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AHATUTHYECKUH pacyeT MeKIMOBEPXHOCTHBIX HANPSKEHUH B MOBPekK-
AEHHBIX ’KeJ1e300eTOHHBIX 0ajKkaX, apMHMPOBAHHBIX KOMIIO3UTHBIMHU
IIACTHHAMM

T. Xaccaiin Jayamxu

VYuusepcurer uMm. M6n Xanngyna, Tuaper, Amkup

Ilpeonooicen ananumuueckuii Memoo OYeHKU MeXHCNOBEPXHOCMHBIX HANPSICEHUL 6 CNOAX NOBPEiC-
OCHHBIX HCene300eMOHHbIX OANOK, YKPENIeHHbIX HAPYHCHOIMU KOMNOSUMHBIMU NAACIMUHAMU U3 apMU-
POBANH020 B00OKHAMU yeneniacmuka. TIpednodcena mooensb, KOmopas, 8 Omauyue on cywecmeyiouux
Ppeluenutl, yuumléaem Hauudue MexdcCno8epXHOCMHbIX KACAMeNbHbIX Oeopmayuii nymem nOCHYIU-
DOBAHUSL TUHEIIHO20 pachpedeNeHus KACAMENbHbIX HANPAXCEHUL NO 2IyOuHe Jwcene300emonHol 0aKu.
Paspabomana anuzomponnas moodeiv paspyuienus, ONUCbIBAIOWAs NPOYECC NOBPEHCOCHUS JiCene30-
OemonHol banku. YcmanoeneHo, 4mo nospexicoeHue CyuecmeenHo Iusem Ha 6eludury Melcnogepx-
HOCHIHBIX HANPANCEHUT] 8 NOBPEHCOCHHBIX HCeNIe300eMOHHbIX OIKAX, APMUPOBAHHBIX KOMNOIUNHBLMU
HAACMUHAMU.

Knrouesvie cnosa: TMMOBPCKIACHHAA OeToHHas 6an1<a, MECXKITOBCPXHOCTHBIC HaAIIps-
JKCHUSA, YOPOUYHCHUC, KOMIIO3UTHBIC IINIACTHUHBI.

Introduction. Advanced composite materials, e.g., fiber-reinforced polymers
(FRP), have found their new applications in the rehabilitation of reinforced
concrete structure [1, 2]. Compared with the traditional materials, composite
materials have some unique features, i.e., high strength and stiffness to weight
ratio, attractive corrosion resistance and ease of handling and application [3, 4].
Among these materials, carbon fiber-reinforced polymers (CFRP) are extensively
used because of their unparalleled characteristics [5, 6]. The transferring of stresses
from concrete to the FRP reinforcement is central to the reinforcement effect of
FRP-strengthened concrete structures. This is because the stresses are susceptible
to cause the undesirable premature and brittle failure, such as debonding of the
soffit plate from the RC beam. This debonding failure mode is brittle and prevents
the full utilization of the tensile strength of the bonded plate. It is therefore
important to understand the mechanism of this debonding failure mode and
develop sound design rules. This brittle mode of failure is a result of the high shear
and vertical normal (peeling) stress concentrations arising at the edges of the
bonded FRP strip. Hence, this limited area in the close vicinity of the bonded strip
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edge, subjected to high peeling and interfacial shear stresses, proves to be among
the most critical parts of the strengthened beam. Consequently, the determination
of interfacial stresses has been researched for the last decade for beams bonded
with either steel or advanced composite materials [7, 8]. In particular, several
closed-form analytical solutions have been developed [9, 10]. All these solutions
are for linear elastic materials and employ the same key assumption that the
adhesive is subject to normal and shear stresses that are constant across the
thickness of the adhesive layer. It is this key assumption that enables relatively
simple closed-form solutions to be obtained. In the existing solutions, two different
approaches have been employed. Roberts [11] and Roberts and Haji-Kazemi [12]
used a staged analysis approach, while Vilnay [9], Taljsten [13], Malek et al. [14],
and Smith and Teng [10] considered directly deformation compatibility conditions.

Rabinovich and Frostig [15] have presented a higher-order approximate
interfacial stress. A disadvantage, of this solution is that, unlike the other solutions,
explicit expressions are not available for the interfacial stresses, so results are not
easily obtainable, which makes it difficult to be exploited in developing a design
rule. Shen et al. [16] presented a higher-order in which explicit expressions have
been obtained, but these are much more complex than the expressions from other
analyses.

Most of the research efforts have focused on strengthening of undamaged RC
beams with externally bonded sheets, whereas the interfacial stresses in damaged
RC beams strengthened by externally bonded FRP strips have not been fully
studied yet.

The main objective of the present study is to analyze the interfacial stresses in
damaged RC beams strengthened with FRP plate. The simple approximate closed-
form solutions discussed in this paper provide a useful but simple tool for
understanding the interfacial behavior of an externally bonded FRP plate on the
damaged concrete beam with the consideration of the effect of the fiber orientations.

1. Theoretical Analysis and Solutions Procedure.

1.1. Material Properties of Damaged Plates. Voyiadjis and Kattan [17]
proposed an anisotropic damaged model, in which the elastic energy configuration
of deformed and damaged state is equivalent to the elastic energy configuration of
deformed but undamaged state. Based on this assumption, the relations of elastic
constants of damaged state and undamaged state can be expressed as

~ 2 ~ 2
Ey=Ej(l—¢11)", Epn=Exp(l-—9¢»)7, (1)

where E 11> E 5, and £, E,, are the elastic constants of damaged and undamaged

state, respectively, and ¢,; and ¢,, are damaged variables. Hence, the material
properties of the damaged plate can be represented by replacing the above elastic
constants with the effective ones defined in Eq. (1). A convenient way to determine
¢, and ¢ ,, is to utilize the damage law postulated by Yu et al. [18] for concrete.
It is given as

Ne
1
¢22=2NC+1[:;] L bu=Hpyn (> @

ISSN 0556-171X. Ilpooaemor npounocmu, 2013, Ne 5 105



T. Hassaine Daouadji

and

AEc —ES)

where E ? is the tangential elastic modulus when the stress reaches its peak, E- is

Ne¢ (3)

the initial elastic modulus, 83«- is the failure strain, and €, is the current state of

strain. Value of H is a constant determined by experiments, for example, when
Ec =49.49 GPa, N¢ =3.65, H=3,and v = 0.2, then ¢,, =0.12048(¢, /¢)*®.

1.2. Mathematical Formulation of the Present Method. A differential section
dx, can be cut out from the FRP reinforced concrete beam (Fig. 1), as shown in
Fig. 2. The composite beam is made from three materials: concrete (or reinforced
concrete), adhesive layer and FRP reinforcement. In the present analysis, linear
elastic behavior is regarded to be for all the materials; the adhesive is assumed to
play a role only in transferring the stresses from the concrete to the FRP
reinforcement, and the stresses in the adhesive layer do not vary through the
direction of the thickness.
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Fig. 1. Simply supported beam strengthened with bonded FRP plate.

1.2.1. Basic Equation of Elasticity. The strain €;(x) in the concrete beam
near adhesive interface can be expressed as

duy(x) _eM;(x) Ny(x)
dc — EJd,  E4, “)

e1(x)=

The laminate theory is used to estimate the strain &,(x) in the external FRP
reinforcement near adhesive interface. Furthermore, it is assumed that the ply
arrangement of the plate is symmetrical

duy . b N, (x)

32()6):?—_ 112b2M2(X)+Ai1 b, (5)

where u;(x) and wu,(x) are horizontal displacements of the concrete and the
external FRP reinforcement near interface, respectively, M (x) and M,(x) are
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bending moments applied in the concrete and the external FRP reinforcement,
respectively, E; is the Young modulus of the concrete, /; is the second moment
area, e is distance from the neutral axis to the bottom of RC beam, N and N, are
axial forces applied in the concrete and the external FRP reinforcement, respectively,
b, is the width of the plate, ¢, is thickness of the external reinforcement,
[4']= [A_l] is the inverse of the extensional matrix [4],and [D']= [D_l] is the
inverse of the flexural matrix.

q
Mi(x) . M;(x) + dM;(x)
Ni(x) Concrete Nix) +dNi (x)
1
Vi(x . Vi(x) + dVi(x)
(x)
VIV VYV
G]’.l(x)
AN AN BN B AN
| |
VAV VYV VA
GII(X)
Ma(x)
o MARADAAD AN (M) AV
Na(x) %’[‘ 2 ],99 Ny(x) +dN,(x)

Va(x) Va(x) + dVs(x)

Fig. 2. Forces in infinitesimal element of a soffit-plated beam.

By adopting the equilibrium conditions of the concrete, we have:
Along x-direction:
dN(x) ()b 6
— =7 ,
i x)b, (6)

where 7(x) is shear stress in the adhesive layer.
Along y-direction:
dVy(x)
T~ Loa(0)by 4], (7)

where V|(x) is shear force applied in the concrete, o, (x) is normal stress in the
adhesive layer, ¢ is the uniformly distributed load, and b, is width of RC beam.
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Moment equilibrium:
dM (x)
dx

=Vi(x) = (x)bye. (®)

The equilibrium of the external FRP reinforcement along the x- and y-direction
and moment equilibrium can also be written as:
Along x-direction:

dN,(x)
T )by (€))
Along y-direction:
dV,(x)
Tzon(x)bZ- (10)
Moment equilibrium:
dM »(x) 5
dx =V2(X)—T(X)b2?, (11)

where V,(x) is shear force applied in the external FRP reinforcement.
1.2.2. Shear Stress Distribution along the FRP Concrete Interface. The shear
stress in the adhesive can be expressed as follows:

7(x) = K Au(x) = K [us (x) = up(x)], (12)
where K is shear stiffness of the adhesive per unit length and can be derived as

_x) o x) 1 G,
ST Aux) Au(x)/t, t, 1, (13)

a

Au(x) is relative horizontal displacement at the adhesive interface, G, is the shear
modulus in the adhesive, and ¢, is the thickness of the adhesive.
Differentiating Eqgs. (4), (5), and (12) with respect to x, respectively:

dr(x) N,(x) 2N

Ni(x)  eM;(x)
=K |4 - D -

ElAl Elll ‘ (14)

M;y(x)+

Assuming equal curvature in the beam and the FRP plate, the relationship
between the moments in the two adherends can be expressed as

M (x)=RM,(x) (15)
with
E.I,D;
R= 1b1 1 (16)
2
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Moment equilibrium of the differential segment of the plated beam in Fig. 2
gives:

t
Mr(x)=M(x)+ M,(x)+ N(x)(e+ta+22), (17)
M (x) is the applied moment, and N(x) is given as follows:

N(x)= N{(x)= Ny (x)= b, [ w(x)dx. (18)
0

The bending moment in RC beam, expressed as a function of the total applied
moment and the interfacial shear stress, is given as

R [ r: ty ]
Ml(x):ﬁ MT(x)—bzfr(x)(e+ t, +2)dx (19)
L 0 i
and ) )
1 p ty
Mz(x)=ﬁ MT(x)—bzf‘c(x)(e+ t, +2)dx . (20)
L 0 i

The first derivative of the bending moment in each adherend gives:

dMl(X) R fz i
e =R+1 Ve(x)—byt(x)|e+t, +? (21)
and ) .
sz()C) 1 t2
o R+l Ve(x)=byt(x)|e+1, +3 (22)

Differentiating Eq. (14):

dzr(x)_K 1 ), M) | Apy dNy(x) e dMy(x) 1 dNy(x)
R ) L by, dx  EJI, dx = Ed4, dx |
(23)

Substitution of the shear forces [Egs. (21) and (22)] and axial forces [Eq. (18)]
into Eq. (23) gives the following governing differential equation for the interfacial
shear stress:

) 1)
dz‘[(x) b €+? €+ta+?
102 — K| A+ =+ b, D1y |t(x)+

E 4, E\[,Dy) + by
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t
+ K| ————=—Dj; |V (x)=0.
S E111D11+b2 11 T(x) (24)

For simplicity, the general solutions presented below are limited to loading
which is either concentrated or uniformly distributed over part or the total span of

the beam, or both. For such loading, d 2VT (x)/ dx? = 0,and the general solution to
Eq. (24) is given by

L
7(x)= B cosh(Ax)+ B, sinh(Ax) + mlq(z —x— a) , (25)
where
t t
(e+2)(e+ta +2)
PEIN o TR B 2 2y Dy 26
and
)
Ks €+? , 27
m=——-—— ,
YR E Dy 4+ by, @7

B; and B, are constant coefficients determined from the boundary conditions. In
the present study, a simply supported beam is investigated which is subjected to a
uniformly distributed load as shown in Fig. 1. The constants of integration need to
be determined by applying suitable boundary conditions.

The first boundary condition is applied bending moment at x = 0. Here, the
moment at the plate end M ,(0) and the axial force of either the concrete beam or
FRP plate [N;(0)= N,(0)] are zero. As a result, the moment in the section at the
plate curtailment is resisted by the beam alone and can be expressed as

qa
M (0)= M7(0)="T(L~a). (28)

Applying the above boundary condition in Eq. (14):

dr(x=0) ek
=M M +(0) and my = El, (29)
By substituting Eq. (25) into (29), B, can be determined as
qam, m
By=-— L—a)+—q.
==t (L=a)+ =g (30)
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The second boundary condition requires zero interfacial shear stress at
midspan due to symmetry of the applied load. Value of B; can therefore be
determined as

AL AL
aqm, p|_ 9Mm p
B, = L— a)tanh - tanh .
1= ( a)a(z) la( ) (31)
For practical cases AL,/2>10 and as a result tanh(AL,/2)=1. So the
expression for B, can be reduced to

agm qm
Bl=72(L—a)—Tl=—Bz. (32)

Substitution of B; and B, into Eq. (25) gives an expression for the
interfacial shear stress at any point

—Ax L

mya qe
T(x)=|:2(L—a)—m1i| p +m1q(2—a—x) Osx=<L,, (33)

where ¢ is the uniformly distributed load and x, a, L,and L, are defined in Fig. 1.
1.2.3. Normal Stress Distribution along the FRP Concrete Interface. The
normal stress in the adhesive can be expressed as follows:

0,(x)= K, Am(x)= K, [w; (x) = wy (x)], (34)

where K, is normal stiffness of the adhesive per unit length and can be deduced
as

_ 0,00 _ m@)(j:Ea )

Ko = Aw) ™ )i (1)~ 1

a

wy(x) and w,(x) are the vertical displacements of adherend 1 and 2 respectively.
Differentiating Eq. (34) twice results in

d%AMZKJd%dﬂ_d%Mm} a6

dx? dx? dx?

Considering the moment—curvature relationships for the beam to be strengthened
and the external reinforcement, respectively:

d’w() _ M(x)  dPwy(x) _ DjMy()
dx? Ey dx? b, '

(37

Based on the equilibrium equations (6)—(11), the governing differential
equations for the deflection of adherends 1 and 2, expressed in terms of the
interfacial shear and normal stresses, are given as follows:
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Adherend 1:
d4w1(x) 1 e dr(x) q
= b + b +
dx4 Elll ZOn(x) Elll 2 dx Elll (38)
Adherend 2:
d"wy(x) 1y dr(x)
PR =—-Dy,0,(x)+ Dy 2 (39)

Substitution of Egs. (38) and (39) into the fourth derivation of the interfacial
normal stress obtainable from Eq. (34) yields the following governing differential
equation for the interfacial normal stress:

d*o, (x) b,
—12 4 K| D] =
P o Pt E I, 0,(x)
t2 dr(x) qKn
- K| D] + =0.
”( ) Elll) dx  E\, (40)

The general solution to this fourth-order differential equation is
0, (x)= e P[C, cos(Bx)+ C, sin(fx)]+

dr(x)

+ eﬂ"[C3 cos(fBx)+ Cysin(fx)]—ny —— I

— na4. (41)

For large values of x it is assumed that the normal stress approaches zero,
and as a result C5 =C4 =0. The general solution therefore becomes:

dr(x)

0, (x)= e P[C, cos(Bx)+ C, sin(Bx)]— n; — — o~ ad (42)
where
p=tn PN (43)
4 \E I, s
Iy
eb2_Di1E1113
ny = , , 44
! D E\I, + b, (44)
and
1
ny = (45)
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The constants C; and C, in Eq. (42) are written as follows:

K n ny (d*(0)  d>7(0)
Ci=—"—[Vr(0)+ BM ;(0)]— —= 7(0) + — + . (46
1 2ﬂ3E1[1[ T() ﬁ T( )] 2ﬂ3 () 2ﬂ3( dx4 ﬁ dx3 ( )
K, n, d>z(0)
- 0)——5 , 47
2T 2%, r(0) 287 3 @7
where
e Dillz
K P

The above expressions for the constants C; and C, have been left in terms
of the bending moment M ;(0) and shear force V;(0) at the end of the soffit
plate.

2. Comparison of Analytical Solutions. A comparison of the interfacial
shear and normal stresses from the different existing closed-form solutions and the
present new solution is undertaken in this section. An undamaged RC beam
bonded with a CFRP soffit plate is considered. The beam is simply supported and
subjected to a uniformly distributed load. A summary of the geometric and material
properties is given in Table 1. The span of the RC beam is 3000 mm, the distance
from the support to the end of the plate is 300 mm and the uniformly distributed
load is 50 kN/m.

Table 1
Geometric and Material Properties
Material E;, GPa E,,, GPa G, GPa v, | Width (mm) | Depth (mm)
CFRP plate 140 10 5 0.28 b, =200 t, =4
GFRP plate 50 10 5 0.28 b, =200 t, =4
RC beam 30 30 - 0.18 b =200 f =300
Adhesive layer 3 3 - 0.35 b, =200 t, =4

Figure 3 plots the interfacial shear and normal stresses near the plate end for
the example RC beam bonded with a CFRP plate for the uniformly distributed load
case. Overall, the predictions of the different solutions agree closely with each
other. The interfacial normal stress is seen to change sign at a short distance away
from the plate end.

3. Parametric Studies. In this section, numerical results of the present
solutions are presented to study the effect of various parameters on the distributions
of the interfacial stresses in a damaged RC beam bonded with an FRP plate. A
damaged state is described through the incorporation of damage variable ¢; in
the same way as is described by Shen et al. [19]. These results are intended to
demonstrate the main characteristics of interfacial stress distributions in these
strengthened beams.
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Fig. 3. Comparison of interfacial shear and normal stresses for an RC beam with a bonded CFRP
soffit plate [0, ]y subjected to a uniformly distributed load.
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3.1. Effect of Damage on the Maximum Interfacial Stresses. Figures 4 and 5
show the effect of damage extent on maximum shear and normal interfacial
stresses, respectively, for the two types of FRP materials. The results show that
when the damage variable ¢, increases from 0 to 0.375, the maximum interfacial
stresses increase slowly. However, it can be seen that from 0.375 to 0.825, these
stresses increase rapidly.

3.2. Effect of FRP Strip Thickness. Peak shear and peeling stresses for
various thicknesses of the FRP strip appear in Fig. 6. The damage variables are
taken as ¢,, =0.12048 and ¢, =3¢ ,,, which are corresponding to the peak

stress, that is ¢, = sj} in Eq. (2). The results reveal that thickness of the FRP strip

significantly increases the edge peeling and shear stresses. Generally, the thickness
of FRP plate used in practical engineering is very small, as compared with one of
steel plate. Therefore, the fact of the smaller interfacial stress level and concentration
should be one of advantages of retrofitting by FRP over by steel plate.

13 ] '

5
2
E 8 ] /
E 71
£ 6]
S ]
= 57
14 . —&— Shear stress
3 —&— Normal stress
2 <
14
0 T T T T T T T
1 2 3 4 5 6
t5 (mm)

Fig. 6. Influence of thickness of CFRP strip on edge stresses (¢, = 012048 and ¢; = 3¢,,).
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Fig. 7. Effect of the length of damaged region on the maximum interfacial shear stress (¢,, = 0.12048
and @, = 3¢,,).
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Fig. 8. Effect of the length of damaged region on the maximum interfacial normal stress (¢,, = 0.12048
and ¢;; =3¢,,).

3.3. Effect of Length of Damaged Region. The influence of the length of the
damaged region on the interfacial stresses is shown in Figs. 7 and 8. The range of
the examined lengths is within 600-2400 mm for the two types of FRP strips. It is
seen that while the length of the damaged region is less than the length of the
strengthening plate (DA< L,), the edge peeling and shear stresses are constant.
When the two lengths are equal (DA=L),), these stresses attain higher values.
Consequently, it is recommended to use a strengthening plate having length,
superior to the damaged zone.

Conclusions. This paper is concerned with the prediction of interfacial shear
and normal stresses in damaged RC beams retrofitted with externally advanced
composite materials. Such interfacial stresses provide the basis for understanding
debonding failures in such beams and for development of suitable design rules.
Numerical comparison between the existing solutions and the present new solution
has been carried out. The anisotropic damage model is adopted to describe the
damage of the RC beams. The results show that the damage has a significant effect
on the interfacial stresses in FRP-damaged RC beam, especially, when the length of
damaged region is equal or superior to the plate length. Consequently, it is
recommended to use a strengthening plate having length, superior to the damaged
zone. The results reveal also that thickness of the FRP strip significantly increases
the edge peeling and shear stresses.

Pesome

3anponoHOBaHO aHATITUYHUE METOJ OLIHKHM MIKIIOBEPXHEBHX HAINpPYKEHb y MIapi
MOIIKO/PKEHUX 3ai300€TOHHUX OayioK, 110 3aKpiIUieHI 30BHINIHIMU KOMITO3UTHH-
MU IUIACTHHAMM 3 apMOBAaHOI'O BOJIOKHAMH BYIJICIUIACTHKA. 3aIpPOIOHOBAaHO MO-
Jielib, SIKa, Ha BIIMIHY BiJ ICHYIOUMX pillleHb, BPAXOBY€ HAsSBHICTb MIKIIOBEPXHE-
BUX JIOTUYHUX JeQOopMaliil IUIIXOM MOCTYIIOBAHHS JIIHIHHOTO PO3NOIITY JIOTHY-
HUX HaNpyXeHb MO0 MIMOMHI 3ami300eToHHOi Oanku. Po3poOieHo aHizoTporHy
MOJIeNIb PYHHYBaHHS, IO ONUCYE MPOLEC MOMIKOKEHHS 3alli300€TOHHOT OajKH.
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yCTaHOBJ’ICHO, 010 MOIIKO/PKEHHA CYTTEBO BILJIMBAE€ HA BEJINYNHY Mi)Kl'[OBerHeBI/IX
HAIPY>XXCHb y MNOIIKOIKCHUX 3a11300€TOHHUX 6am<ax, APpMOBAaHUX KOMIIO3UTHHUMU
IIaCTUHaMMU.
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