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The method of the unitary clothing transformations is used to construct the generators of the Poincaré group in
the instant form of relativistic dynamics in the second and third orders in the coupling constant. It is shown that the
respective algebra of generators is fulfilled up to the sixth order. The relativistic invariance of the mass and vertex

corrections derived is proven.
PACS: 21.45.+v; 24.10. Jv; 11.80.-m

1. INTRODUCTION. GENERATORS
OF THE POINCARE GROUP
Poincaré invariance requires that there exists a uni-
tary representation of the Poincaré group defined in a

Hilbert space. Corresponding ten generators fulfill the
set of commutation relations:

[N,,N1=—ig,J,, [J,,N1=ie;,N,, [J,,J 1=ie,J,,
[H,N,1=—iP,, [B,N,1==i8,H , [J,,P,]=ig,J,,
(£, H]=0,[J,H]=0,

[P,B]1=0, (i,k,l=1,2,3). (1)

Here H is the Hamiltonian operator, P,, J; and N,

are three components of the momentum, angular mo-
mentum and boost operators, respectively. In the instant
form of relativistic dynamics (after Dirac), four opera-
tors H and N carry interaction.

One-particle eigenstates of H and N differ from
states of their free parts:

H(a)|a*Q> ¢HF(a)|a*Q>, Q)
N(@)|a'Q) = N, (0)|a'Q). A3)

Here o denotes the whole set of creation and destruc-
tion operators of the bare particles with bare masses
which interact by means of the bare coupling.
Therefore, one may ask a question whether there ex-
ists such a set of creation and destruction operators o,

for which the total Hamiltonian K(a,), the boost op-
erators B(a,) and their free counterparts K, (o) and
B, (o) would fulfill the conditions

K(a,)

OL:Q> =K. ()

o '), (4)

B(a,)

a,'Q)=B,(a,)

o), )

keeping the algebra?

Greenberg and Schweber [1] assumed that such set
of operators o, existed and was connected with the

initial set of operators o via the unitary transformation
which kept S-operator intact
a, =e¢ ‘ae’, a=efa e, R"=-R. (6)

Generator R of the unitary transformation, called “cloth-
ing”, was chosen in a way the Hamiltonian operator

H@)=e"H(a,)Je " =Ko, )=K, (o, )+ K, () ,(7)

satisfied the condition (4).

However, herewith it was not obvious that simulta-
neously the boost operator could be presented in a simi-
lar form

N(a):eRN(ac)eiR EB((XC):BF (ac)-‘rBl (ac)’ (8)

so that the condition (5) would be automatically fulfilled.

2. CLOTHED PARTICLES AND BOOST
GENERATORS

The problem will be analyzed using the quantum
field model in which a spinor fermion (nucleon) field
interacts with a neutral meson (pion) field by means of
the Yukawa-type threelinear pseudoscalar (PS) cou-
pling. Within the model,

H=H@)=H,(0)+H,(a), ©)
N=N()=N.(a)+N,(a). (10)
The free parts of H and N have the form

H, = j dko, a’ (K)a(k) + j dpE, [ b' (p.r)b(p.r)

v’ (0.r)d (b)), b
NF(G’) = Nmys +Nferm > (12)
. 2
N, =< dkakr e T KK AT
2 OO,
05 (k—K") .
PR i (Kak), 13
— a'(k"a(k) (13)
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N, _jp,d(( as(p P)

' )u(p,r)b*(p',r')b(p,m
—' (p’, " (p,r)d" (p',r)d(p.r) . (14)

Here E, =\p’+m’, o, =k’+p’>, m and p are

nucleon and meson physical masses; p and k are nu-

cleon and meson momenta; r is the spin projection
index. The creation (destruction) operators of mesons

a' (k)(a(k)) the
bt (p,r)(b(p,r)) and antifermions d' (p,
satisfy the commutation relations
[a(k).a' (k) ]=5 (k-K');
{b(p,r),bT (p’,r')} =5,.8(p-p);
{d (p.r).d" (p, r’)} =3,,8(p-p').
The interaction parts of H and N have the form
H@)=V(@)+M,,,. ()

fermions

r)(d(p.r))

and same for

(15)

+M ren, ferm ((X,) + I/ren (a‘) (16)

I(G’) W(a)+Nru1mm( )

+ renﬁrm(a)+wren(a) (17)
The interaction operators ¥ and W are written as
Vi) = j dkpa(k)+ H.c., (18)

pr=[dpdp Y Y F (0 VY (0 ) F (par) (19

ro' i, g
V.k. !, !; , — lg m 5 "rk— '

o (prspor) (n)” PmE.E, (p+k-p|
X(.—/i(p’ar’)’YSUj (par) 5 (20)
W(o)= jde"a(k)+H.c., 1)

b= [dpdp Y F (0 WY (0 ) F (par). (22)
ro' g
- o5 (p+k—p')
Wk ’5 ’; b = g m
ij (p r;p i’) (27'5)3/2 ,720)kEp,Ep ok
<7, (p.r)ysU, () - (23)
Here g — physical coupling constant and the notations
are as follows
U(p,r)=[U1 (p’r)]{u(p’r)}
U,(p.r)) \v(-p.r)
F (p.r) [ b(p.r) j
F(p.r)=| = . , (24)
(b.7) [Fz(p,r)J d'(-p.r)

where u(p,r) and v(—p,r) are spinors satisfying usual

Dirac equations with physical masses.
The mass counterterms are presented as

34

M, o) =20 - I X (o atk)

+a(k)a(-k)+ H.c.), (25)

Mren,fe)m (G) m J. p Z z F p’

xM, (p,r'sp,7)F, (p.7), (26)
_i 2 _ .2 ' 1 .

N @) = (15 =1 ) | ik vl

x(a' (K)a(k") +a(k)a(-k") + H.c.)%é‘) (k-k'),(27)

N,y o (@) = im (my — m)J.dpdp’\/ElT ZZFI (p.r")

0
XM,-,,-(p',r';p,r)f}(p,r)%S (p-p), (28)

where M, (p’,r';p,r)=U,(p".7")U,(p.r), m, and p,
— nucleon and meson bare masses.

The vertex counterterms V,, u W, are determined
by the same formulae (18)-(23) as for ¥ and W but
with g substituted by 6g=g,—g where g, is the
bare coupling constant.

Total Hamiltonian (9) and boost (10) consist of the
g' - order operators (18)-(23), called bad, which prevent
satisfaction of the conditions (4)-(5). Their removal by
the first clothing transformation [2] with the generator

R=[dkRa, (k)—Hc (29)
Idp’deZ (P rsp.r) F (por), (30)
k o Vk (p }",p, )
R". VP, = s
v (p P r) (_1)1 lEp’_(_l)/ lEp — 0y
(i,7=12), (31)
leads to

Ko )= Hy o)+ M (o )+, o)+ [RY]
+[R.M,,, ]+ ;[R,[R,V]]+..., (32)
Bla ) =N, (o )+ N, (o )+ W, o)+ 3[R W]
+[R,Nm]+%[R,[R,WH+.... (33)

Thus, K (o, ) and B(a, | appear free from bad terms up

to second order in g .

3. MASS AND VERTEX
RENORMALIZATION IN BOOST
GENERATORS

After first clothing, K (o) (32) and Bla,) (33)
contain bad terms of the g’
Ko, |, the

and higher orders. In

operators [R.V] and



M, =M

ren ren,mes

have parts of the g”-order, as

+N, in B(a,).

ren, ferm

+M ren, ferm
wellas [R,W] and N, =N _

After normal ordering, [R,V] involves parts bilinear
in the meson operators that can be cancelled by the re-
spective counterparts from M, Then we have

ren,mes *

meson mass shift of the g”-order [2]

2 4
_2g [dp 1+“—24 , (34)
4pk) —n

(2x)" E,
where p :(Ep,p) and k =(o,,k). At the same time,

2 2 2

o =p, —p

another part of [R,V'] partly cancel with M in the

ren, ferm
same order, giving the fermion mass shift [3]
2

SmEmO—WZ: [11(17)"‘12(]9)],

&
4m(2n)’

dk 1 1
Il(p):-[ pk 2 - 2 >
o, w —2pk W +2pk

_[da) _m-pq m+ pg 3
12<p)-IEq{2[m2_pq]_Mz +z[m2+pq]—w}’( 5)

with ¢ = (Eq,q).

Having fixed the mass corrections in the g”-order,

we immediately verify that similar terms in the opera-
tors [R,W], N and N cancel.

ren,mes ren, ferm

Operator V,,en+[R,MW]+§[R,[R,VH contains

terms of the g’-order which replicate the operator

structure of the interaction operator V' and, thus, start
the program of vertex renormalization .
Using normal ordering of fermionic operators, several

part of the commutator [R,[R,VH is cancelled with
some part of the commutator [R,M,,, |, providing the

meson and nucleon wave function renormalization in the
lowest order in g . At the same time, another part of the

commutator [R,[R,V]] is cancelled with the part of

V., » determining the charge shift in the g’ -order [4,5]:

N jﬁ p'q  m'+pp-pq
E o ym Lo, o —2pq ni-2
o W 2P ' -2pg
[da__m-pq m+p'q-pk
E 2[m’ +pg|-p’ W -2k
d m’+p' m’—p'q—p'k
WA wirg mopierE )
E, 2[111 +pq]—u pe+2kq
Here E, =@’ +m’ ; oy =Vq* +p?;

p'=(E,.p); ¢ =(0,.9) .
Having fixed the vertex correction in the g’ -order,

we immediately verify that similar terms in the opera-
tors [ R,[R,W]], W,, and [R,N

en

| cancel.

ren

4. RELATIVISTIC INTERACTIONS
AND BOOST GENERATORS

Selecting bad terms of the g”-order in K (o), we

further remove them using the second clothing trans-
formation. After that, applying this transformation to

B(a, |, we see that the latter does not contain bad terms
of the g”-order too. Proceeding in such a way, we re-
move bad terms from K(o,) and Bla,| up to third
order in g . The remaining bad terms of higher orders

must be removed via successive clothing unitary trans-
formation.

Thus, up to g*-order, we have

K[ (aC ) — K(Z) ((L,)‘*’KO) ((X,C)-F 0(g4) : (37)

B, (0,) =B (o, )+ B () +O(g"). (38)

Here the operators of physical interactions between
physical particles in the second and third orders are as
follows

K?(a,)=K(NN - NN)+K (NN — NN)
+K (NN - NN)+K(nN >nN)

+K(nﬁ—>n]\_/)+K(mt (—)NN), (39)
K9 (a,)=K(NN <>nNN)+K (NN <> NN)

+K (NN <> NN)+K (NN > mnr )
+K(TCN(—)TCEN)+K(TCN(—)TCTC]\_/)+.... (40)

Similarly, the respective operators in B, (o) have the

form

B? () = B(NN — NN)+B(NN — NN)

+B(NN - NN)+B(nN -7 N)
+B(n]v—>n]v)+B(mc <—>N]\_/); 41
B (a,)=B(NN <> NN)+B(NN < NN)
+B(NN <> NN)+B(NN <> mnr )
+B(nN<—>nnN)+B<n]\_/<—>Tm]\_/)+.... 42)

In Egs. (39) — (42), the transparent notations N, N
and m are used to distinguish clothed (physical) nu-
cleon, antinucleon and pion, respectively.

For brevity, in what follows we omit the spin indi-
ces.

The nucleon-nucleon interaction operator is equal to

K(NN — NN) = % [ dp,dp, dp|dp)dk
xRy (p1py ) Vi (P2:p,)
xF' (py) F' (py)F (p)) F (p,)+ Hee.

The antinucleon-antinucleon interaction operator has
the form

(43)
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K(NN — NN) = % [ dp,dp, dpidp’dk
xRy, (p1:p1) Vs (P3:D,)
><F2(pl')Fz(p;)F;(pl)F;(pz)+H.c, (44)

The nucleon-antinucleon interaction operator can be
presented as

K(NN - NN)= %jdpldpzdp;dp;dk

(Rl (p1:p,) - Vor (PaiPs)— RS (1:p5) - V5r (Paipy)

+R3, (po:p3)- Vi (2P ) — RS (P2:py) - 75 (p1:ps )}

xF (p))F (p3) F () F (p,)+ Hee. (45)

The pion-nucleon interaction operator can be given as
K (Tt N-o>nN )

- %Idpldpzdkldkz (R4 7] (pasp))

xF'(p,)a"(k,)F (p )a(k,)+H.c., (46)
where

(R ] (0':p)=[da[ R (p:0)7 (a:p)

v (p:q) R (a:p)]- (47)

The pion-antinucleon interaction operator has the
form

_ — 1 R
K(xN >nN)= Ejdpldpzdkldkz (R 7% (pspy)
xF,(p,)a" (k,)F (p,)a(k,)+H.c.

The interaction operator for nucleon-antinucleon
pair production (annihilation) by pair of pions is equal
to

(43)

— 1
K(Tm D NN) = EJ.dplszdkldkz [Rk' Ve lz (pz;Pl)
<E (p,)F (p,)a(k,)a(k, )+ H.e.. (49)

The interaction operators B'” (o) are determined
by the same formulae (43)-(49) as for K”(a,) but
with V(o) substituted by W(a,).

The operators of the third order in g have similar

forms but more difficult structure. For example, the
operator of the pion production on the pair of nucleons
has the form [6]

K(NN -7 NN)= %Jdp]dpzdp]’dp;dk]dkz
X{Rf‘f (pisp) [R7 T (p5ips)

#2R% (pip,)-[R= T (p:p,)

+[R ] (pip)-RY (pisp.)

2[R, 7™ (plsp)-RY (p:p,)

2 (pip) (RSB  (piips)

| R R ] (pispy) Vit (Phis )}
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xF'(p))F'(p5)F (p)F (p,)a' (k,). (50)
5. WHETHER THE POINCARE ALGEBRA IS
FULFILLED?

In order to answer this question it is necessary to
evaluate explicitly the set of all commutation relations
(1) in the respective orders. It is important to emphasize
that the corresponding verification is not difficult
though quite tedious. Thus, we just give only some nec-
essary explanations. The commutation relations which
do not contain K and B are automatically fulfilled.
The rotational and translational invariance of the inter-
action operator V leads to the fact that the

commutation relations [R.,H ]:O, [J,.,H]:O and

[J,.N,]=ie,J, are also satisfied. The relation
[P,N,|=-id,H is proven by partial integration and
[H,N,]=-iP,

[N, N, ] =—ie,,J, up to the sixth order is similar [5].

the way of verifying and

6. CONCLUSION

Using the method of the unitary clothing transforma-
tion, we have constructed the generators of the Poincaré
group in the instant form of relativistic dynamics in the
second and third orders in the coupling constant. In the
model of the three-linear Yukawa type pseudoscalar
interaction between nucleon and meson fields we have
shown how the generators of the Poincaré group acquire
one and the same sparse structure in the Fock space of
particle states.

The explicit form for the boost generators enables us
to check directly the properties of the bare and clothed
operators and states under the Lorentz transformations.
Contrary to the bare vacuum and bare one-particle
states, the clothed vacuum and the clothed one-particle
states appear invariant under these transformations. The
new states being expressed in terms of the bare ones
have a very difficult structure which witnesses that the
clouds of virtual particles are included in the clothed
operators and states.

It is important to emphasize that the algebra of gen-
erators of the Poincaré group is fulfilled up to the six
order in the coupling constant. As a byproduct of our
clothing procedure, the mass and vertex renormalization
in the second and third orders in the coupling constant
respectively is performed in a relativistic manner.
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MIPEJICTABJEHUE OJETBIX YACTHUIL B KBAHTOBOM TEOPUH I1OJIA:
I'EHEPATOPBI BYCTOB I'PYIIIIbI TYAHKAPE

B.1O. Kopoa, I1.A. ®ponos

C moMompo MeToJja YHUTapHBIX OJIEBAIONINX NMpeoOpa3oBaHUN MOCTPOEHBI TeHeparopsl rpymnnsl Ilyankape B
MTHOBEHHOH ()OpME PEeNIATHBHCTCKOM AMHAMUKH BO BTOPOM M TPETHEM MOPSIKaX 110 KOHCTAaHTE B3aWMOAEHCTBUS.
IToxazano, 4T0 anredpa reHepaToOpoB I'PYIIBI YAOBIETBOPSAETCS O HIECTOTO mopsiaka. OOOCHOBaHA PENSATHBUCT-
CKasl MHBAPHAHTHOCTh PACCUUTAHHBIX MONPABOK MAaccaM YacCTHI[ M KOHCTAHTE B3aMMOACHCTBHSL.

30BPAKEHHSI OJAATHEHUX YACTHHOK B KBAHTOBII TEOPII I1OJIA:
I'EHEPATOPHU BYCTIB I'PYIIN ITYAHKAPE

B.I1O. Kopoa, I1.0. @ponos

3a I0IOMOT 010 METO/Y YHITapHHUX OJSIralouux IepeTBOPEHb N00y10BaHi reneparopu rpymnu [lyankape B MUTTE-
Bilf (pOpMi PEIATHUBICTCHKOI IWHAMIKH B JPYTOMY 1 TPETbOMY MOpSAIKAX 3a KOHCTaHTOO B3aeMmoii. [TokazaHo, 1mo
anrebpa TeHepaTopiB IPyNH 33aJOBOJIBHAETHCA O MIOCTOrO HOpsaky. OOGIPYyHTOBaHO pEIATHUBICTCHKY iHBapiaHT-
HICTh pO3paxOBaHMX IMOINPABOK JI0 MaC YaCTUHOK 1 KOHCTAHTI B3a€EMO/Iil.
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