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Motion of a relativistic beam of electrons through an undulator is considered, with the influence of incoherent
fields its spontaneous radiation on this motion being taken into account. Interaction of electrons with these fields is
shown to result in the increase of electron-momentum spread in the beam. The conditions of high-gain self-ampli-
fied spontaneous emission process realization in the ultrashort-wavelength FELs are discussed
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1. INTRODUCTION

As it is known, the mode of high-gain self-amplified
spontaneous emission (SASE) by a relativistic beam of
electrons, moving in undulator, allows to produce inten-
sive coherent short-wavelength radiation in a free-elec-
tron lasers (FEL) (see, for example, [1-3]). Thus, in ini-
tially uniform beam collective interaction of electrons
with the field of radiation leads to a grouping of elec-
trons in coherently radiating bunches and to the growth
of intensity of electromagnetic radiation. For realization
of such a mode of amplification beams of ultrarelativis-
tic electrons are necessary with sufficiently high aver-
age density of electrons and small energy spread at
which electrons of a beam can be grouped by a total
field of their spontaneous radiation in coherently radiat-
ing bunches.

However, when beam moves in undulator there can
be an increase in electrons-momentum spread due to the
influence of their incoherent fields of spontaneous radi-
ation on motion of electrons [4]. This effect is not con-
nected with the development of collective instability at
amplification by an electron beam of its own sponta-
neous undulator radiation. It is determined by pairwise
interaction of individual electrons of beam in undulator
at a stage of spontaneous radiation. The spread of elec-
trons on a longitudinal momentum has been found in [4]
in a limiting case of unbounded electron beam by ra-
dius. For determination of conditions of high-gain self-
amplification spontaneous emission mode realization in
ultrashort-wavelength FELSs it is necessary to generalize
such a theory on finite values of beam radius. In the giv-
en work results of theoretical investigation of such mod-
el - the limited by radius beam of pointed electrons,
moving in helical undulator are presented.

2. MOTION AND FILD OF A TEST PARTICLE

Let's consider transverse spatial periodic helical
magnetic field of undulator H,

H, - Holex cos(kuz)+ e, sin(kuz)

; O]
where k, = 21 /A, Ho u A, are the amplitude and the
period of the magnetic field, e,, e, are the unit vectors
along axes OX and OY the Cartesian system of coordi-
nates.

Let the cylindrical beam of relativistic electrons with
radius r, the energy mc’y, of electron and uniform av-

erage density no move in a positive direction of an axis
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z, where Yo is Lorentz factor. The trajectory of individu-
al electron (for example, s-th) in undulator can be
present in the form

F,o T ry C e, sin(kuzA,)+ eyru[cos(kuzs)- l]+ z,, (2)

where Zy = VOs(t - tOS) t4 Y(t) 5 rUS:{X057 Yos, 0} and Vos are
a radius-vector and longitudinal velocity of s-th electron
at initial moment of time to, when electron crosses a

plane z=0, A, is displacement of a trajectory of electron
in undulator relative to its equilibrium trajectory,

r, = Kk, vy Vo), K= |e|H0/(mc2ku), e, m are the
charge and mass of electron, c-speed of light.

Considering only a magnetic component of Lorentz's
force, the equation of longitudinal motion of individual
(test) electron in the field (1) and the fields of sponta-
neous undulator radiation of others can be written as
follows:

d . s
s -k [xfe)d] - ] Fllsldsx], @)

FI = | Rel, (154, )+ it (.00, )" 4y
where p; is an momentum of i-th electron; F,(x,t;x,) is
a longitudinal component of force of pair electron inter-
action via the electromagnetic field of one of them (s-th
electron); x4(t)={ry(t), ps(t)} is a set of coordinates and
an momentum of s-th electron, f ; = K/y,, .

In approximation of a small value of undulator pa-
rameter K’<<1 and yo>>1, expression for field H de-
rived from formulas for a field of a charge, moving with
acceleration (see, for example, [5]) takes the form

H: |e|[3D (kO/R* Reﬁﬁex - ieyﬁexp(ikuz- i )x
0 2 00 5
DHI_ LHHI}O ' &H_ Pos _ PosPs DD’ ©)
A kR BB kGRG 2RH L

e to,)> (2 02)", ©)

where 6z= z=vy(t=t,, )-8 ¢ = kyi(oz+ B R,
o= e x e (- w2 mo= |z 02 /02
ko= Boyok,.

3. ELECTRON-MOMENTUM SPREAD

The electromagnetic field produced by a uniform
beam of electrons is random. According to the equation
(3) the random force will act on electrons. Thus,
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changes in time of the average square value of a longitu-

dinal electron-momentum can be presented in the form
d ’ N ,
A0p. )= 2y 0ELele)elor Lo dar - a)

to;

where 0p. = p. - (p.), 0F. = F.- (F.), brackets {...)
denote ensemble average.

Considering change of a momentum on a time inter-
val smaller than time, for which motion of an electron
will essentially change. Then in subintegral expression
of the Eq. (7) it is possible to replace xi(t) with unper-
turbed coordinates and momentum of electron in undu-

lator x£0) = X,|,- - Average value of subintegral expres-

sion in the right-hand side of the Eq. (7) can be found
by means of distribution function in phase space of co-
ordinates and momentum of all electrons at initial mo-
ment of time. Neglecting correlations between electrons,
and assuming also, that electrons are monoenergetic on
entrance in undulator the equation (7) can be written in
the form:
< (ep.))= 2n, [ dt [ dao, FY e (o) 53,19, )|
dt a ®)
P o) e (e g0, )]
where ¢, = (xos’yOS’VO tos) .

In the right-hand side of this equation the region of
integration on initial coordinates s, according to (6), is
defined by conditions

2,(8)2 yildz, + BoR.), ©)

- (.2 2 )12
r[s_(xos+y0s) Srb'

Expression in the right-hand side of Eq.(8) depends
on force of pairwise interaction of electrons. When ther-
mal motion of beam electrons is neglected this force
does not depend on time, but on the difference of initial
coordinates of electrons-radiators and test electron.

Let's consider a test particle, moving near the beam
axis: 7;; << r, . Since force of interaction of electron-ra-
diators and test electron is axially symmetric, let’s sub-
stitute variables Xos, Yos, tos for & and 6, defined by for-
mulas

¢ = kOR*(sti’psi/yO) > g = arCtgHLEa

Zul o

where p ; = \(’%s - xm)z * (J’0s - in)ZJl/z

5251‘ = VO(tO: - t()i) .

>

Taking into account the fields of only those elec-
trons, which move behind considered (test) electron (z=
z4(t)) the following expression for the rate of change of
the average square-value deviation from the mean value

of a longitudinal momentum of test electron is obtained
d N AT T
E<(Apz) )= 'K kunOLdz Lde sinf

En

i EHW cost - 2= Bosins Ssin (10
+ (ﬂ0+ cos@)cosw H >
¢ 0

where ¢ = {1+ cosf /B, J¢ .

Here we have passed to an independent variable z a
distance from an undulator entrance.

The values of the upper limit of integration &,(0) are
found from expressions (9). Hence, at z'<z from (9) it
follows for &..(0)

_ B2
= ) 6 = 0™ u
£,7 Eueld) Toost + 5] (11)
where z, =} B o7, .
At z">z, the limit of integration is equal to
k
§,5 i at 086, 8,250 at> 0., (12)
sinfl

Lo (/2

At z<z, integrating the right-hand side of the
Eq.(10) in view of (11), is obtained [4]
2\ _ S 44,2 2 ’

((p.))= Tet K Kim = a3

At greater distances from the undulator entrance at

7z>>7,, integrating (10) in view of (12), the following es-

timation of square value of the longitudinal electron-
momentum spread is obtained

1-a
where 0. = arccosH A Bo:
a

2
((2p.))= 3ne* K4kfnoi—zz,. (14)

4. DISCUSSION

Formulas (13) and (14) describe dependence of lon-
gitudinal electron-momentum spread from the distance
passed in undulator and from parameters of an electron
beam and undulator. According to (13) and (14) the
root-mean-square value of a longitudinal electron-mo-
mentum may be written as follows:

(.Y ap) Ny

where (0p.), = ViFR, Fo=-(2/3)(rHy )2 B2 is the
0z

(15)

force of radiative deceleration of electron, ro=e*/mc? is
the classical electron radius,

3 9
N, = ENZ/A" at z<z, and N, = ENZV/AM at

2>z, N=nh’ /8y, .

One can see from (13)-(15), that the electron-mo-
mentum spread increases in an electron beam moving
through an undulator. It follows from the formula (15),
that the root-mean-square value of a longitudinal elec-
tron-momentum is proportional to z¥? at z<z [4]. Such
a dependence of the spread from z is connected with the
increase in a deviation of electron-momentum from the
average value under the action of forces of pairwise in-
teraction, that are independent on time, on the one hand,
and with the increase in the number of electrons (V) in
the region of whose fields the test electron is located on
other. Thus such an increase of N.; occurs through the
increase in volume of this region.

The spread on a longitudinal electron-momentum in-
creases mainly due to the action of forces of pairwise in-
teraction of electrons at z>z,, since the number of elec-
trons effectively interacting with the test electron practi-
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cally does not increase because of the finite cross-sec-
tion of a beam.

In the formula (15) we have expressed momentum
spread through the average losses of a momentum
caused by radiation deceleration individual electron, and
N - number of electrons in the cube characteristic length
on edge which is equal to the radiation wavelength in
the system of a beam rest frame. Such representation of
spread shows, that root-mean-square momentum spread
grows more quickly at N>1, than the change of momen-
tum caused by radiative deceleration. It is necessary to
note, that the collective radiative instability of an elec-
tron beam in an undulator for the self-amplification
mode of FEL is only realized when the strong inequality
N>>1 is satisfied [6].

The increase in spread of electron-momentum con-
sidered above can be neglected, if at a characteristic
length of z, =4,/p where exponential growth of
SASE saturates, the momentum spread will be small
enough: Ap. / Po- < P, where p is the dimensionless
spatial growth rate [1, 2, 6, 7] (for example, in one-di-
mensional model p = (Kz’lo”o)\zu /1611)1/ 3 /y o). Hence,

condition
1/2

7, z
> 2m KE-% 2N —+—
o i vy

u u

1/4

(16)

is necessary to fulfill for realization of high-gain self-
amplified spontaneous emission process.

Here, z,.>>z: is considered for parameters of elec-
tron beams and undulators in the range of ultrashort-
wavelenght FELs.
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MHOPOI' YCUJIEHUSA CIIOHTAHHOI'O U3JIYYEHUSA PEJIATUBUCTCKOI'O ITYUYKA 3JIEKTPO-
HOB B OHAYJATOPE

B.B. Oznueenko

PaccmoTpeHO ABMXKEHHE PENATUBUCTCKOTO MyYKa 3IEKTPOHOB B OHAYJIATOPE C YUETOM BIHMSHHSA HA 3TO JABHXKE-
HHE HEKOT€PEHTHBIX MOJIEeH WX CIIOHTaHHOTO M3ny4deHus. [loka3aHo, 4TO B3aMMOAEHCTBHE 3JIEKTPOHOB C 3THMH IIO-
JSIMU TIPUBOJIUT K YBEIIMUSHHIO pa30dpoca 3JIEKTPOHOB 10 UMITyJIbcaM B Iyuke. OOCYKIatoTCsl yCIOBUS pean3aluu
MIPOIIecCa WHTEHCHBHOTO CaMOINPOU3BOJIBHOIO YCWJICHHS CIOHTAHHOTO H3IY4YEHHUs B YJIbTPAKOPOTKOBOIHOBBIX
JICO.

HOPIT IIICUJIEHHA CHIOHTAHHOI'O BUITPOMIHIOBAHHSA PEJIATUBICTCBKOI'O ITYYKA
EJIEKTPOHIB B OHAYJIATOPI

B.B. Oznisenko

Po3risiHyTO pyX pensTHBICTCHKOTO ITydKa €JEKTPOHIB B OHAYIATOpPI 3 YpaxyBaHHSAM BIUIMBY Ha Led pyx
HEKOTePEHTHHX IIO0JIIB IXHHOTO CIIOHTAHHOTO BUIpOMiHIOBaHHs. [loka3aHo, IIO B3a€EMOJIS €IEKTPOHIB i3 IMMH
MOJISIMH  TIPU3BOJUTE 10 30UIBIICHHS PO3KHAY EIEKTPOHIB IO IMIyJIbcax y Iydky. OOTOBOPIOIOTBECS YMOBH
peamizauii  mpomecy — iHTEHCHBHOTO  CaMOYMHHOIO  TIJCHJICHHS  CIOHTAHHOTO  BHUIIPOMIHIOBAaHHS B
yIBTpakopoTKoXBuIboBUX JIBE.
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