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The proving method of the Cauchy problem solvability of the Boltzmann kinetic equation with spatially uniform
initial data in the case of particle scattering cross-section finiteness is proposed. It is based on the construction of the
auxiliary vector-valued random process such that the particle velocity distribution function satisfying the Boltzmann
equation is the first order marginal probability distribution of this random process.
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1. INTRODUCTION

The Boltzmann equation has got the origin of the
physical kinetics. Building of the equation and its
physical predictions have played the great role during
the development of representations concerning evolu-
tion irreversibility that are taken place in nature. Later,
this equation has got also the practical mean for calcula-
tion of kinetic coefficients of real gently dense gases
and also for the study of the motion of solids in the di-
lute gas environment. In this connection, the mathe-
matical correct results concerning some solution proper-
ties of the Boltzmann equation have gained special im-
portance. In particular, the Cauchy problem solvability
of the equation is of interest. First results in this direc-
tion have been obtained by D.Hilbert [1] and
T.Carleman [2]. All stationary solutions of the Boltz-
mann equation have been found and the theorem of the
final behavior of solutions at the unbounded increasing
of time has been proved. Besides, the spectrum of corre-
sponding linearized equation has been investigated. Fur-
ther, in connection with the development of the ap-
proximate methods of the equation solving, the Chep-
men-Enskog asymptotical analysis has been created [3].
The modern state of the mathematical physics area
which is connected with the Boltzmann equation see in
[4]. In the present work, we propose the new approach
to study the Boltzmann equation solutions which is
based on the random process theory. This method per-
mits to approach in a new fashion to the Cauchy prob-
lem solving of the Boltzmann equation and to the con-
struction of approximations of corresponding solutions
with the controlled accuracy.

2. THE BOLTZMANN EQUATION

For formulation of the Boltzmann equation in the
form that is convenient for our aim, it is required the
following presentation of scattering data in the classical
mechanics for the pair of identical particles. Let v and
v' be two particle velocities before the collision when
they are on such a distance where one may consider
them as the noninteracting ones. Further, let V and V'
be corresponding velocities after the collision when the
particles have gone away so far that they become nonin-
teracting again. These velocities are represented by the
definite functions of velocities v, v’ and the vector r
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which is on the plane being orthogonal to vectors
<V,V'>, ire. V=(v,v,r),V'=(v,v' r). On the defini-
tion, the vector r begins at the straight line on which
the first particle arrives from the infinity and it is fin-
ished at the analogous straight line of the second parti-
cle. The vector r has the minimal length among all vec-
tors possessing the properties pointed out. The functions
V, V' are defined by the interaction potential
Q( r -r, ) between two particles, where r.r, are
space position vectors of particles.

For the determination of these functions, it is neces-
sary to solve the mechanical scattering problem of two
particles interacting by means of the potential @ . Fur-
ther, we consider only the spatially homogeneous gas of
particles. In this case, the Boltzmann equation is formu-
lated for the distribution function f('v,z) that depends
on the velocity v of the mentioned particle and the time
t . It has the following form (see, for example, [5])

Fe0=p[IV=vIF(V.0S(V'1) )

—f(v,t)f(v',t))dv'do
where the dot means the differentiation on ¢ , the pa-
rameter p >0 represents the density of particles and
the integral on do points out the integration on all val-
ues of the vector r.

The function f('v,t) is the probability density func-

tion, i.e. f(v,t)>0 and the equality

[fev.t)av=1 )
R3
takes place. The functions V=(v,v',r),V'=(v,v',r)
have the properties
V+V'=v+v', V24iV2Z=y24y2 3)

which express the conservation laws of momentum and
energy at collisions. From Eq. (3), the equality of rela-
tive velocities follows,

[V=V'[Hv-v']. “4)
Besides, the symmetry property
V= vr)=V'=(v,v'r) %)

takes place. It corresponds to the particle identity. Let us
introduce the vector function mn=n(v,v',r)|n|=1,

satisfying to the equality
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V=%[(V+V')+H|V—V'|],

V'Z%[(V+V')—H|V—V'|]. (6)

Further, we notice that for the complete
characterization of the scattering of two particles, it is
necessary to introduce, in addition to the functions V,
V', the vector function R(v,v',r) also. Its values lay in
the plane being orthogonal to vectors V, V'. The vector
R is defined similarly to the vector r but it is done
relative to the straight trajectories of particles going away
with the velocities V, V'. From the energy and

momentum conservation, the equality |R = r|=r fol-
lowdhe reversibility of mechanical motion leads to the
fact that the functions V =(v,v',r),V'=(v,v',r) sat-
isfy to identities

v=-V(-V,-V',R), v'=-V'(-V,-V',R) 7
and, besides, r =R(-V,-V',R).

In the case when the potential is spherically symmet-
ric, all vectors v,v',r,V,V' R lay in the common plane.

Let us transform the right-hand side of the equation
(1) to another form which is more suitable for our con-
struction. With this aim, introducing the additional inte-
gration by means of ¢ -functions, we write down

Fv0 = [wvy wut)(f w0 f(w'.0) ®)

—f(v,t) f(v',1))dv'dudu'.
The non-negative function w is named the intensity of
scattering <V,v’>: <u,u'> process. It is determined by
the formula

w(v,v',uu' )=

=plv=V|[5(V-w)s(V'—u' )Jdo.
According to Egs. (5,7), it satisfies to the following
identities

w(v,v,uu' )=w(v',vyu',u),

©)

(10)
w(v,viuu' ) =wl—u,—-u';—-v,—-v ). (11)
The function w contains the J -functional

singularities which are connected with conservation

laws. Indeed, changing the argument of the second o -
function in Eq. (9) according to the first identity of

Eq. (3) and also using the condition presented by the

second ¢ -function, we obtain

w(v,v'uu' )=

=p|v—v'|5(v+v'—u—u')j5(V—u)da. (12)

We change the function V in the integrand expression
according to Eq. (6) and we use the first identity of
Eq. 3),

[6(V—w)do =2[5(u—u"-n|v-v'|)do .
Decomposing three-dimensional & -function depending
on the vector argument (u—u’ ) on the product

[ V=V'|=26(| v=V'[=[u—u')

xO((u—u")/|v-v'|-n)
and after that transforming the first ¢ -function with the

account of equality v+v'=u+u’ which is carried out
in the integration domain, we find
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[6(V-wdo=2]v-v|!
xS(vZ+v'2Z-u?-u?)
xja((u—u')/|u—u'| —n)do.

Since the function n(v,v',r) realizes one-to-one corre-

(13)

spondence between the plane of the vector r changing
and the unit sphere, the last integral is equal to the Jaco-
bean of corresponding map

Jé((u —u")/|u—u'|-n)do
=[(D(n)/ D(r))n=m |_1
where m=(u—-u')/|u—u'|. Together with Eq. (12)
and Eq. (13), it gives the final formula
w(v,v,uu')=4p6(v+v'-u—-u')
xS(v2+v'Z-u? —u'?)|(DMm)/D(X))pem | .

3. M.KAC PROBLEM
Solutions which possess the following properties:
a) f(v,t)>0 atall t>0,if f(v,0)>0;

b) _[ f(v,t)dv does not depend from ¢,
R3

we name as the probabilistic ones.

In connection with the existence of probabilistic so-
lutions of the equation (1), M. Kac has set the problem
[6] of the construction of such a random process

<V( t)t> 0> for which the function f(v,¢) is the first

order marginal distribution density,
f(v,t)= Pr{V(t)ew(v)}. (14)

This function should completely define the probability
distribution of the process in its sample space

do(v)

(R3)R+ JeER e the function should define all set
of marginal distribution densities L (vVptesv it )
of order n € N, which are consistent, i.e.
.[fn(vl,tl;...;vn,tn )dvn =
=S (Vs Vot )
They generate the process probability distribution ac-

cording to the Kolmogorov theorem. It means that
f(v,t)= fl( v,t) and all densities of higher order are

some functionals fn(vl,tl;...;vn,tn):fn [f(v,t)].
Constructive building of such a random process on
[0,00) for which the probability distribution of initial
dPr{v(0)ew(v)}/do(v)=f(v,0)
solves the Cauchy problem on R for the equation (1)

n—-1’

values satisfies

with initial data f(v,0). Below, we offer a building of

this process in the case of finiteness of cross-section of
particles scattering.

4. THE WEAK SOLVABILITY

We construct the process <V( t);t> O> as the weak

D R
limit in the space ( R’ )+ of the sequence

<V(N)(t);t > 0>,N =12...0of random processes. It



means that all densities
Fo ™M Vit Vot neN
N —> o to the infinite set of  densities

f (Vv .t )neN consistent with each other,

marginal

converge weakly at

i.e. sequences of corresponding characteristic functions
converge
- -
Jexp i Yk jov ) 1™ (Vist133 Vs ta)dvy v,
Jj=1

%

n
jexp i KV ) (Vi3 Vs t)dvy.dv, .
L J=! J
In particular, the
f(N)(v,t) — f(v,t) to the Boltzmann equation solu-
tion takes place.

We use the Prokhorov criterion of weak compact-
ness measure sequence for the proof of the weak con-
vergence of random processes sequence. It is formulated
as follows.

weak convergence

If the sequence of measures ,u(N),Nz 1L2... on a

metrical separable space L (being not necessarily
complete) such that for this sequence there exist a com-
pact function ¥ on space L having uniformly bounded

N
average values on measures ,Ll( ) ,

f‘I’(x)d,u(N)(x)<const, so this sequence is weakly
L
compact.

We choose the space of all piecewise constant func-
tions V(t),te[0,T] with vector values as the sample

space L of all processes.
Each random trajectory V(¢) is characterized by the

sequence  of  pairs <<§n,t~n>;neN>, where

=Vn -V, »n=12. are random function jumps

n n

which occur in random time points ?n ,n=12.... We put

LY 0.9 O]V (0 -v"(0) |+
+Z| a,-4a, |
n
where the summation is carried out on all jumps of both
functions being in the one-to-one correspondence ac-
cording to their order on /0,7 ] . If one of the functions,

15)

for example, V''(t) has greater number of jumps in

comparison with the other function, so it is necessary
formally to put that the last has zero jumps in those

points t~n” where jumps En” do not have correspond-
ing jumps a '

The functional pylv] is the deviation on L be-
V' (t),¥v'(t). The functional

P, [-,-] defined by the formula
pz[V’(Z),V"(t)] — Z| ?;'l l_?;l H‘
n

tween two functions

(16)

is the deviation too. Here, points 7n ',7,1 '’ are set in one-

to-one correspondence according to the one-to-one cor-

respondence between jumps of the functions
Y (t)¥'(t).Itis easily to verify that the functional
dist[¥' (1), v"' (D] = p1[V' (), V' (1)] (17)
+p2[V'(0), 7" ()]
is the distance in the space L between functions
V'(t),v'(t). The space L is separable relative to this

distance. Besides, it is established that those function
sets for which the jump number does not surpass any-
thing number m e N, are precompact relative to the
topology connected with the distance dist[-,-]. There-
fore, for the fixed interval [0,7], we construct the
function W[-] on L putting that its values for each
function veL are equal |<T,,;n eN>m[O,T)| to the
random number of its jumps on /0,7 /. Then, we get
that sets {VeL:Y[V]<M} are compact for any
M >0 and, hence, the function ¥[-] is compact.

5. THE BOLTZMANN RANDOM PROCESS

We construct the random process <V( t ),'teR+>

which solves the Kac problem. It is named the Boltz-
mann process. At the assumption of the cross-section o
finiteness, we introduce the functional

qlv; f1= j w(v,v';uu') f(V', t)dudu' dv'

PR (18)
:pO'_[|V—v|f(V )av
and an the kernel
O(viuu' )= Jw(v,v' suu’ )dv'. (19)
R3
Due to Eq. (11), it takes place
IQ(V;u,u')dV =po|u—u'|. (20)

R3
In terms of introduced values, equation (8) is repre-
sented in the form of

Fv.n=[ovuw)fnf@ . odude o)

—=qlv; f1/ (v, ).

Let us require that the first order marginal densities
FN)v,t),N=12.. of the

<v( N)(i)t> 0>, N =12..., satisfy to the identity

processes

SN (v,t+4) = fV) (v,1) exp(=gLv; f (M) ]A)
+(1-exp(—g[v; f M) ]A)) x
x j o(v,uu) £ M) (u,6) £ V) (', t)dudu’
where A=T/N and N - .
To achieve this aim, we construct for any N € N the

(22)

random process <V(N ) (t)te R, > . Trajectories of the
process at N € N are defined by the formula
VOV ()= (¥ N e [(1-T /NIT /N ), eN}

where the random sequence <VI(N ) N eN> is the

nonlinear Markov chain with the state space R? which
is defined by the distribution density

fin=—1

do(v)

Pr{v; e o(v)}
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of random variable VI(N ) at the moment /. This den-

sity is changed during one evolution step by the follow-
ing way

S Wy = ™ (vyexp—qlv; £V 1) +

N _ N
(1—exp(=qLv; £, 100 1 1v; £ 1% (23)
' N N ' '
fo(v;u,u )fl( )(u)fl( )(u )dudu'.
The  changing points of the  process

<V(N) (t);te R+> belong to the set {{T / N;/ € N} .

Let W[V(¢)] be the number of the changing points

of the function in L . The average number of changing
points of the chain trajectory v ; ,[=0,1,...,n is equal to

n—1

> (1=exp(—q[v; /) Dy 1 vs £ 1
=1

x| ([ ovouu') £,V (' )du')f,(N ) (w)dud.

Since all random points of the chain are in one-to-one
correspondence with changing points of the process
<V(N) (t);teR+>, the average value <‘P[V(N) (t)]> is
defined by above expression too. Then, at A— 0, we

have
<‘P[V(N ) (t)]> o

t
[([oeviuun s ) £ ) (u, s)du' du v
0

Consequently, this average value is bounded,
<‘P[V(N )(z)]> o PG X

t
j(ﬂ u-u| f“V)(u',z)f(m(u,s)du'du)fs <, (29)
0
< 2p(5t(u2)1/2

2,172
)

where the squared average (u of the velocity

v(V) () does not depend on ¢, since the Boltzmann

equation conserves the kinetic energy. Thus, due to the
inequality (24), one may apply the Prokhorov criterion

for measures connected with processes

<V(N )(t);t e R+>. On the basis of this criterion, these

processes weakly converge to a process <V(t);t S R+> .
In this case, all marginal distributions of the processes

<V(N ) (t);teR+>, weakly converge to corresponding

marginal distributions of the process <V(t);t € R+> at
A — 0. Then, on the basis of Eq. (22),

SN v,e+8)- My,
1= gatvi/ ™ 01a
=q ' v; M0
x[0(viv,v2) f M (v, f N (v, 0dvidv,
—f(N)(v,t).
Therefore, the one-point probability density fi(v,?) of
the limit process <V(t);t € R+> satisfy to Eq. (1), i.e.

the existence of the random process <'V(t);t € R+> leads

to the existence of the weak solution of the equation (1).
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MOCTPOEHUE BEPOSITHOCTHBIX PEILIEHU YPABHEHUSI BOJIBIIMAHA
FO.11. Bupuenxo, T.B. Kapadymoea

[Ipemmaraercs MeToA MOKa3aTEIbCTBA PA3PEIIMMOCTH 3aaa4un Ko st kuHeTrmdeckoro ypaBHeHus: bonbimana
C TIPOCTPAHCTBEHHO OJHOPOTHBIMHU HAYaJbHBIMH JAHHBIMH B CIIy4ae KOHEYHOCTH CEUCHUS PACCESHUS CTAIKHBAFO-
IIUXCS 9acTUIl. MeTol OCHOBaH Ha MOCTPOSHHUH BCIIOMOTATEIFHOTO BEKTOPHO3HAYHOTO CIIyYaiHOTO Mpoliecca, Ta-
KOT0, 4T0 (DYHKIMsI pactpe/iesieHHsl 0 CKOPOCTSIM YacTHll, YJOBJIETBOPSIOLIAs YpaBHEHUIO bojbliMaHa, sIBISIETCS
€r0 YaCTHBIM pacipeielICHHEeM BepOsSTHOCTEHN TIEpPBOTO MOPSIKA.

MOBYJOBA HMOBIPHOCTHHUX PO3B’SI3KIB PIBHSIHHSI BOJIBIIMAHA
HO.I1. Bipuenxko, T.B. Kapabymoea

ITponoHyeThCs METOA OBENEHHS po3B’s13aHHs npobnemu Ko i KiHeTHIHOTO piBHAHHS bonsiiMana 3 mpoc-
TOPOBO OIHOPITHOIO TOYATKOBOIO (YHKII€I0 y BHUMAAKy CKIHYEHHOCTI IEpepi3y pPO3CIIHHS YacTHHOK, IO
31TKaI0ThCsl. MeTol OCHOBaHMM Ha MOOY0BI BEKTOPHO3HAYHOIO BHIIAJKOBOTO MPOILECY TaKOro, 0 (QYHKIsS po3-
MOJIUTY 33 IIBUIKOCTSAMH YaCTHHOK, sIKa 33JJ0BOJIbHAE PIBHSIHHIO BoJbIIMaHa, € HOT0 YaCTHHHUM PO3IMOALTIOM HMO-
BIPHOCTEH MEPIIIOro MOPSIKY.
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