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Wakefield plasma lens, which focuses all relativistic electron bunches of the sequence identically and uniformly,
are investigated analytically and by numerical simulation. The necessary conditions of such lens operation are the
followings: length of the bunches is §,=q(A\/2), g=1, 2, ...(A is the plasma wavelength), the distance between
bunches is A&=pA, p=1, 2, ... All bunches have the same charge and the 1-st bunch has a half of this charge. It is
shown that with the exception of 1-st bunch all other bunches are occurred in zero longitudinal wakefield and in
uniform along bunch length focusing radial wakefield. In the case of inhomogeneous longitudinal distribution of
electron bunch density the middle of bunches are focused slower in comparison with their edges.

PACS: 29.17.+w; 41.75.1Lx;
INTRODUCTION

The focusing of relativistic electron bunches by
wakefield, excited in plasma, is very interesting and
important (see, for example, [1-2]). The focusing of
bunches by wakefield, excited in plasma by resonant
sequence of relativistic electron bunches, is
inhomogeneous. In [3] the mechanism of focusing by
plasma wakefield, in which all bunches of sequence are
focused identically and uniformly, has been proposed
and numerically investigated. We analytically and
numerically investigate by 2.5D code Icode [4] the
longitudinal distribution of radial wake-force, excited
by sequence of lengthy electron bunches in
homogeneous plasma.

1. RESULTS OF SIMULATION

At first the wakefield excitation by resonant
sequence of bunches is considered. We find the
longitudinal E,, radial E; fields and focusing force F; in
the areas of location of bunches. For this purpose we
use the theory developed in [1]. For the bunch of
permanent density, the length of which equals &,=A/2,
we get that E, and E, are proportional to Z;*?(&) and
Z,%7()

Zy*(©)=(2/k)sin(kE), Z, P (€)=-(2/k)cos(kE). (1)
E, in the middle of 1st bunch equals
Zua "=/ dxo cos(ke-xo)hero=(1/K). (2)
One can see it is, as well as observed, in 2 times less
than amplitude of the wakefield after 1st bunch.

Now we derive the fields into the 2nd resonant

bunch,

Zy,(&)=(3/k)sin(kE), Z.,9(E)=(2/K)[1-2cos(kE)]. (3)

Zus®(k&)  changes  from  Z;,9(x=2m)=0 to
Zu,O(kE=2.5m)=Zy, ™™ =(3/k) and  then  again
Zi,9(k&=3m)=0. Thus Z ,°(k&) changes from

Z,,9x=2m)=-(2/k) to Z,,9(x=3m)=(6/k), reaching
zero in the Ist half of bunch, where cos(x,)=1/2,
x,=2n+1n/3<2n+n/2. Le. longer (in (m-x,)/X,=2 times)
part (back front) of bunch focuses in larger field E, than
1* front (more short) of bunch defocuses (in 3 times
less field E,). In resonant case 1st bunch only focuses,
and for other bunches (if length of bunch equals £,=\/2)
back fronts (more long) are in larger focusing field E,,
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than (more short) 1* fronts are in defocusing E,. Le. this
lens is inhomogeneous.

In [3] wakefield plasma lens has been numerically
simulated with homogeneous focusing force for the
sequence of bunches, lengths of which equal &,=\/2,
with the 1st bunch, charge of which in two times less
than charges of other bunches Q,=Q;2, i=2, 3, ...,
distance between bunches equals 1.5A. From Fig. 1 one
can see that in this case dips of electron plasma density,
in which bunches are localized, wide and shallow, and
humps are narrow and high. From Fig. 1 one can see
that E,=0 in the areas of location of bunches.
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Fig. 1. Longitudinal distribution of density n, of
sequence of bunches (yellow), longitudinal wakefield E.
(red), on, (grey) and coupling factor <E,> of bunches
with E, (black), excited by sequence of 10 bunches. t is
normalized on @,

From Fig. 2 one can see that in the areas of bunches
location F, does not approximately depend on a
longitudinal coordinate.
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Fig. 2. ny, (vellow), radiuses ry, (blue), E. (red), wake
radial force F, (dark blue), magnetic-field Hy (pale
blue)

In the areas of location of bunches the radial field of
their volume charge is compensated by radial field,
appearing as a result of shift of several number of
plasma electrons from the areas of bunches location.
E,=0 in the areas of bunches location, except 1% one
(see Fig. 2).

Thus screening of bunches takes place due to that
wide (=) dips of plasma electron density n.<0 and
narrow (=A/2) humps of on.>0 appear (see Fig. 1). Le.
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plasma in the vicinity of bunches is positively charged.
Due to inertness of electrons screening of 1st bunch is
realized only in its end, where dip of density dn.<0 is
not flat, as for 2nd bunch, but approximately three-
cornered.

For the bunch of permanent density and &,=\/2
longitudinal Z;*?(¢) and transversal Z,“?(&) fields are
equal (1). Now we derive the wakefield into 2nd bunch

ZuaO(E)=(2/K)sin(kE)+2,° degeos k(&£ 3]0 (4)
As well as in numeral simulation, E,=0 got in the areas
of bunches location.

n,. E.. <E =

T
I E— T J T 1 — ™

8] 10 20 30 40 50

Fig. 3. ny, (vellow), ry (blue), E, (red), F, (dark blue)

Now we consider wakefield plasma lenses for the
sequence of bunches for three cases of their lengths at
the interbunch gap equal to A&=A. The bunch-precursor
of half-charge is used. We connect it with next (Ist)
bunch. 1st case: &,=A (Fig.3), 2nd case:
E,=1.5\ (Figs. 4, 5), 3rd case: &,=2A (Figs. 6-8). From
Figs. 3-5, and 7, 8 one can see that in the areas of
bunches location E,=0, F ~const.
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Fig. 5. ny, (vellow), r, (blue), E. (red), F, (dark blue)
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Fig. 7. ny, (vellow), E, (ved), <E.> (black)
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Fig. 8. ny, (vellow), ry (blue), E, (red), F, (dark blue)

Now we consider the wake plasma lens for the
bunches of identical charge with lengths equal to A/2
and the interbunch gap equal to A (Figs. 9—-11).
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Fig. 10. n, (vellow) u on, (grey)
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Fig. 11. n, (vellow), ry, (blue), F, (dark blue)
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If all bunches are identical and they are placed
through 1.5A, all bunches are focused identically, but
inhomogeneously along bunches (see Figs. 10, 11). Odd
number bunches are decelerated, and the even number
bunches are accelerated (see Fig. 9).

We consider the wake plasma lens for the bunches of
identical charges with lengths and interbunch gap equal
to A (Figs. 12, 13). Both longitudinal and radial fields
between bunches are equal to zero, and the fields in
every bunch are equal to

Zi & E)=(1/k)sin(ke), Z,,€(&)=2/K)sin(kE/2). (5)
The radial field has one sign along bunch. Therefore
bunches are focused, however on fronts of bunches
F=0. The longitudinal field is oscillated between E, in
the forehand of bunch and -E, in the back-end of bunch.
Therefore the front half of bunch is decelerated, and the
back is accelerated.
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Fig. 12. ny, (vellow), E, (red), <E.> (black)
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Fig. 13. n, (vellow), ry, (blue), E, (red), F, (dark blue)

The results of numeral simulation for the case of
length of bunches, equal to 22, are presented in Fig. 14.

We consider the case of electron density distribution
along bunch according to sin*(k&) (Figs. 15, 16).
Bunches are placed through 1.5Ah. The charge of Ist
bunch is less than charges of other bunches in 2 times.
From Fig. 16 one can see that Ist front of bunch is
accelerated, and the back is decelerated.

Fig. 14. ny, (vellow), ry, (blue), E, (red), F, (dark blue)
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Fig. 15. E, (red), F, (dark blue), Hy (pale blue), excited
by sequence of 10 inhomogeneous bunches

From Fig. 15 one can see that fronts of bunches are
focused stronger than their centers.

If the electrons of lengthy (§,=A/2) bunch are
distributed according to sin*(k&), 0<&,<A/2, then after
1st bunch we get

le(SinZ)(é):(4/3k)Sin(kF’). (6)
I N, N B,

Fig. 16. n, of 10 inhomogeneous bunches (yellow), n,
(grey), E: (red)

Now we derive the radial field
Z,“"(E)=(4/3k)cos(kE) (7
We obtain the field in the center of 1st bunch
Zua = [ degeosTk(E-Eo)Isin*(kEo)erz=(2/3K). (8)
One can see that, as well as observed, the field in the
center of 1st bunch is in 2 times less than amplitude of
the wake field after the 1st bunch.
For the fields into the 2nd bunch we derive
Z11, " P(E)=(2/3K)sin(2KE). )
As well as observed, into the 2nd bunch period is in 2
times shorter and amplitude is in 2 times less than after
the 1st bunch.
7, S D(£)=-(4/3Kk)+(2/3k)sin*(kE). (10)
At the change into the 2nd bunch 3n<k&<4rw on the
edges (at k&=3n and k&=4mr) of 2nd bunch focusing is
the strongest (the force is equal to -(4/3k)) and in the
middle of the 2nd bunch (at x=3n+m/2), focusing is the
weakest (force is in 2 times less -(2/3k)).

CONCLUSIONS

It has been shown that all bunches of the sequence
can be focused identically and uniformly under the
conditions: all bunches lengths are equal to qA/2, g=1,
2, 3, .., the distance between them equals pA, p=1, 2, 3,
.., the charge of 1-st bunch equals a half of the charges
of the other bunches. It has been shown that only 1-st
bunch is in finite E,#0. Other bunches are in zero
longitudinal electrical wakefield E,=0. Hence the 1-st
bunch loss the energy for excitation of wakefield, which
amplitude is constant along the sequence. Radial wake
force F; in regions, occupied by bunches, is constant
along bunches length.

In the case of inhomogeneous longitudinal
distribution of electron bunch density the middle of
bunches are focused slower than edges.

If all bunches are identical and they are placed over
1.5, then bunches are focused identically, but not
uniformly along bunch length.
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BO3BYXKJIEHUE KUJIbBATEPHOI'O OJIS B IUIAZME, OBJIAJAIOIIETO OJHOPOHOM
®OKYCHPOBKOM JJIEKTPOHHBIX CI'YCTKOB

B.U. Macnos, H.H. Onuwenko, H.11. fApoean

AHATITUYECK! 1 YUCICHHBIM MOJIETTMPOBAHUEM UCCIIEYETCS KWIbBAaTepHas! IVIa3MEHHAs JIMH34, B KOTOPOH BCE PENISITUBUCTCKIE
IEKTPOHHBIE CTYCTKH TIOCIEOBATENEHOCTH (DOKYCHPYIOTCS OJMHAKOBO M OJHOpPOIHO. IIpy 310M HeoOXommMo, YTo0bI CryCTKH
WMEJY JUTMHBL, paBHble &=q(V/2), =1, 2, .. ., CKBKHOCTb MEXKITy CrycTKamu Obu1a paBHa AE=pA, p=1, 2,.. ., 3apsi1 1-ro crycrka Obut
B JIBa pa3a MEHBbIIIE 3apsyIOB BCEX OCTATBHBIX CIyCTKOB. [I0Ka3aHO, UTO TOMBKO 1-i CryCTOK HAXOAUTCA B KOHEYHOM IPOJIOIBHOM
anekTpruyeckoM KwibBatepHoM riote E 0. [lpyrue cryctku Haxomsres B E~0. Pammanbnas kunbBarepras cwna F, B oGmacTsix
PACTIONIO’KEHNST CTYCTKOB TOCTOSIHHA BZIOJTb CTYCTKOB. B cilydae HEOIHOPOIHOIO MpOZONIBHOTO PacHpeneieHnst IUIOTHOCTH
EKTPOHHBIX CTYCTKOB MX CEPEIMHBI (POKYCHPYFOTCS MEIUICHHEe, YeM (JPOHTBL

3BYXKEHHSI KIJIBBATEPHOI'O ITOJIA B IIVIA3BMI, AIKE OJJHOPIJHO ®OKYCY€ EJIEKTPOHHI 3I'YCTKHU
B.I. Macnos, .M. Onuwienxo, LII. fAposa

AHATITAYHO 1 YHCENFHIM MOJIEITIOBAHHAM JIOCITDKYETHCS KiTbBaTepHa IIa3MOBa JIH3a, B SIKiH YCi PeISITUBICTCHKI eIeKTPOHH]
3IYCTKH MOCITIIOBHOCTI (POKYCYFOTBCSI OIHAKOBO 1 01HOpiIHO. [1py 1150My HEoOXiTHO, 00 3rYCTKH MaJT! JIOBKUHH, PiBHI &=q(\/2),
=1, 2, ..., IIIapyBaTicTh MDK 3rycTKaMu Oyria piBHOFO AE=pA, p=1, 2,.. ., 3apsm 1-ro 3rycTka OyB B /1Ba pasd MEHIIIE 3apsiiB YCiX
1HIMX 3rycrkiB. [TokazaHo, o TUTEKH 1-# 3TyCTOK 3HAXOIMTHCS B KIHIIEBOMY TO3I0BKHBEOMY KUTBBATEPHOMY EJIEKTPHYHOMY TIOJI
EA0. Inmi 3rycriu 3Haxomstees B E,~0. PamiaibHa kimbBarepHa civia F, B 00NmacTsx po3raiiyBaHHs 3rYCTKIB MOCTiiHA y3IOBK
3TYCTKIB. Y pa3i HeOIHOPIIHOIO MO3MOBKHBOIO PO3IIONIUTY MUTHHOCTI eIIEKTPOHHMX 3TYCTKIB iX cepeiHI (DOKYCYFOTECS MOBUIBHIIIIS,
HDK (DpOHTH.
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