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Necessary and sufficient conditions
for the existence of the unique solution of a

homogeneous system of linear random equations
over the field GF(3)
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Abstract. Two theorems on the conditions of existence of the unique
solution depending on intervals of the distribution of coefficients of the
system are proved for a homogeneous system of linear random equations
over the field GF(3).
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1. Main results

Let the system

n

Sag-“)xj =0, peld, (1.1)
j=1

be given over the field GF(3), where J = {1,2,..., T}, T'> 1, and ) 4

is the symbol of addition over the field GF(3), which satisfies condition

(A).

Condition (A): The coefficients ag.“), 1 <j<mn,pue Jare inde
pendent random quantities with the distribution P{agu ) = a} =pu,a €
GF(3), a #0 and P{ay‘) =0} =1-2p,.

Let v, denote the number of solutions z, z € V,,, of system (1.1) with
the number |Z| of nonzero components is greater than zero, and |z| > 0
(here, V}, is the set of all n-dimensional vectors over the field GF'(3)) .
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Theorem 1.1. Let conditions (A) and

Inn+ z 1 Inn+z
< < = — eJ 1.2
—— <m<g s HEJ, (1.2)

where z = o(Inn), n — oo, be satisfied.
Then the condition

T
= > 1+, (1.3)
n

where Ny, — 00, 7, — 0, n — 00, € = const, 0 < € < 1, is sufficient,
and the condition

T _ Inl,8
> ! 1.4
n~ In3’ (14)
s necessary in order that
P{v, >0} =0(1), n— occ. (1.5)
Theorem 1.2. Let conditions (A) and
E,Inn 1 FE,lnn
<p,< = — €J 1.6
<P — nel (1.6)
where E, — 00 as n — oo, be satisfied.
Then the condition
T=n+A,, (1.7)

where A, — o0 as n — o0, is sufficient, and the condition (1.4) is
necessary in order that relation (1.5) be valid.

2. Auxiliary statements

Lemma 2.1. Let £ be a random quantity that is given by £ = & +3
<o +3&k, where &1, ..., & are independent identically distributed random
quantities; P{{s = 0} = 1 — 2p*, P{{ = a} = p*, a € GF(3),a # 0,
s=1,...,k, 1 <k < o0, +3 is the operation of summation in the field
GF(3). Then

1 1

Plg=a}=7—2(1- 3p*)*, ac GF(3), a#0.
Proof. The proof of Lemma 2.1 can be realized by the method of math-
ematical induction on the parameter k£ > 1. O

Lemma 2.2. If condition (A) is satisfied, then the expectation Ev, of
the random quantity v, is equal to

Ev, =377 zn: (7;) 21Q, (2.1)
t=1
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T
Q= JJ@+201-3p.)". (2.2)
pn=1
Proof. Let &(z) is the indicator of an event which consists in that the

vector T, T € V,, is a solution of system (1.1). With regard for condition
(A), we have

Ev,= Y EBfz)= > HP(Z@”)QU]—O> (2.3)

Z:|Z|>1 z:|z|>1 p=1

The number of nonzero terms in ) 5 on the right-hand side of (2.3)
is equal to ¢, where ¢ is the total number of nonzero components of the
vector z, |z| > 1. Then, using (2.3) and Lemma 2.1, we get (2.1). O

For arbitrary vectors 29 € V,, z(9) = (xgq), . (Q)) q=1,2, we
denote, by i, ¢,, the number of components of the vector (1) which are
equal to ¢;. In the vector 72, they correspond to components which
equal co, where ¢1,c0 € GF(3), 0 <'igjey < 1.

Let I = {i01,%02, 10,120, 111,922, 912,921 }, ¢ = @01 + 02, = P10 + %20,
t=> 74, EVE} = Evp(vy, — 1).

jel

Lemma 2.3. If condition (A) is satisfied, then

B2 =9 T n (") ! o (2.4)
; t Z IT 4!

jeI

where
Q* = i[l <1 +2 ( 2(1 - 3pu)r‘”>>, (2.5)

the summation » is realized over all j € I so that Zjefj = t; in equality
(2.4), elements of the set I satisfy the relations

t—i> 1, (2.6)
f 1>, (2.7)
i+l +d12 +i21 > 15 (2.8)

and the parameters T®) |k = 1,2,3,4, are determined, respectively, by
the equalities

M =41, (2.9)
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r® —¢—1, (2.10)
r® =t —i, (2.11)
r® =t (2.12)

Proof. Using condition (A) and the relation
Ev2 =3 Be(@V)e(@?),

where the summation . is executed over all pairs (zW, 22)) of the
vectors 29 € V, such that [2@| > 1, ¢ =1,2, 21 # 2, we get

E,jm

- Z H P{U{AW (zR)) =y, AW (D) 7)) = 1y k = 1,2}}

_Z HZ P{AW (M 7)) =y}
< I PAMG) =), (213

where the symbol U / >>** / union /summation/ is applied to all solutions
of the system of equations

y1 +3y12 =0,
Yo +3y12 =0

over the field GF'(3); for pp € J,
AWz 7)) = 23 aW AW (@) = 23 a® g =1,2,
weE(12) weE(@
where
(12)_{_] 1<j<n: a: 750 qg=1,2},
E(‘I):{j 1<j<n: m 750 x(Q) 0},

qe{1,2}, ¢ € {1,2}, ¢" #¢.
Let v, v and 4®) be the numbers of elements of the sets, re-
spectively, EWD E®@ and E12),
We set
@ — ’Y(l) + 7(2)7 7@ — 7(2) + 7(3)’

PB) — A0 £ 4B PO Z 1) 4 4@ 4 6
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By condition (A) and Lemma 2.1, relation (2.13) can be rewritten as

EvA =9 Ty ﬁl <1 + 2(24:(1 - 3pﬂ)”’“’>). (2.14)
= k=1

The summation ».* on the right-hand side of (2.14) over all pairs
(:E(l),:f:@)) such that z(1) % 72, ]a’:(q” > 1, g = 1,2, is equivalent to
the summation over all parameters j € I on the right-hand side of (2.4).
Inequalities (2.6), (2.7), and (2.8) guarantee for the relations |z()| > 1,
1Z3)| > 1, and 2V # 72| respectively, to be satisfied.

Then we will verify equality (2.9). Indeed, because the sum i19+i20 is
the number of nonzero components of the vector Z(!) which correspond
to zero components of the vector z(?), we have found |EM| = ~(1) =
110 + i20. By analogy, we get |E(2)| = ~v@) = jg1 + ig2. That is why,
M = ~M) 4~ =4 41, which proves (2.9). In the same way, we verify
equalities (2.10)—(2.12). O

Lemma 2.4. If conditions (A) and

pu< 5 -, (2.15)

1
where 0 < v < 3 u € J, are satisfied, then

Ev, > 0. (2.16)

Proof. To prove relation (2.16), it is sufficient to show with regard for
(2.1) and (2.2) that, for n > 1,

Q> 0. (2.17)

To this end, we represent the product ) which is determined by equality
(2.2) in the form

3
Q = HQra (2'18)
r=1

where @, denote the product of all multipliers on the right-hand side of
(2.2), for which the parameter p belongs to the set W,., r = 1,2, 3. Here,

1
Wi={p, lsps<T:p.<gh
1 1
Wy = {pu, 1<u§T:—<pM§§—v, t even},
1
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where t > 1, and ¢ is the parameter from the right-hand side of equality
(2.2).

Let 1, be the number of elements of the set W, n, = |W,|, r = 1,2, 3.
Then

3
o =T. (2.19)
r=1
From the definition of the products @1 and Q2, we get
Q=1 Q221 (2.20)
Using condition (2.15), we find
Q3 > (6v)™. (2.21)

From (2.18)—(2.21), we have

Q = (6v)™,
which gives (2.17) and, hence, (2.16). O
We denote
Pmax = lgaSXTpua Pmin = lggngw

Lemma 2.5. Let conditions (A), (1.2), and

T Inl,8
— — — 2.22
~< g (2.22)
where v 1s a fixed positive number, be satisfied.
Then, for arbitrary t € F, where F = [[2n] — [{%-];n], the relation
Q=>a (2.23)

holds as n — oo, where [d] is the integer part of a number d. Here and
below, a, is a fixed positive number, a, < oo, z =1,2,...

Proof. By virtue of (2.18), for proving (2.23), it is sufficient to show that,
for t € F and n > 1, there exists as such that

Qr>az, r=12.3. (2.24)
With the help of (1.2) for € Wj and ¢t € F for n — oo, we get

(1 - 3pu)t > (1 - 3pmaz)t > _a32—%”—ﬁn—4(1+0(1))' (2'25)
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Using (2.22) and (2.25) as n — oo, we get

Q1 > (1 - a2~ 3= wap 4o (5 =,

which yields (2.24) for r = 1.
We now check relation (2.24) for » = 2. Indeed, taking (1.2) into
account for p € Wy and t € F, we find, as n — oo,

(1=3p,)t > (1 = 3pmin)t > —agn 30+, (2.26)

Using (2.22) and (2.26) for n — oo, we get

In1,8

Q2 > (1 — agn =3+ G —nn, (2.27)

With the help of (2.27), we get (2.24) for r = 2.
Inequality (2.24) for r = 3 follows from (2.2) and from the relations

(1= 3pu) > —(3pmaz — 1)f > —az2 3" mapn40+00)

for p € W3, t € F, and n — oco. Whence, taking (2.18) and (2.24) into
account, we get relation (2.23). O

Lemma 2.6. If conditions (A), (1.2), and (1.3) are satisfied, then, as
n — oo,

Dy = o(1), (2.28)

where
[61 lnn
D, =371 Z ( )2%)

Here, €4 is a sufficiently small ﬁa:ed positive number, and q > 1.

Proof. Using (1.2) and the relation pint € (0;1) for n — oo and t €
151 2], we get

Q < 3"(1 = 2pmint + 3(Pmint)*)" (2.29)
Using (2.29), we find, as n — oo,
El lnn

D < Z

With the help of (1.2) for all t € [1;[e11%]], we have

3 n
exp { — 2T tPmin (1 — 551 mpmin) } (2.30)

2 t 2 t
( ; ) < (= )
€2Tpmm(17§sl 5 Pmin) —Inn - 2 (1nn+z)(17251(1+1nn)) Inn
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Then, taking (1.3) and (2.30) into account, we obtain the estimate

le1 5]
Di< Y gexp{—t(nn+22)(1 —3e1 +0(1))}, n—oo.  (231)
t=1
This relation yields obviously (2.28). O

Lemma 2.7. If conditions (A), (1.2), and (1.3) are satisfied, then, as
n — 0o,

Dy = o(1), (2.32)
where

[e2n]
_ o-T LLAPN
Dy =3 > (t)2 Q.

t=[e1 2] +1

In

Proof. For t € [[e1=] + 1, [e2n]], we find

T
0< (1 n 2exp{ _ 3pmm([eli] n 1) }) . (2.33)
Inn
As n — oo, relations (1.2) and (2.33) yield
601(52)%(1 + E%) T
Dy < < 363 10+15,) > 7 (2.34)
where o,.(¢) — 0(¢ — 0), » > 1. In view of assumption (1.3), condition
(1.2) for z = o(lnn), and inequality (2.34), we get (2.32). O
Lemma 2.8. If conditions (A), (1.2), and (1.3) are satisfied, then, as
n — 0o,
D3 = o(1), (2.35)
where

Proof. For all t € [[ean] + 1,n],
Q < (14 2exp{—3pmin([ean] + D}T. (2.36)

Using (1.2) and (2.36), we have

n
Dg<3_ 2T }

=37 exp { exp{3ea(Inn)(1 + ﬁ)} (2.37)
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With the help of relations z = o(lnn), n°y, — oo as n — oo, and (2.37),
we get

2
D3 < exp { — Typ(In 3){ — (I 3) e o) +1+ O(’Yn)}}

This directly yields (2.35). O

Lemma 2.9. If conditions (A), (1.6), and (1.7) are satisfied, then rela-
tion (2.35) is valid.

Proof. To prove the validity of (2.35), we note that, first, the product @
satisfies estimate (2.36). Second, using condition (1.6) for n — oo, we

get
3" 2 T
Ds < 3T (1 + n3€2En> '

Then, taking (1.7) into account, we have, as n — oo,

(2.38)

2n }(eXp{ﬁ})*‘n

D3 <exp {ni%szEn 3

With the help of conditions E,, — oo, A, — oo for n — oo, and (2.38),
we find (2.35) for n — oo. O

3. Proof of theorems

Proof of Theorem 1.1. Sufficiency. We will show that if relation (1.3) is
valid, then
Ev, =o0(1), n— oo. (3.1)

In view of (2.1) and (2.2), the expectation Ev, can be written as

3
Evy = D, (3.2)
h=1

where

Dy=3"T%" <7Z> 2%Q, h=1,2,3.

teRy,

The closed segments R;, h = 1,2,3, whose ends are integers, are as
follows: Ry = [1, [e15]], Re = [[e115] + 1, [e2n]], R3 = [[ean] + 1, n].
To prove (3.1) with the help of (3.2), it is sufficient to be convinced
that, for n — oo,
Dy, = o(1) (3.3)
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for h = 1,2, 3. Using (2.28), (2.32), and (2.35), we get (3.3) for h = 1,2, 3.
Relations (3.2) and (3.3) yield (3.1). Taking (3.1) and the Chebyshev
inequality into account, we get (1.5).
Necessity. As n — oo, let the probability P(v, > 0) tend to zero,
ie.,
Py, >0)—0, n— oo. (3.4)

We will show that (1.4) is satisfied. Let us assume that equality (1.4)
does not hold, i.e. relation (2.22) has place. We will show that, in this
case,

Py, >0)>0 (3.5)

as n — o0o. That is, the nonzero solutions exist with a positive probabil-
ity. To that end, we will check the estimates for n — oo,

(Bv,)™ < ag, (3.6)
EV2(Ev,)™? < as, (3.7)

with their subsequent use in the inequality [1]
P(v, > 0) > ((Bv,) ™' + BV (Ev,) 7271 (3.8)

Indeed, with the help of relations (2.1), (2.2), and Lemma 2.4 for
t € I and n — oo, we have

(Bv,)~t <3775, (3.9)

where

b < a3y (7;) 9h)~1, (3.10)

tel

Using the equality 37" Y7 (7)2" = 1, we get

(3n]-[ms]

3" Z <7Z> 2! < exp{ - lngn (% + O((lnn)_l))} — 0,

t=0

n — 0o, whence
n
3‘”5 2t -1 : 11
<t> —1, n—oo (3.11)
tel

Relations (3.9)—(3.11) yield (3.6).
We now show that, as n — oo, there exists a number ag, for which

(377" Ev,) ™! < ay. (3.12)
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Indeed, taking (3.9) into account, we obtain
(3T "Ev,)"t <4, (3.13)

asn — oo. But, using (3.10) and (3.11), we get the inequality lim,, . &,
< a7, which together with (3.13) proves (3.12).

Relation (3.12) implies that, to order to prove (3.7), it suffices to
show that the relation

9" "BV < ayy, n— oo, (3.14)

holds.
To that end, we rewrite the left-hand side of (3.14) with the help of
(2.4) and (2.5) as
9" B2l = 975 (n; QY), (3.15)

where

s =Y (}) X @ (3.16)

t=1 Eljzt el
We represent the sum S(n; Q) as
S(n; Q%) = S1(n; Q%) + S2(n; Q), (3.17)

where Si(n;Q*) differs from S(n;@Q*) by that the summation on the
right-hand side of (3.16) is performed over all j, j € I such that

r*) > en, (3.18)

where ¢ = const, 0 < ¢ < 1, I'®) are determined by equalities (2.9)-
(2.12) for k = 1,2,3,4; and Sa(n; Q*) is the sum of terms from S(n; Q*)
which do not enter Si(n;Q*). Then, in view of (1.2), (2.5), (2.22), and
(3.18), we get the estimate

S1(n; Q%) < S1(n; 1)Q7, (3.19)

In1,8
In3

where Q% = (1 4 8030+ 5%))(a3 =1 The inequality
Si(n;1) < 9" (3.20)
together with (3.19) give us

In1,8

S1(n; Q) < a119"™(1 + 8n =2 ma)) g —n, (3.21)
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We represent the sum Sa(n; Q*) as

4
So(n; QF) =) Sour(n;Q), (3:22)
r=1

where S.-(n; Q*) differs from Sp(n; Q*) by that the summation on the
right-hand side of (3.16) is realized over all parameters j, j € I such
that there exist I1,...,1, € {1,2,3,4}, for which T'U») < en, T*) > en,
where k € {1,2,3,4}\{l1,..., 0}, h =1,...,r, r = 1,2,3,4. Then, for
r=1,2,3,4, we can write Sa,.(n; Q*) in the form

SQ;r(n; Q*) = Z S2;r;t1,..,,tr (n; Q*)v (323)

1<t < <tr <4

where So..4,, .1, (n; Q) denotes the sum of all terms that belong to
So.r(n;Q*) and for which T®) < en, | = 1,...,7, T") > en, ¢ ¢

{1,2,3,4}\{t1,...,t-}.
We now show that, for r =1,

SQW(n; Q*) < a123(%_7)”602(6)n

Indeed, with the help of (1.2), (2.5), (2.22), and (3.23) for r = 1, we
get

4
So.r(n; Q%) < Q;;r Z S2;T;l(n§ 1), (3.25)
=1
where Q3,, = a1330ins ™ (1 4 2p =305 ) (g,

Then we estimate every of four terms Ss.,.4(n;1), [ =1,2,3,4 on the
right-hand side of (3.25).

The inequality I')) < en and relation (2.9) imply that all parameters
., € I* \ {111,i2272‘12,i217i00}, I*=1T1U {ioo} which are present in
the definition of the sum S(n;Q*) do not exceed en. Then, using the
polynomial formula, we have

Sa1;1(n; 1) < 5" exp{os(e)n}. (3.26)
In order to verify the validity of the estimate
So;1;2(n; 1) < 3" exp{oy(e)n}, (3.27)

it is sufficient to observe, by taking (2.10) and the inequality r'® <en
into account, that all parameters j, j € I'* \ {i10, %00, %20} on the right-
hand side of (3.16) do not exceed en.
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With the help of (2.11) by analogy with (3.27), we get
So.1:3(n; 1) < 3" exp{os(e)n}. (3.28)

The inequality I'¥) < en and relation (2.12) imply that all parameters
J,J € I\ {ioo} which enter the sum S(n;Q*) do not exceed en. This
yields

So.1:4(n; 1) < exp{og(e)n}. (3.29)

Using (3.25)—(3.29), we get
S2.1(n; 1) < argexp{oz(e)n}(5" + 3" +1). (3.30)

Relations (3.25) and (3.30) prove (3.24).
We will show that, for r = 2, the estimate

In1.8

52;7"(”3 Q%) < 045608(5)”5( hs —Vn

In1.8 )

z ( n n
x (1 + %n*&(”m)) ma T (3.31)

holds.
Indeed, with the help of (1.2), (2.5), (2.22), and (3.23) for r = 2, we
get
SZ;r(n; Q*) < Q;;r Z S2rity b (n; 1), (3.32)

1<t1<t2<4

where Q3. = a165(%—7)nu + %n_35(1+ﬁ))(1r1)n138_7)”.

Using the inequalities ) < en, T2 < en, 1 <t < ty < 4, and
relations (2.9)—(2.12), we established that all parameters j, j € I*\{igo}
on the right-hand side of (3.16) do not exceed en. This allows us to write
the estimate

9. : < .
jmax S9:9:41 t2(15 1) < exp{og(e)n}. (3.33)

In view of (3.32) and (3.33), we have, for r = 2,
Sa.r(n;1) < aryexp{oio(e)n}. (3.34)

Relations (3.32) and (3.34) yield (3.31).
Let us verify that, for r = 3,

In1,8
SQW(”? Q*) < a186011(8)n7( n3 _’Y)nx

(1+ gn—3€<1+ﬁ>) s (3.35)
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On the basis of (1.2), (2.5), (2.22), and (3.23) for r = 3, we find
Sor(m; Q) < Q3 D Somtyanis(n; 1), (3.36)

1<t1<ta<tsz<4

In1,8 2 In1,8
where Q3. = a197(W_7)”(1 + %n‘35(1+m))( s )N,

We now show that

59:9:41 to.t5(1; 1) < exp{oi2(e)n}. (3.37)

max
1<t1<t2<t3<4

Indeed, the inequalities T(*1) < en, T(2) < en, T®8) < en, 1 < t; <
to < t3 < 4, relations (2.9)—(2.12), and the polynomial formula allow us,
by analogy with (3.33), to obtain (3.37).

Taking (3.36) and (3.37) into account for r = 3, we get the estimate

Sa.r(n; 1) < agp exp{oiz(e)n}. (3.38)

Relations (3.36) and (3.38) prove (3.35) for r = 3.
Finally, we will convince ourselves that, for r = 4,

Inl

Sor(n; Q%) < 905 " explona(e)n}n (1 wa) (3.39)

From (2.6), (2.7), and (2.10)-(2.12), we get T > 1,1 = 2,3,4.
Whence, by using (1.2), (2.5), (2.22), and (3.23) for r = 4, we find

52;7“(”; Q*) < Q;;TSQ;T(TL; 1)7 (340)
In1,8

where Q3. = 9(Tms —Nnp—a2(+55),
In view of the inequalities ') < en, [ = 1,2, 3,4, and relations (2.9)~
(2.12), by analogy with (3.33) for r = 4, we find the estimate

So.r(n; 1) < exp{o1a(e)n}. (3.41)

Relations (3.40) and (3.41) prove (3.39).
For Sa(n; Q*), using (3.22), (3.24), (3.31), (3.35), and (3.39), we get

SQU"(n; 1) < 9(1?1171538_7)”4”—0,21(14_&)

+ ag expiois(e)n}(1 + a23n_35(1+ﬁ))(1?n1§8 -7)n

In1,8

w (TURE =0 4 50 -n g

T IN(5" 4 37 4 1)), (3.42)
With the help of (3.15), (3.17), (3.21), and (3.42), we find (3.14). In-
equalities (3.12) and (3.14) prove (3.7).

Thus, using (2.22), we get (3.6) and (3.7), which, together with esti-
mate (3.8), allow us to make conclusion that relation (3.5) is valid. This,
in turn, contradicts the assertion that, with probability 1, there exists a
unique solution z(?) of system (1.1) for n — oo. O
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Proof of Theorem 1.2. Sufficiency. We will show that (1.7) yields (3.1).
Indeed, using conditions (1.6) and (1.7), we verify, by analogy with Lem-
mas 2.6 and 2.7, that the relations

[51 En”}n n ]

377 Y (?) 2Q =o(1), n— oo, (3.43)

t=1

[e2n]

37T Y <TZ> 20Q = o(1), 1 — oo, (3.44)

t=[€1 Enﬂl‘n'n,}‘r1

are satisfied. In view of Lemma 2.9, equalities (2.35), (3.2), (3.43), and
(3.44), we get (3.1). The Chebyshev inequalities and (3.1) complete the
proof of the sufficiency.

Necessity. From (1.6), we get the necessity of condition (1.4), because
relation (1.6) is a separate case of (1.2). O
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