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It was shown that in general case explosive instability dynamics should be described as four wave interaction.
The main difference from three wave interaction is that this dynamics may not contain explosive instability. Besides
it may by irregular. If the characteristics of one of the wave is closed to one of the interacting wave and they are
connected linearly then explosive instability may be suppressed.

PACS: 52.35.Mw

INTRODUCTION

Conception of wave with negative energy was found
enough successful. Introduction of such waves essen-
tially simplified understanding of many processes taking
place in moving and inverted matters. Existence of these
waves allows to consider in another way on such proc-
esses as beam instabilities [1], in particular plasma-
beam instabilities, superradiation (see, for example, [2]).
Essential interest is when decay takes place of negative
energy wave into ones with positive energy. This proc-
ess may occur as explosive instability (see, for example,
[3, 4]). The theoretical studying of explosive instability
processes in many cases is limited by three wave inter-
action. In this case it is supposed that other waves are
far from synchronism conditions with waves taking part
in decay processes. But really in many cases besides
negative energy waves the waves with positive energy
with closed characteristic may exist. Such waves may
influence on the dynamics synchronously interacting
waves.

The goal of this work is to investigate positive en-
ergy wave influence which is enough closed to negative
energy wave on its characteristic (frequency, wave vec-
tor) on explosive instability process. It will be shown
that existence of such waves may essentially change
dynamics of explosive instability. The time of it arising
may increase. It may be possible that it will not realize.
The dynamics of such four wave interaction may be
chaotic.

Arising of the explosive instability may be useful
process, for example, to excite oscillations. Besides, this
process may be undesirable, for example, to transport
flow of charged particles across plasma. In this case this
process is needed to remove. Latter we will show that
using whirligig principle [5], it is possible to suppress
arising of explosive instability.

In the section 1 the problem definition and basis
equations that describe the linear and nonlinear interac-
tion of five waves have been formulated. This set of
equations is transformed in particular cases in famous
ones that describe the processes of ordinary decay, ex-
plosive instability and process of linear energy ex-
change between waves. In the section 2 the some ana-
lytical results of investigation of obtained set are pre-
sented. The numerical results are presented in section 3.
In the section 4 the conditions of explosive instability
suppression by means external electromagnetic wave
that characteristics (frequency and wave vector) are
closed to characteristics of one wave that takes part in
nonlinear wave interaction are formulated.
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1. PROBLEM DEFINITION
AND BASIC EQUATIONS

Explosive instability may be realized in the physical
systems of different types. The equations for complex
slowly varying amplitudes are similar in these cases.
We suppose that in the investigated system (this may be
electrodynamics system filled with plasma) there are
two closed waves one of them has negative energy. It is
supposed that wave frequencies of the interacted waves
obey such relations

Q,,=Q oo, 1)
where Q;; ;, — nearly located natural frequencies of the
investigated system (€2, [J 0w ) such that wave 11 has

positive energy and wave 12 has negative energy. Both
waves have identical wave number k;. Besides we sup-
pose that in this system there are two natural waves that
frequencies are less than Q;; ;,. We will consider inter-
action the first pair of wave (11 and 12) with mode 2
and 3 that is realized in the next way:

1>2+3,

Q,=0,+Q,, 2)

k =k, +k,,
where 2,3 — frequencies of third and fourth waves (the
natural waves of system) taking part in the interaction,
ky; — their wave numbers. Such nonlinear interaction
usually causes excitation of the explosive instability. If
in the expression (2) index 12 to replace on 11 this way
will be correspond to decay process. Diagram of inter-
acting waves is presented in the Fig. 1. We will consider
case when the frequencies satisfy for following inequal-
ity:

Q,<0,+Q,£Q,,. 3)

Besides, we will suppose that there is one wave also
(with index 4) that has the frequency and wave vector
closed to one wave taking part in nonlinear interaction.
These waves are connected linearly. As it will be seen
latter existence of this wave allows to suppress explo-
sive instability arising.

The set of shortened equations for dimensionless
complex slowly varying amplitudes of all interaction
waves was obtained in the ordinary way from the Max-
well equations and hydrodynamics ones and look like:

dE,,

D —UE,E, exp(i(A+Sw)T),
T

dE
2 = uE,E, exp(i(A-dw)r),
T
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%z[E” exp(—i(A+Sw)r)+
+E,, exp(~i(A—dw)r) | E;,
C;E3 = [EH exp (—i(A+Sw)r)+ “4)
T
+E,, exp(—i(A—ow)7) | E;,
dE, _ Mg
d 27

where Ey,, Ep, E», Es, E4 (E—eE/(mcw) m — electron
mass, ¢ — light velocity) dimensionless complex slowly
varying amplitudes of the interacting waves, 4 — dimen-
sionless coefficient. Dimensionless time t is measured
in the period of Q| frequency. Further the dimensionless
frequencies are used. w, =0Q,/Q;, w3 = Qy/ Q), A —
characterizes synchronism conditions of waves 2 and 3
with modes 11 and 12 which are defined by correlation
o, +o, =1-A. %)

Fig. 1. Diagram of the wave interaction with positive
(11) and negative (12) energy with any other waves
of the physical system (2 and 3)

When there is synchronism second and third wave
with 12 mode the condition A = dw is satisfied. If there
is synchronism with wave 11 then A = - dw. E; — com-
plex amplitude of wave that may be linearly connected
with one of modes taking part in nonlinear interaction.
In this case this wave interacts with wave 12. As it will
be shown latter the role of this wave is such as if it in-
teracts with any other wave that taking part in nonlinear
interaction. p, — coefficient of linear connection.

2. RESULTS OF ANALYTICAL
INVESTIGATION

First of all we will consider case when wave 4 is ab-
sent (g4 =0). In this case some important results may
be obtained analytically from set of equation (4). First
of all it has following integral:

|E2|2 —|E3|2 = const . (6)

There is analogous integral in the set of equations
describing three wave explosive process. It is following
from this condition that amplitudes of the second and
third waves may infinitely increase but their difference
is constant. Thus taking in account of fast wave 11 does
not cause breakdown of explosive instability.

When condition A = dw = 0 is satisfied there is also
integral in the set (4)

E\+E, =G, (7
and for slowly varying complex amplitudes of waves 2
and 3 it is obtained following expressions:
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E, =C, exp(|C0|r)+ C, exp(—|C0| z'),
E. =C, exp(|C0|r)+ C, exp(—|C0|2').

It is following from expressions (8) that modes 2 and
3 exponentially growth when A = dw = 0. It may obtain
analogous expressions for amplitudes of waves 11 and
12. The difference is that coefficient in exponent is
equal 2|Cy|. In general case the condition A =dw =0
does not satisfy. But it is approximately correct in the
time intervals 7 << [/dw, that may be large for small
values of detuning dw. In this case the integral (7) and
correlations (8) are satisfied approximately. This growth
is pure nonlinear and is not connected with linear insta-
bilities that may exist in the investigated system. This is
confirmed by numerical results.

The limiting cases may be obtained from set (4), i.e.
decay instability of fast wave 11 and explosive instabil-
ity of slow wave 12. We will consider only cases when
waves 2 and 3 are in synchronism with either fast mode
11 or slow mode 12 (see correlations (3) and (5) and
comment after (5)). In each of these cases there are ex-
ponential oscillating multipliers and terms in the equa-
tions (4). Averaging on the time intervals 7 1/(20w)

®)

these terms will be equal to zero.

Thus if there is synchronism waves 2 and 3 with
slow mode 12 (A = dw) the oscillating term is in the
right part of the equation for fast wave amplitude (£1;)
and first addends in the equations for waves 2 and 3.
After averaging the set (4) is transformed in the one
describing explosive instability. If there is synchronism
waves 2 and 3 with fast mode 11 (A = — dw) oscillating
addend will be contained in the right part equation for
slow wave (E»). The second addends in the equations
for 2 and 3 modes will be oscillating. After averaging
we will obtain set of equations describing decay process
of fast mode 11.

3. RESULTS OF NUMERICAL
INVESTIGATION

The main goal of numerical investigation was defini-
tion of features of four wave interaction dynamics when
there is synchronism of natural waves 2 and 3 as with
slow wave 12 as with fast one 11. As it was noted above
in the first case the condition A = dw is satisfied and in
the second case A = — dw is satisfied. For following
values dw = 1.0-10°, 0.001, 0.01, 0.1, 0.2; u = 1 the
numerical calculation was performed for each of these
cases. The following initial conditions were selected
EllO = E120 :0.1, E20 :0003, E3() = 0.001. Here the dlglt
0 in index points on amplitude initial value of corre-
sponding wave. Practically in all cases initial values of
mode 11 and 12 were selected more larger than ones of
wave 2 and 3. It is convenient graphically to present
numerical investigations results in logarithm scale.
Temporal dependence of logarithm of amplitude module
of wave 12 is presented on Fig. 2 for case when waves 2
and 3 is synchronized with them and A = dw = 1.0-10°.

As it is seen from this figure depending from initial
conditions there is moment when in the wave dynamics
appears exponential growth that is corresponding with
analytical conclusion presented in section 2. Later this
growth is changed by explosive growth of amplitude.
The dynamics of others modes is similar that is pre-
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sented on Fig. 2. Qualitatively similar dynamics is ob-
served for other values of dw at synchronism wave 2
and 3 with slow wave 12. When dw increase time corre-
sponding explosive growth at the beginning decreases
after slightly increase and stop on value 7 ~48.

£

Fig. 2. Dynamic of modules of amplitude wave 12.
A=6w=1010°% u =10, E;;y=E;;=0.1,
Ego :0003, E3() =0.001

Explosive instability arises at synchronism natural
modes 2 and 3 with fast wave 11 for values
dow = 1.0-10%, 0.001, 0.01, 0.1 too. Besides visually the
process is seen identical that is observed for same values of
Jw for synchronism with slow wave 12. The picture quali-
tatively is changed for dw = 0.2 and presented in Fig. 3.

na
wir

Fig. 3. Dynamics of wave 12 with negative energy at
A =—9dw, 0w = 0.2. Red curve corresponds to real part
of amplitude, green corresponds to imaginary part
of one and blue corresponds to module

The exponential growth does not observe here. This is
conditioned that it duration is T ~1/ dw ~ 10 time units.
Explosive instability is observed more latter than at syn-
chronism with explosive mode 12. On the time interval
from beginning to explosive instability process is oscillat-
ing and irregular. There is energy exchange between
waves that is typical for interaction fast wave 11 having
positive energy with 2 and 3 waves. Irregularity of proc-
ess is confirmed by spectrum and autocorrelation analy-
sis. Spectrum and autocorrelation function for slowly
varying complex amplitude of wave 2 are presented in
Figs. 4 and 5. As it is seen from this figures spectrum is
enough wide and autocorrelation function decreasing.

Time of explosive instability beginning in this case
is very sensitive to initial conditions. The initial ampli-
tude of fast wave 11 in the process presented in Fig. 3
was equal 0.1 of dimensionless units. If this value was
0.099 time of explosive instability beginning increased
to 700 time units. Oneself process in this case qualita-
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tively is similar that is presented in Fig. 3. Spectrum and
autocorrelation function are similar that presented in
Figs. 4 and 5. This point out that there is parameters and
initial conditions region where four wave interaction
dynamics will be unstable.

=]
T
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Fig. 4. Spectrum of real part of wave 2 (Re(E;))
amplitude for realization presented on Fig. 3
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Fig. 5. Autocorrelation function of the real part of wave
2 (Re(E,)) amplitude for realization presented on Fig. 3

Numerical simulation was performed for case when
wave 2 and 3 are in synchronism with negative energy
wave 12 which initial value is equal zero. Numerical
simulation was carried out for dw = 1.0-10%, 0.001,
0.01, 0.1. In the first three cases explosive instability
arose. At the beginning on the exponential growth stage
amplitudes of wave 12 with negative energy and modes
2 and 3 are increasing. Latter the wave 11 having large
initial value is included in the growth process. Latter
exponential growth transfers into explosive instability.
When detuning Jdw increasest to value 0.1 interaction
between waves at selected initial conditions is stopped
and explosive instability in this case does not excite.
Amplitudes of all waves in this case weakly oscillate.
When initial value of wave 12 with negative energy is
equal zero and dw <0.1, at the beginning energy from
wave with positive energy 11 transfers to other modes
of system. Latter when contribution of wave with nega-
tive energy is essential the explosive instability is ex-
cited. From set (4) it follows that at selected initial con-
ditions the right parts of equations are quadraticly small
and time of exponential growth is not enough for essen-
tial increasing of amplitudes of interacting waves.

The dispurtion of explosive instability at increasing
of dw does not occur discontinuously. When dw come
up to 0.1 on the left, time interval from the process be-
ginning to arising explosive instability increases to infi-
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nite. The initial value of slow wave 12 was increased to
0.0451. In the range from 0.0 to 0.0451 wave interaction
was absent. It appear when initial values was
E120=0.045155 and is completed by explosive instability.
The role of approximate integral (7) that is correct in
the beginning stage of process before influence of expo-
nential multipliers was noted above. May be occur that
modules of initial values of complex amplitudes of
wave 11 and 12 are equals and phases will different on
7. In this case initial exponential growth is absent. To
define influence of initial phases of complex amplitudes
of wave 11 and 12 on investigated four wave interaction
the following parameters were selected: A =dew = 1.0-10°,
,u=1.0, ‘E110|:|E120| :0.1, |E20|:0.003, |E3()| = 0.001.
Waves 2 and 3 are synchronized with negative energy
wave 12. The initial phase of complex amplitude of fast
wave 11 changes in range from 0 to 7. The initial phases
of complex amplitudes of other waves were zero. Nu-
merical results are presented in Table 1. In the first and
third rows the initial phases are presented. In the second
and fourth rows the time of explosive instability begin-
ning is presented. When ¢, = 7 excitation time of ex-
plosive instability is 6700 time units.
Table 1
Excitation time of explosive instability versus initial
phase of complex amplitude of fast wave 11

o 0 0ln | 021 | 03w | 0.4n
texpl | 60.6 | 61.3 | 634 | 67.2 | 733
Do 05t | 0.6 | 0.7¢ | 0.7¢ | 09%
texpl | 82.5 | 97.1 121 170 305

In the Table 2 the numerical results for two cases of
synchronism are presented. Here the initial phase of fast
wave 11 is equal © and detuning dw is changed. The
following parameters were used 4 = 1.0, |E}1o| = |E120]
=0.1, [Ex| =0.003, |E3o| = 0.001, 919 = 7, 920 = 930 =0,
®20, @30 Initial phases of 2 and 3 waves correspondingly.

Table 2
Excitation time of explosive instability versus detunin 6w
ow 0.000001 | 0.001 | 0.01 | 0.1 | 0.2
1 expl, A=0® 6700 260 87 | 47 | 47
1 expl, A=-0w 6700 260 87 61 62
alr
E

alfF

-al |

a2l
Fig. 6. Dynamics of process described by equations (4)
(wave 2) for following parameters: A =— dw=0.2,
U= ]0, |E110| = ‘E]20| :0.], |E2()| :0003, |E30‘ = 0001,
0110 =7, Q29 = @39 =0.0. Red curve corresponds to real
part of complex amplitude, green — to imaginary
and blue — to module
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As it seen from this table excitation time of explo-
sive instability is same for two synchronization variants
in the detuning range from 0 to ~0.01. The slowly
changing amplitudes dynamics of all waves for these
two synchronization variants is practically identical.
Modules of amplitudes monotonously growth. Latter for
more values of detuning differences appear. Modules
become oscillating. Essentially this is seen for detuning
ow = 0.2, that is shown on the Fig. 6.

4. SUPPRESSION OF EXPLOSIVE
INSTABILITY

4.1. GENERAL CONDITIONS

In this section we will show that existence of addi-
tional wave that is linearly connected with one of the
nonlinearly interacting modes may cause suppression as
decay instability as explosive one. To prove this fact we
rewrite the set of equations (4) more simply:

dE,, H
—==uE E.+—+FE,,
dr HE2Es 2i ¢
dE .
_2:,UE12E3’
dr 9)
dE «
d; =E,E,,
dE, _ M
dr 2i "%

In this set we retained only that waves that is in the
exact synchronism one with each other. Besides we
suppose that negative energy wave decay takes place.
Let notice that if we change the sign before first item in
the right part of the first equation in (9) then such sys-
tem at z4 = 0 will describe decay instability.

Below we will show that addition of the fourth wave
(E4) can suppress both decay processes, and process of
explosive instability. It is necessary to notice that in set
(9) we have considered connection only a first wave with
a stabilization wave (fourth). The same results turn out
and when any other wave (the first or the second waves)
will be involved in process of stabilization interaction.
We assume, according to the general ideology that decay
instability will be suppressed as soon as there will be
fulfilled condition g, /2> | yE12(0)| . The left part of this

inequality is frequency of exchange energy between the
stabilization wave and one of the waves participating in
three-wave interaction. The right part is increment of
decay instability. We will analyze system (9) by numeri-
cal methods. For this purpose it is convenient to enter
following parameters and new real variables:

E, =x,+ix,,

E, =x, +ix;,

E, =x, +ix,,

>

E, =x,+ix,,
e=p, /24,
T, = ut.
The usual decay process is observed if the stabilizing
wave is absent (¢= 0). The stabilization process of decay

instability was observed in all cases when we introduce
in dynamics the wave E, (stabilization wave) and when

the condition x, /2> | ,uE]Z(O)| was fulfilled.
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4.2. STABILIZATION OF EXPLOSIVE
INSTABILITY

It is interesting to notice that stabilization can be re-
alize and for explosive instability. Really, in Figs. 7-9
the dynamics of wave amplitudes is presented
(x0(0) =0.1, x(0)=0.001, x5(0)=0.01,) at explosive
instability in absence stabilization wave (see Fig. 7), and
also dynamics of these amplitudes in the presence of a
stabilization wave (Figs. 8, 9). It is seen from these fig-
ures that already at values of parameter £=0.09 full
stabilization of explosive mnstability have been ob-
served. Only the basic wave (E},) and the stabilization
wave (E4) have periodic dynamics. Other waves practi-
cally don’t change. However already at £=0.08 the
explosion appears. However time of its occurrence be-
came significantly large (more 400).

10 T T T
7.5
Xo 5
2.5
0 | | |
0 20 40 60
Ty
Fig. 7. Explosive instability at € =0
0.2 T T T T
0.1
Yo 0
=01
—02 ! ! \ \
0 100 200 300 400 500
Tﬂ
Fig. 8. Suppression of explosive at & =0.09
02 T T T T
01 u
X7 of
-0.1
_02 | | | |
0 200 400 600 800  1x10°
Tn

Fig. 9. Suppression of explosive at £=0.09

CONCLUSIONS

Thus considering usual process of nonlinear three
wave interaction it is necessary to draw attention to pos-
sible additional wave that characteristics may be closed
to ones of the wave taking parts in the nonlinear interac-
tion. Taking in account of this wave may essentially
change usual dynamics of wave interaction. It may say
that in the common case nonlinear wave interaction, for
example, in beam systems must consider as four wave
process.

The obtained above results show also that using
whirligig principles allows lightly to suppress processes
of nonlinear instabilities. This simplicity of suppression
is lightly explained that fact that characteristic times of
nonlinear instabilities are more larger as rule than char-
acteristic times of linear process. Really, in our case
character times of arising of nonlinear instabilities are
inversely proportional to initial amplitudes of decaying
wave. This value practically in all real cases is more less
than coefficient of linear connection between waves. In
this case to suppress instabilities it is lightly to realize
conditions when time of energy exchange between
waves conditioned by linear connection is more less
than time of arising of nonlinear instabilities. As it
known [5] this is main criterion of stabilization mecha-
nism at using whirligig principle.
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JIMHAMHUKA B3PBIBHOI HEYCTOMYHUBOCTH
B.A. byy, U.K. Kosanvuyk
[MTokazaHo, 4TO, B 00IIEM CiIydae, JMHAMHMKA B3PBIBHOH HEYCTOWYHMBOCTH JIOJDKHA OTHCHIBATHCS B PaMKax YeThI-
PEXBOJHOBOTO B3aMMOEHCTBUS. B oTiM4Me OT TPEXBOJIHOBOTO B3aMMOJICHCTBHS 3Ta IMHAMHUKA MOXKET HE COZEp-
JKaTh B3PHIBHOTO HAPACTaHUS aMIUIATYH B3aMMOJEHCTBYIOIIMX BOJIH. bomee Toro, oHa MokeT OBITh HEPETYISIPHOM.
Ecnu onHa n3 yeTsIpex BOJH OJM3Ka MO0 CBOMM XapaKTEPUCTHKAM K OJHOHM M3 B3aMMO/ICHCTBYIONINX BOJH 1 CBSI3aHa
C Hell INHEHHOH CBA3BIO, TO B3PBIBHAS HEYCTONUMBOCTE MOYKET OBITH MTOJaBIICHA.

JTAHAMIKA BUBYXOBOI HECTIHKOCTI
B.O. byu, LK. Kosanvuyx
[MokazaHo, 10, B 3arajibHOMY BHIIQJIKY, AMHAMIKa BUOYXOBOT HECTIIKOCTI MOBUHHA OMUCYBATUCS B MEXaX YOTH-
pbOX XBHIIEBOI B3aemoii. Ha BimMiHy BiJ TPUXBHIBOBOI B3aEMOJIIT Lisl IMHAMIKA MOXKE HE MICTHTH BUOYXOBOTO 3pO-
CTaHHS aMIUTITY]] XBHJIb, III0 B3aEMOJIIFOTh. BUIBII TOT0, BOHA MOX€E OyTH HEpEryJIApHOIO. SIKIIO OJIHA 3 XBHIIb OJTU-
3bKa 0 CBOIM XapaKTepUCTHUKaM J0 OIHI€l 3 THX, IO B3aEMOJIIOTh, Ta 3B’s13aHa 3 HEIO JIiHIIHO, TO BUOYXOBa He-

CTIHKICTh MOXe OyTH IO/IaBJICHA.
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