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The motion of gravitating ellipsoidal masses of
liquid with variable viscosity
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Abstract. This paper is devoted to the study of the classical problem
of the motion of a gravitating ellipsoidal mass of liquid. The new element
is the viscosity of liquid which is determined as a linear homogeneous
function of the pressure. It is proved that the so determined viscosity
does not destroy the homogeneous rotational flow of liquid.
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Introduction

For the first time, the problem on the rotation of a liquid gravitat-
ing ellipsoid was set up and solved by Newton (1686) [8] in order to
investigate the Earth’s shape. Later on, this problem was studied by
Stirling (1735), Maclaurin (1742), Simpson (1743), d’Alembert (1773),
Laplace (1778), Jacobi (1834), Mayer (1842), Liouville (1846), Dirichlet
(1875), Dedekind, Riemann, Poincaré (1885), Cartan, Lyapunov, Roche
(1850), Darwin (1906), Jeans (1916), Chandrasekhar (1969) and many
others. The clear detailed presentation of these results can be found into
monograph of P. Appell [1], article of L. N. Sretenskii [13], monograph
of L. Lichtenstein |5], textbooks of H. Lamb [4] and M. F. Subbotin [14],
and monograph of S. Chandrasekhar [3].

Firstly, the case of a oblate axisymmetric ellipsoid which rotates with
permanent speed around of the symmetry axis (Maclaurin ellipsoid) was
investigated. Jacobi discovered that a liquid figure of equilibrium can be a
triaxial ellipsoid which rotates with permanent speed around of the minor
axis (ellipsoid of Jacobi). In this case, liquid rotates without deformations
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as a rigid body. This make it possible to omit any consideration of a
viscosity of liquid. The stability of these figures was investigated by
A. M. Lyapunov |7].

Dirichlet investigated the case of a pulsating rotating ellipsoid (Dirich-
let ellipsoid), by assuming the liquid to be ideal. Riemann [12]| investi-
gated the case of a deformation of ideal ellipsoidal liquid. In those studies,
a motion of liquid was homogeneous vortical, and liquid was ideal.

The investigation of a motion of several gravitating liquid masses is
a difficult problem of celestial mechanics. The problem of the motion
of two gravitating masses of liquid was posed by E.V. Pitkevich [10,11].
The case where a motion of liquid is homogeneous vortical is a significant
special case of this problem.

At the end of the XIXth — the beginning of the XXth century, the
homogeneous vortical (rotational) motion of the ideal liquid was involves
in the studies of the motion of the Earth’s liquid core. The aim of these
investigations was an adequate description of the motion of the Earth’s
pole. The results can be found in the monograph of H. Moritz and L.I.
Mueller [8].

According to the article of V. V. Brazhkin [2], the viscosity of an iron
melt increases very much with the pressure, and the Earth’s liquid core
consists of iron. Hence, the viscosity of the core must increase toward
the Earth’s center. If we assume that a similar effect is correct for el-
lipsoidal liquid celestial bodies, we must take into account this effect in
mathematical models for the motion of a liquid celestial body. In the au-
thor’s work [15], the problem of the motion of an ellipsoidal gravitating
mass of a viscous liquid was studied. The viscosity of liquid was take
into account as a function of coordinates and the lengths of the ellipsoid
semiaxes. The function setting the viscosity of liquid was chosen so that
the motion of ellipsoidal mass of liquid is homogeneous vortical.

In the present article, a similar problem is solved in the case where
the viscosity is a linear function of the pressure.

1. The equations of motion
Let O&1£2€3 be the immovable Cartesian coordinate system, and let
Ozxixoxs be the moving Cartesian coordinate system which can rotate

with respect to its origin O. The boundary of the liquid ellipsoid is given
in the coordinate system Oxqx9x3 by the equation

vifel +a3/c; + g/ =1, (1.1)
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where ¢, co, c3 are continuous differentiable functions of £. We assume
that the condition

c1cac3 = R® = const (1.2)
holds. The ellipsoid contain a viscous gravitating incompressible liquid
without voids. The kinematic liquid viscosity v is given by the formula

v = kp, (1.3)

where k is a constant, and p is the pressure. The equations of motion of
the liquid with respect to the moving axes Ox1zoxs have the form [6]

0 1

—wWXX—wX (Wxx)—2wxv— Vo, (14)

divv =0, (1.5)

where v is the liquid velocity vector with respect to the moving axes
Oz izox3; 0 is the strain rate tensor of the liquid with components

1 ( 87)2‘ ij

L= ) .:1 2 3' 1.6
Oij 9 8$j + 8:1:1)’ 1,7 y 4y Dy ( )

w is the absolute angular velocity vector in the coordinate system
Oxix9xs; ® is the potential of gravitation forces [4],

® = mpy(arz] + agad + azzl — xo), (1.7)

T , T dA
Q; = C1C2C3 [CESYk 1=1,2,3,  Xxo=cicecs o
0o " 0

D = [(&3 +A)(c3 + N)(E + N)]2;

and + is the gravitational constant.

We assume that the pressure on the liquid boundary is equal to zero.
Then the liquid viscosity (1.3) must be equal to zero on the boundary as
well. Therefore, the boundary condition for Egs. (1.4) and (1.5) must
have the form

(v—u) -ns=0, (1.8)
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where S is the liquid boundary (1.1), n is the unit vector of a normal
to the boundary S, and u is the velocity of the liquid boundary in the
moving coordinate system Oxqxoxs.

The solution of Egs. (1.4) and (1.5) is sought in the form

« X3 « T2 ¢1
- S Jac ) B 123), 1.9
n=a(w-w2)+ 2o 0) (1.9
2 2 2
i X X
p= —po(t)<—21+—22+—22—1>, (1.10)
1 155} C

where v1, vo,v3 are the components of the velocity vector, p is the pres-
sure, wi,ws,ws, and po(t) are the unknown functions of ¢. The symbol
(123) means that the other expressions can be found by a cyclic permu-
tation of indices. If we substitute expressions (1.9) and (1.10) in Egs.
(1.4), we have three equalities k;jjx1 + kigza + kiszs = 0, i = 1,2,3,
which must be fulfilled for all x1,z9,x3. It is possible only if the equali-
ties k;; = 0, 4,7 = 1,2, 3 are correct. These equalities can be represented
in the form

.. 2 2 2 2
¢ =c1(wy” +w3” + wj + w3) + 2c3wiwa + 2cowzws

2 1 :
— 2mpyoner + 22 (— + 2kﬂ> (123), (1.11)
c1 \p 1
e . L C « %C wl (e c
w1—2 4w = —2w1—2 +w2w3—2 + 2kp0—21 (—3 — —2)
C3 C3 C3 63 Co C3
Fwaws + wiwy 2 — 2w 2 (123), (1.12)
C3 C3
. %C ) L C « %C wi (¢ c
w1—3 +w = —2w1—3 —|—w2w3—3 + 2/~cp0—21 (—3 — —2>
C2 C2 Co 02 C2 C3
— wows — 2w — 2012 (123), (1.13)
C2 (&)

where w1,wo,ws are the components of the angular velocity w in the
coordinate system Oxyxox3.

The algebraic equation (1.2) and the system of ordinary differential
equations (1.11)—(1.13) are the system of ten equations for ten unknowns
Do, Ciy Wi, wi, 1= 1,2,3.



S. N. SupAKov 563

2. Small oscillations of the axisymmetric ellipsoid

Let ¢ =c2, w1 = wp = w] = w5 = w3 = 0. Then, if we exclude c3
with the help of Eq. (1.2), the motion equations take the form

2 1 6
¢ = cqwi — 2mpyaser + cilo (— - 2k%>,

p
R3  2poc?

—2R3 — 3¢, 1) = 2 — 1 Tl 2.1
(81 — By 'éd) TP g+ hs p+ o (2.1)

d)g = —2&)36—1

C1

The last equation yields the equality

clws =1, 1=const (2.2)

which represents the conservation law of angular momentum. The vari-
able ws can be excluded from the first equation (2.1) by equality (2.2).
Then we can exclude pg from two first equations (2.1) and introduce new
variables

ag

dr’

where T is the characteristic time. Then the motion equations take the
form

¢=ci/R, r="T"'¢, n=

ag _
ar 7,
dn L2C3 — 9mpyT2 6 6n2
o =\ FC 2T —ag) +6°
4I€p [3? _ LQC + 7Tp'yT2(2011C6 + Oé3):| }
-1
X [46 +24 4—??@6 - 1)} » (23)

where L = [T/R?. For the oblate axisymmetric ellipsoid, the quantities
aq and a3 can be expressed by the formulas [4]
ap = ag = (£ +1)¢arcctg § — &7,
g =2(62 +1)(1 — Earcctg€), (2.4)

=12
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The parameters of the stationary solutions of system (2.3) are connected

by the relation
L? = 2mpyT?(ar ¢t — 3¢ ?), (2.5)

where 1 < ( < oco. We denote, by Ly and (p, the value of L and ¢
which satisfy relation (2.5). Then every solution of Egs. (2.3) can be
represented in the form

¢=Co+0d, (2.6)

where § is the unknown function of the dimensionless time 7. If we
substitute (2.6) into Egs. (2.3) and make the linearization by n and §
assuming them small, the motion equations take the form

s

E*na

dn
— =ad+b
dr a0 + b1,

where
a = —2mpyT*(4¢S a0 + (farr + 2az0 — o) (C§ +2) 71,
b= —4kmp*yT (20108 + az0) (¢S +2)71,
10 = ¢5(¢§ — 1)~ arcetg(¢f — 1) 72 = (0 - 1),
o1 = —3¢5(¢§ — 172 [(¢§ +2)(¢§ — 1) 2arcetg(¢§ —1)7/2 - 3],
azo = 2¢5(¢5 — 1) [1 = (¢§ — 1) Parcetg(¢§ — 1)V,
a1 = 63 [(¢5 +2)(¢§ — 1)~ ?arcetg(¢§ — 1)/ = 3(¢ — 1) 7).

The characteristic equation of system (2.7)

—A 1
a b—\

-0
can be written as
M _—bA—a=0.

This equation has the solutions

1
ALQ = g(b:t V b2 +4a).

The coefficient @ is independent of k. If (5 > 1, then @ < 0. The
coefficient b < 0, and |b| is directly proportional to k. Then if £ = 0 (the
case of the ideal liquid), we have b = 0, and roots of the characteristic
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equation are purely imaginary A = 44/|a|. In this case, the nonlin-
ear equations of motion describe the undamped periodic oscillations of a
Dirichlet ellipsoid [4].

If k is enough small and b%+4a < 0, then the roots of the characteristic
equation are complex conjugate, and their real parts are negative. In this
case, the Dirichlet ellipsoid approaches the Maclaurin ellipsoid by means
of decaying oscillations.

If k is enough large and b% + 4a > 0, then the roots of the character-
istic equation are real and negative. In this case, the Dirichlet ellipsoid
asymptotically approaches the Maclaurin ellipsoid.

3. Oscillations of a nonrotating spherical
mass of liquid

If we assume that

:w;;:bL)l:QJQ:UJg:O,

N %

wi =w

then Egs. (1.12) and (1.13) are satisfied identically, and Eqs. (1.11) takes
the form

2
& = —2mpyaner + 20 (— - 2k—> (123). (3.1)
a\p a

In Egs. (3.1), we exclude c3 by using Egs. (1.2). Then we exclude py
and introduce the new variables (; = ¢;/R, i = 1,2, 7 = T~'t. Thus,
we obtain the system of equations

dg; dn; dna .
—— =, an—_-tapg——=/Ff =12, 2
dr " il dr + a2 dr / ! (3.2)

where
_ -1 1 3,2 —1.-1
air = G+ 2kpT ™ (m + Gi¢y m2) + ¢ 7C “(1 = 2kpT ™ ¢ "m),
arg = ¢ 2G P (1 = 2kpT ™ ¢ M),

as1 = (3G 21— 2kpT ¢ ),
age = Co + 2kpT (¢ G + m2) + ¢G5 2 (1 — 2kpT ¢ M),

fi = =2mpyT?an (1 + 2kpT (¢ M + & )]
+ 1267262 (¢ 4 ¢ e + G2 3)
+ 2mpy T2y 2G5 2] (1 = 2kpT ¢ ),
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fo = —2mpyT? a1 + 2kpT (¢ ' + & )]
+ (2672627 0 4 ¢ e + G2 n3)
+ 2mpy T2y %G5 ) (1 — 2kpT (5 ).

System (3.2) can be written in the form

d d _

dor _ M1, on (frazs — foa12)(ar1a92 — aras;)

dr dr

o ‘ (3.3)
d_: =12, —dn: = (faa11 — fras1)(a11a2s — ajpas) .

System (3.3) has a stationary solution (; = (o =1, 11 = n2 = 0.
This solution describes the equilibrium of the spherical mass of liquid.
Then, every another solution of system (3.3) can be represented in the
form

Cl =1+ 517 CZ =1+ 627 m, n2, (34)

where 0; and 2 are new unknown functions of 7. We substitute (3.4) in
system (3.3) and assume that 01, d2, 11,72 are small. The linearization in
01,02, M1, M2 gives the system

5,
dr v .
— 1,2 (3.5)
dn; 8 2( 2 1 ! ’
G oy T2 (26, + kpT g ),
ar — 3" (5 e ”)

Thus, the systems of linearized equations for the variables (1,77 and
(2, M2 are independent of each other, and both can be solved separately.
Taking into account that the systems differ from each other only by the
unknown variables and the initial conditions, they can be solved similarly.
The solution of system (3.5) is sought as

(51') nl)T - (bla b?)T exp()‘T)7

where b1, b2, A are the unknown constants. The characteristic equation

has the form
—-A 1

—i—gﬂva2 —%k?‘(’p2’7T A 0-

This equation can be written as the equation for A,

8 16
PLs gkﬂpzyT)\ + Ewmﬁ = 0.

The solution of this equation is
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4 3
Ao = 3 <—k:7rp2’yT + \/(kﬂ'pQ’yT)2 - gwp’yTQ >

For £ = 0, the system becomes conservative and will perform the
undamped oscillations in the vicinity of the stable equilibrium state, i.e.
the sphere. In this case, the roots of the characteristic equation are purely

imaginary \j g = i%\ [SmpyT?i.

In the case of 0 < k < /3/(5mp3y), the roots of the characteristic
equation are complex conjugate with a negative real part. Into this case,
the ellipsoidal mass of liquid will approach a sphere by performing the
damped oscillations.

In the case of k > 1/3/(5mp3y), the ellipsoidal mass of liquid, the
kinetic energy of which is sufficiently small and the shape is enough close
to a spherical one, will asymptotically approach the sphere.

The author is grateful to the reviewer for the careful review and the
useful remarks that make possible to find new approaches to the problem.
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