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Tunneling of the wave packets having rectangular and Gaussian forms through a quantum diode is investigated. By

using the potential of the system the S-matrix for this structure is obtained and the analytic expressions describing
the form of the transmitted pulse are calculated. These analytic solutions are compared with the numeric ones.

An excellent coincidence is detected. The time-delay for the Gaussian pulse tunneling through the quantum dot is

investigated in details.

PACS: 03.65.Pm, 03.65.Ge, 61.80.Mk

1. INTRODUCTION

The S-matrix formalism is commonly used in scat-
tering theory for describing an association between a
state after interaction with the one before interaction.
This object contains a complete information on a sys-
tem. For calculation of the S-matrix elements, either
a perturbation theory is used or the methods based
on studying of the S-matrix general characteristics
are applied. The method for calculation of S-matrix
elements was worked out in Ref. [1]. This approach
is based on the establishing of the relationship be-
tween the final state and the state before interaction,
presented in terms of the solutions for the Lippmann-
Shwinger equation with a perturbed potential. By
splitting a system potential in the perturbed and un-
perturbed parts and finding Green’s functions for the
former part, one can construct a solution. It gives a
possibility to find the R-matrix of the scattering sys-
tem. After that, using the relation between R- and
S-matrices, one is able to determine the values of the
scattering matrix elements.

The common feature of quantum dots, double-
well diodes, quantum tunneling transistors is the ex-
istence of potential wells with discreet energy levels.
At the same time, this results in the resonance con-
ductivities of these systems. The problem of the time-
delay determination (for pulse tunneling) is very im-
portant (see Refs. [2,4]). Its solution, in particular,
gives a possibility to find out for which parameters
of the pulse or a quantum system the speed of the
tunneling becomes maximal. Also it gives an oppor-
tunity for miniaturization and increasing the produc-
tivity of the microcircuit with quantum elements.

It is reasonable to begin with determining the
characteristics of a wave packet best related with
the quantum system. The approach applied here is
based on the S-matrix formalism and modified saddle
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point method developed in Refs. [1,3]. It completely
formalizes the solution of the wave packet tunneling
problem and gives a possibility to define the form
and the time-delay for arbitrary-form wave packets
tunneling through a quantum system with resonance
levels. The parameters of tunneling have to be ex-
pressed in terms of the incident pulse.

Using the approach of Ref. [5] let us obtain the
S-matrix for the diode, which energy potential is rep-
resented in Fig. 1.
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Fig. 1. Potential energy of diode

At first, we represent the potential eliminating the
perturbation parts (from z; to z3). Then we obtain
the form of the diode potential (Fig. 2),

In this way we split the potential in the perturbed
AV (z) and unperturbed Vj(z) parts, respectively.
The wave functions for the scattering state coming
from the left are:
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Fig. 2. Potential energy without perturbed parts

UL = eik1z 1 Ae=hz 5 <0,

UL = Betk2?  Cemik22 0 < 2 < 2,
\Il?f = DeF3z 4 Bemksz 5 < 2 < 2y,
\Ilf = Fetkaz 4 Ge*ik‘lz, 2y < 2 < 29,
\115L = He'*s? 4 Ne= 52 25 < 2 < 23,

\I/é = MetFe?| 23 < 2,

and for the one coming from the right are:

UE = emikez 1 Alethoz 25 < 2

Ul = Blemiksz 4 Olethsz 2y < 2 < z3,
UL = Dlehaz p plethaz 2y < 2 < 29,
Ul = Flemihaz L Glethaz 2 < 2 < 2y,

\Ist — Hlefikrgz _’_‘]\/'/eikzz7
VE = Me hz 2 <0.

0<2z< 2,

Hence, by using the matching conditions we have
found all the amplitudes for these states.

Then we obtain the Green-functions which are so-
lutions of inhomogeneous Shrodinger equation

K2 a2

s = Vol2) + 0| Tz, 20) = 6(z = 2)

(1)
for all of the potential sections (v is the particle en-
ergy). The solution for the Shrodinger equation with
initial potential can be represented as the superposi-
tion of the unperturbed solution (Vo = ¥y(z,v)) and
the solution for the perturbation:

U= W + / d2Ti(z, 2 DAV () B( ), (2)

where ¢ is a number of matching points and
Ti(z,2',v) corresponds to a potential block Green-
function. This equation represents the solution of
the Lippmann-Shwinger equation. For each of this
blocks we can obtained the transmission and reflec-
tion coeflicients taking into account the consecutive
order of matching points and the corresponding to
them Green’s functions. After that we use the well-
known relationship between these coefficients and the
S-matrix elements. In this way we find the S-matrix
for the resonant system.

2. FORM OF THE TRANSMITTED
WAVE-PACKET

The incident and outgoing pulses are bound by the
next expression:

1 Rl
v = = [ s, (3)
b — 00

which is integrated over all the k-space. The para-
meters of the outgoing pulse wave function are: x is
the coordinate variable, ¢ is the time variable, k and
ko are momentum and center of incident wave packet
in the momentum space. k; are the positions of S-
matrix poles. We consider the incident pulse width a
in the real space and all calculations will be realized
in terms of the unperturbed pulse.

Let us make use the next dimensionless variables:

=% T:%; z=a(k —ko); l; = ak;;
F’v
P = GTJ; lo = ako.
Moreover, to simplify further expressions we intro-
duce the parametrization:

1+ .
= —, qu:Z()—lj-i-ij, q:q/—loT.

=3

(4)

Here, the coordinate variable becomes ¢, time — 7,
to = ma®/h, l; and [y are the localization poles and
center of wave packet respectively, and p; is the width
of j-th resonance level. These variables give us a
sufficient number of parameters to describe the wave
packet tunneling through a quantum system with res-
onance levels. Now we make use of a modified saddle-
point method to obtain a transmitted solution [1].
Time interval 7 after which we observe the outgoing
wave packet should be larger than ¢,. This is the nec-
essary condition for the existence of the resonance .
A saddle point position is defined by the stationarity
conditions:

dg(z)
dz

=0, (5)

Sg(z) = const,
Rg(2) < Rg(zk),
where zj is the k-th saddle point. The resulting part

of the resonance wave function amplitude near the
stationarity point is

U(g>0,7)~ %eil‘)(q_%l”) X

x 3 e i)
Jk

— 17 (@),
“k

This formula gives the asymptotic representation for
the wave packet passed though a resonance quantum
system.
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3. TUNNELING OF PACKETS THROUGH
A QUANTUM DOT

Let us apply the developed method to investigate the
tunneling of the squared-form wave packet through
the quantum dot with one resonance level. The
packet is described as the difference of two step-
functions:

U(z) = O(z) — O(z —a), (7)

where a is the packet width. We use the known
Fourier-transform for ©-function, obtained in Appen-
dix (Eq. (14)). Applying the matching conditions (5)
we find two saddle points. For outgoing wave packet,
considering the two saddle points, we get superposi-
tion of each result (Fig.4). For the Gaussian-form in-
cident wave packet tunneling through this quantum
system, like in the case with square-form packet, we
obtain (Fig. 3):

U(z) = —2%/2), (8)

where Uy is the amplitude, ¥(z) is the form of the
incident wave packet. In this way the exponential
argument becomes:

W exp(

9)

9(2) = izq — B2% —In(z — qo).
Hence we find the saddle point:

1 iq' iq 5, 117
z1 <QO+2ﬁ|:(O %)—5] ) (10)

For 7 — oo with the accuracy up-to-the-second order
we obtain:

L0 (1 —1pT)2 | .
pja; e*%ﬂ arg(¥)

Ures(q, 1) = 242 11
(0.7) = 22 (1)
y (1+72)/4
[(q+ pi = Lim)? + (piT + 1i — 1o)?]Y/?”
where the argument is
1 (q—loT)*T
U) = — M O 7
arg(0) 5 arctg(7) + S
T+l — 1
—arctg [07""70] . (12)
q+pi—lLiT
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Fig. 3. Wave-function amplitude for the Gaus-

stan  pulse tunneling trough the quantum dot,
for the saddle point method (dashed line)
and an eract integration (continues line) for
7':100, G,l:]., ZOZZ1:1, p:009

294

0.08

0.06

0.04

0.02

20 40 60q80 100 120 140

|
Il
0 20 40 60 q80 100 120 140

Fig. 4. Amplitude for the step-form pulse tunneling
trough the QD, for the saddle point method (dashed
line) and an ezxact integration (continues line) for
7=100, a1 =1, lo =11 =1, p = 0.04 (top) and
p = 0.007 (bottom)
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Fig. 5. Time-delay for the Gaussian pulse trans-
mission (dependency from energy level width) with
a=1,t,=1,t =100,z =300,k = 1,k; =1

The wave function of the outgoing pulse differs
from the incident wave packet by some phase factor.
This factor depends on the kinetic energy of the in-
cident pulse, the potential energy of a barrier and
time-delay. The delay can be calculated (Figs.5-7)
following Ref. [2]:

darg(¥)

dE
Hence the advantage of analytic (asymptotic) meth-
ods is obvious. The time-delay depends on the pulse

and system parameters (the dependencies are shown
in Figs. 5-7).

At = (13)



60

rameters to describe the dynamics of the scattering

50 processes. This approach gives a possibility to cal-
culate a time-delay of the wave packet transmitting
40 through quantum systems like quantum dots, double-

well diodes, transistors. It was shown, in particular,

%0 that for some specific values of the system and the
20 pulse parameters a full internal scattering is realized.
This means that an outgoing pulse is absent, tunnel-
10 ing does not happen.
2 4 6 8 10 12 14 16 18 20 5. APPENDIX

For completeness, let us present the outgoing wave-
function for the step-form pulse tunneling through

Fig. 6. Time-delay for the Gaussian pulse trans-
the quantum dot:

mission (dependency from s-matriz poles position)
with t, = 1,t =100, = 1,2 = 300,kp =1, ' =1

1 ot [ a z
Y(q,T) = o _27re’l°(q 2o )/ dz{; +7T5(a)_

28 —e [% + 7T5(§)} } ei2d ~(B=3)7" (14)
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ITPOXO2KJAEHNE BOJIHOBBIX ITAKETOB YEPE3 OTKPBITBHIE
ME3OCKOIINYECKHWUE CUCTEMDbI

H.A. Heanos, B.B. Cxanro3yb

Ha ocuoBe pemenus ypaBuenns Jlunnvanna-IlIBuarepa a1 BO3MYIIIEHHOTO TTOTEHIINAA, PACCIUTHIBAETCS
MaTpHUIlA PACCesiHUsS TYHHEJBHOrO auona. Vcmonb3ys dbopMaan3M S-MaTpuilbl U MOAUMUITUPOBAHHBIN Me-
TOZ, Ce/IJIOBOI TOYKH, AaHAJUTUIECKN PACCUNTHIBAETCs (POPMA BOJIHOBOI'O MMAKETA, BHIXO/IAIIET0 U3 KBAHTOBOM
TOYKHU IPHU [IOJAY€ HA Hee [MAKEeTOB rayccoBoil u mnpsmMoyronbuoit dhopm. Hailirena m npowmsumiocrpupoBana
3aBUCUMOCTH BPEMEHU 33I€PKKHU CUTHAJIA TayCCOBOH (POPMBI Y TYHHEJIUPOBAHUY I CJIydasi KBAHTOBOM
TOYKHU.

IMPOXOJ2KEHHSA XBUJIbOBUX ITAKETIB KPI3b BIJKPUTI
ME3OCKOIITYHI CUCTEMMNA

M.A. Isanos, B.B. Ckanao3yb

Ha ocuosi po3s’szky piBusuuga Jlinumanna-IlIsinrepa /st 30ypeHOro moTeHIiagy pPO3PAXOBAHO MATPUILIO
po3scitoBants TyHeIbHOrO siony. Kopucrywouancs dpopmamizmom S-marpuii ta MoaudiKOBAHOTO METOLy Cijl-
JIOBOI TOYKH, aHAJITHIHO PO3PAXOBYETHCsT (hOPMA XBUIBOBOTO MAKETY, III0 BUXOAUTH 3 KBAHTOBOI TOYKU TIPHU
MO/TaBaHHI HA Hel MAKETIB rayCccoBOl Ta NMpsMOKYTHOI (bopM. SHANIEHO Ta MPOLTIOCTPOBAHO 3A/IEXKHICTh 9aCy
3aTPUMKHU CHTHAJY rayccoBOi (DOPME [PU TYHEIIOBAHHI /I BUMAJAKY KBAHTOBOI TOYKH.
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