentum, q2 << 1. It makes possible to

neglect the momentum dependence of the pulse in the
pre-exponential factors and use a Taylor series
expansion of g up to the quadratic terms in the

exponential factor:

_ 21, 47%h 42
W (p) ~ [ — “E=—L—exp(2ngb(a))
m° @ y°+1 (13)
X AE
x [cosh(2na(@))+£(a.7)] 3 5(——n}
n:n* ha)o
Here,
2
i zarese )
@) =29 (g, —aysing)+ 3L
= z —aysing 14
7/2 +1 2y a4
2 1
-la 1+ — arcshy.
2y

The term £(q,y) in Eq. (13) is associated with the

intercycle interference of two electron trajectories
originating from electron ionization from neighboring
half-cycles. It is a rapidly oscillating function of the
momentum for arbitrary values of y. Therefore, when

calculating the integral characteristics such as average
ionization probability and current density the term ¢
can be neglected. The rest of the function W (p) is a
product of the smooth envelope and the sum of delta
functions corresponding the spheres defined by the
energy conservation law. The maximum of the smooth
envelope is located at the some optimal momentum:
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Popt =2 :
2(1— V1+ 7% arcsh 7)

It can be seen that for o =0 the optimal momentum
is Popt =0 and the function W (p) is symmetric in the

(15)

longitudinal momentum. Therefore, in the absence of the
second harmonic the average photoelectron momentum is
zero. The addition of a small field at the doubled
frequency breaks the symmetry of the momentum
distribution of the ionization probability. It leads to the
excitation of nonzero residual current density.

Substituting the expression (13) in Eq. (6) we obtain
an expression for the derivative of the low-frequency
current density

2 \/72+1} . (18)

p
xexp| ———| arcshy —
P Tw)o[ 4 72y2+1

+ o0
x 3 exp(—2n0qr2, arcsh;/)Pn.
n=n*
Here, g, = (n/ng —(1+1/2;/2))1/2 is the dimensionless
momentum of the electron that absorbed n photons and

Un
Ph= | cosh(Znancos(p(2/3+ q2 —qf))
—0n
(7)

xexp 2ngy (qz

ﬁ z—OCJ/Sin(/JQz)quQz-
ye+1

The expression obtained is rather complicated.
However, it can be significantly simplified in the limits
of high and small Keldysh parameter . In this work

we simplify the obtained expression for y <<1, which
corresponds to the tunneling regime of ionization. In

this case, the derivative of the low-frequency current
density is represented as a product of the average

ionization probability per unit time W :IVV(p,t)d?’p,

and the most most probable electron velocity
Vopt = Popt/M:
% = eNgVop W, (18)
where
__3eak¢
Vopt —ZE ma sing. (19)
Average ionization probability per unit time is

calculated by the method similar to that is used to
calculate the oj/ét,

1/2
3z Ip(E¢ 2E,
o2 1B ) P T EE,
: (20)

E.a
cosg |,
3E;
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where Qg =1. Note, that the strong-field approximation

neglects the interaction of the free electron with its
parent ion. The account of this interaction leads to the
addition of the correction factor

Qo = (16/2Y4 7)(E, /1 E¢) [16, 17].
In the case of a<<E;/E; the expression (18)

exactly coincides with the analogous formula obtained
by semiclassical approach [18]. Using Egs. (18) and
(20) it is easy to find an analytical expression for the
RCD. To do this, we use the method used previously in
[10, 15, 18]. In this method, the time dependence of the
average ionization probability is approximated by a
Gaussian  function with a characteristic ~scale

T = 2[f(0) Eov_v'(Eo)/W(Eo)]‘ll2 . As a result, the RCD
is
. 3 . .
Jrep ® 5 a%losc SIN G, (21)
where o = (W2)W(Ey)zr; is the final degree of
ionization and jgec :eZNgEO/ma)O is the maximum

oscillatory current density in the field of fundamental
harmonic.

CONCLUSIONS

The excitation of residual current density due to gas
ionization by ultrashort laser pulses was studied on the
basis of the strong-field approximation for the solution
of the time-dependent Schrédinger equation. It is
assumed that the laser pulse contains the main field at
the fundamental frequency and the additional field at the
doubled frequency. We have found the general
analytical expression for the time derivative of the low-
frequency current density, which is significantly
simplified in the case of Keldysh parameter y<<1

corresponding to tunneling regime of ionization. In this
case the photocurrent is determined by the product of
the average ionization probability per unit time and the
most probable velocity of the electron (corresponding to
the maximum of the velocity distribution function), in
good agreement with the results given by the
semiclassical approach. When the condition y <<1 is

not satisfied, such factorization is impossible and the
dependence of the residual current density on the laser
pulse parameters may differ significantly from the
results obtained by the semiclassical approach.
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NPUBJWKEHUE CUJIBHOI'O MOJIS IS AHAJTUTUUYECKOI'O PACUETA OCTATOYHOM
IIVIOTHOCTHU TOKA, BO3BYKJAEMOI'O ITPU1 HOHU3AIIMU I'A3A THTEHCUBHBIM
BUXPOMATHUYECKHUM JIABEPHBIM UMITYJIBCOM

A.A. Pomanos, A.A. Cunaes, H.B. Beéeoenckuii

Ha ocHOBe aHanmuTH4YeCKOro pemieHus] HecTanuoHapHOTo ypaBHeHus llpénunrepa mccnemyercst Bo3OyxaeHNE
OCTaTOYHOM IUIOTHOCTH TOKa B ra3e, MOHW3UPYEMOM HHTEHCHBHBIM OMXPOMAaTHYECKHM JIa3€PHBIM HMITYIbCOM.
Haiineno obuiee aHaIMTHYECKOE BBIPaKEHNUE OCTATOYHON IIOTHOCTH TOKA JUTSI IPOU3BOJIBHBIX 3HAYCHUI TapameT-
pa Kennplmma, KOTOpoe cOBNafaeT ¢ pe3ysibTaTaM1 HOIYKJIACCHYECKUX PAcUeTOB NP TyHHEILHOM PEKMME HOHH3a-
IAH.

HABJWXEHHA CUJIBHOI'O NOJIA JIJIA AHAJITUYHOI'O PO3PAXYHKY 3AJIMIIIKOBOI
T'YCTUHHU CTPYMY, 3BYJIKYBAHOI'O ITPU IOHI3AIIIL TA3Y IHTEHCUBHUM
BIXPOMATHUYHUM JIASEPHUM IMITYJIbCOM

A.A. Pomanos, A.A. Cunaces, H.B. Beeoencokuii
Ha ocHOBI aHaniTHYHOTO PO3B’sA3KY HecTauioHapHoro piBHAHHS Ilpenunrepa nocmimKyeTbest 30yIKeHHS 3aiu-
IIKOBOi TYCTHHH CTPYMY B rasi, IO iOHI30BaHUH IHTEHCHBHUM OiXpOMAaTHYHHMM JIa3€pPHUM IMITyJIbCOM. 3HAMIEHO
3arajbHUIl aHAJIITHYHUI BHPA3 3aJIMIIKOBOI I'YCTHHM CTPYMY JUIs JOBUIbHHMX 3Ha4deHb napaMeTpy Kenawiua, sxuii
crmiBHazgae 3 pe3yabTaTaMH HAIBKIIACHYHUX PO3PaXyHKIB IPH TYHEIHHOMY PEXKHMI 10Hi3aIlii.
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