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The clothed particle approach is applied to express the total Hamiltonian of interacting fields in terms of clothed
particles. In order to avoid ultraviolet divergences typical of many field theories we introduce some covariant cutoff
functions in momentum space in the Wentzel field model. We will show how in the framework of the nonlocal
meson-boson field model one can build interactions between the clothed mesons and bosons. Moreover, the mass
renormalization terms, that are compulsory to ensure the relativistic invariance of the theory as a whole (in Dirac’s

sense), turn out to be expressed through certain covariant integrals. They are convergent in the field model with

appropriate cutoff factors.
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1. INTRODUCTION

Following our recent work [1] we will show how an
algebraic approach proposed there for constructing
the generators of the Poincaré group can be realized
within a nonlocal extension of the so-called Wentzel
model. Our departure point is a nonlocal Hamil-
tonian for interacting fields, that can be built up
by introducing some “cutoff” function (shortly the
g-factor) in every vertex which is associated with par-
ticle creation and/or annihilation. As usually, such
g-factors are needed, first of all, to carry out finite in-
termediate calculations trying to remove ultraviolet
divergences inherent in local field models. However,
in the instant form of relativistic dynamics used here
it is very important to take into account certain con-
straints imposed upon such cutoffs to meet require-
ments of special relativity and other symmetries, e.g.,
with respect to charge conjugation, space inversion
and time reversal.

We have managed to do it [1] by defining a covari-
ant generating function for the cutoffs in case of trilin-
ear Yukawa-type couplings. The function, being de-
pendent on some Lorentz scalars composed of the par-
ticle three-momenta, plays a central role when inte-
grating the Poincaré commutators to derive then the
clothed-particle representation (CPR) expressions for
the Hamiltonian, the boost operators, the mass renor-
malization terms and so on accordingly [2].

Moreover, it is expected that by choosing the g-
factors in a proper way (for instance, as square inte-
grable functions of particle momenta) one can get rid
of certain drawback of field models with local inter-
actions (see [1]).

2. METHOD OF UNITARY CLOTHING
TRANSFORMATIONS

As before (see, e.g., [3]), let us remind that the UCT
method exposed in [1-4]is aimed to express a given
field Hamiltonian

H=H(ax)=Hp(a)+ Hi(a)

= W(ae)H (o)W () = K(a.), (1)

primarily dependent on the « set of “bare” parti-
cle creation and annihilation operators, through their
“clothed” counterparts «. via the unitary transfor-
mation W. The latter removes from the interaction
V(a) that enters Hr(a) = V(o) + Vyen(a) the so-
called “bad” terms. By definition, such terms prevent
the physical vacuum [Q2) (the H lowest eigenstate)
and the one-clothed-particle states |n). = af(n)|Q)
to be the H eigenvectors for all n included. The bad
terms occur every time when any normally ordered
product

at(1)a’(2')...aT (nk)a(na)...a(2)a(1)

of the class [C.A] embodies, at least, one substructure
which belongs to one of the classes [k.0] (k=1,2,...)
and [k.1] (k= 0,1,...). Our consideration is focused
upon various field models (local and nonlocal) in
which the interaction density Hj(x) consists of scalar
H,.(x) and nonscalar H,s.(x) contributions:

HI(X) = Hsc(x) + HnSC(X)v (2)

where the property to be a scalar means
Ur(A)Hyo(2)Up' = Hyo(Az), V2 =(t,x) (3)

for all Lorentz transformations A.
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Therefore, we have

Hi(a) = / Hi(x)dx = Hyol@) + Hosea),  (4)

90 nsr) /Hep(nsp dX

Hsc( ):%ad( )_'_‘/90061( )

to eliminate the bad part Viqq from the similarity
transformation

K(ag) = W(ae)[Hp(ae) + Hr(oe)]WH ()
= W(ae)[Hr(ac) + Voaa(ae)
+thood(04c) + Hnsc(ac)]WT (Oéc).

(®)

For the unitary clothing transformation (UCT) W =
exp R with R = —R' it is implied that we will elimi-
nate the bad terms Vjq in the r.h.s. of

K(O‘C) = HF(O‘C) + Vbad(c‘%) + [Rv HF}
1
+[R7 %ad] + i[Rv [Rv HFH (6)
1
+§[R, (R, Viad]] + - + e Vypoae B + el Hygpe ™1

by requiring that

[Hp, R] = Viaa (7)

for the operator R of interest.

One should note that unlike the original clothing
procedure we eliminate here the bad terms only from
H,. interaction in spite of such terms can appear in
the nonscalar interaction as well (details in [5]).

Now, we get the division

H=K(a.)=Kr+ K; (8)

with a new free part Kr = Hp(a.) ~ ala. and inter-
action

KI - Vgood(ac) + Hnsc(ac) + [R, Vgood]
1 1
+§[R7 %ad] + [R7 Hnsc] + g[Ra [Rv %ad“ + (9)

where the r.h.s. involves along with good terms other
bad terms to be removed via subsequent UCTs.

3. A NONLOCAL EXTENSION OF THE
WENTZEL FIELD MODEL

As an illustration, let us consider the field model of
“scalar nucleons” (more precisely, charged spinless
bosons) and neutral scalar bosons, in which

HI = anoc + Ms + Mb (10)
with the normally ordered interaction
1 dp’ [ dp
Viioe = W/—/_
x{6(p' — p — K)gu(p', p, K)bT (p")b(p)a ( )
+3(p" +p — K)g12(p', p, k)T () d" (p)a(k) (1)
+0(p +p+k)g21 (0, p, k)d(p")b(p)a(k)

+6(p’ = p—Kk)g22 (v, p, k)d' (p')d(p)a(k)} + H.c.

Adopting the convention

o 3245 3205 [%)]
= FL(0) X (0, p) F-(p) = F} () X (0, p) Fy (1)
we can write in more compact form -
Vitoe = Vi + V|, Vi = / :‘il: FlG(k)F, : a(k).

Matrix G(k) is composed of elements

1

— /
Wgs/s(p b k)

(=P +(-1)°p),
where gere(p', p, k) coincide with gerc(p’,p, k) except
G22(p',p, k) = g22(p, p', k).

It is implied that operators a(a'), b(b") and d(d")
meet commutation relations

[a(k), a’ (k)] = kod(k — K), (14)

[b(p), b (9")] = [d(p), d" (1)) = pod(p — ), (15)
with all the remaining ones being zero. Here kg =
wk = k% + u? (po = Ep = \/P? + i) is the energy
of the neutral (charged) particle with mass ().
For our nonlocal model we will retain the property to
be Lorentz scalar assuming

Ur (M) Vioe (@) Ur (M) = Vigoe(Az). (16)

It is readily seen that this relation holds if the coeffi-
cients g... meet the condition

gE'E(Ap/a Ap7 Ak) = gE'E(p/apv k)

On the mass shell with p'> = p? = 12 and k2 = 2
the latter means that functions g (p’, p, k) can de-
pend only upon invariants p'p, p'k, pk.

These cutoffs are subject to other constraints im-
posed by different symmetries. For example, invari-
ance of the hermitian operator V,,;,. with respect to:
i) space inversion; ii) time reversal and iii) charge
conjugation yields the relations:

Gs’s(plvpa k) =

x 8(k — (e =1,2), (13)

(17)

gs's(plvpa k) :gs’s(pap/ak)v 6/ 7&6 (18)
gg/s(p/,p, k) de/e(Pl_»Pﬂkf)a (19)
g11(P'p, k) = g22(0', p, k). (20)

“Mass renormalization” terms M and M} can be rep-
resented in the form:

T

+ma(k)[a’ (k)al (k=) + a(k)a(k-)]}

ot (k)a(k)

(21)
and

My, = / %{mu(p)m(p)b(p) +maa(p)bt (p)d' (p-)

+ma1(p)b(p)d(p—) + maa(p)d' (p)d(p)},

where the coefficients m 2(k) and m...(p’, p), being
for the time unknown, may be momentum dependent.

(22)
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4. GENERATORS FOR CLOTHED
PARTICLES. ELIMINATION OF BAD
TERMS

At this point we will come back to our model with
Voad = Vaioe, Vgooa = 0 and R = Ryjoc to calculate
the simplest commutator [Rpioc, Vaioe] in which the
clothing operator R, is determined by

[HF7 Rnloc] = anoc- (23)

From the equation it follows that its solution can be
given by

dk

Rnloc - FTR( ) a(k) — H.c.
Wk

= Rutoc — R, . (24)

The matrix R(k) is composed of the elements:

gs's(plvpa k)
R /7 vk = /
cre(p',p, k) or T (~1)7 By — (C1)7E,

x8(k+ (-1 p = (=1)°p) (,e=1,2). (25)

Such a solution is valid if ps < 2up. In other words,
under such an inequality the operator R,;,. has the
same structure as Vo itself. After the normal or-
dering of meson and boson operators in commutator
[Rniocs Vnioc) one can obtain the 2 — 2 interactions
of the type bfatba, dfa’da, btdtaa, atatdbd and bTbTbb,
btdtod, dfdtdd.

For example, the boson-boson interaction opera-
tor can be represented as

1
Rnloca anoc](bb - bb)

:__/ dp)
Epl

X 5(p1 —|—p2 —P1— p2)
X g11 (1. p1, k)g11(ph, D2, k)
1
/

dpz dp1 dp1

1
) {(pl—pl)Q—ui * (p2 — p3)? —/Jg}
X bi(pé)bl(pll)bc(pQ)bc(pl)

with k = p} — p1. In these equations we meet a
covariant (Feynman-like) “propagator”

1 1
2{(171 Ph)? _“s+(p2—p’2)2—u§}’ (27)

which on the energy shell

(26)

1

Epl + EPl = Ep'l + EP'Q (28)

is converted into the genuine Feynman propagator for
the corresponding S matrix.

5. MASS RENORMALIZATION AND
RELATIVISTIC INVARIANCE

We have seen how in the framework of the nonlo-
cal meson-boson model one can build the 2 — 2 in-
teractions between the clothed mesons and bosons.
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They appear in a natural way from the commuta-
tor %[Rnloc,vnloc] as the operators bfafba, dfa’da,
bibtob, bidTbd, dididd, bidtaa, atatbd of the class
[2.2]. Moreover, this commutator is a spring of the
good operators ala, b'b and d'd of the class [1.1] to-
gether with the bad operators aa and bd of the class
[0.2] and their hermitian conjugates a'a® and bfd' of
the class [2.0]. These operators may be cancelled by
the respective counterterms from

Hose(@) = My(a) + My(a). (29)

Let us show that such a cancellation gives rise to cer-
tain definitions of the mass coefficients. Indeed, one
can show that

1
[Rnlom anor] (aTa)

o) G/ mrn

912(17’ q-,k) +
—|—Ep By e Wk]a k)a(k),

931 (p.q—.k-)
k Ep+ Ep_x +wk

(30)

where ¢ = (Ep—x, p — k). In the same way we obtain

1
5 [Rnloca anoc] (aa)
/ /E 912(P, 4—, k)g21 (P, g, k)
X[~ +———la(K)alk-). (D)
alk)a(k_).
pi + 2p—k ns — 2pk
Furthermore, assuming that
1
MS(Q)(a) + i[Rnlocv anoc]2mes =0 (32)
with
[Rnlom anoc]Qmes = [Rnlom anoc](aTa)
+[Rnlom anoc](aa) + [Rnlom anoc}(aTaT)a
we find
(2)(k) 1/ dp 951 (P g, k)
EpEy x Ep+ Ep_x +wi
2
912(p, q—, k)
+ , 33
Fo ] (33)
m$? (k /—912 P, q—. k)ga1(p, g, k-)
1
. 4
L +2pJ~c W (34

The operators that conserve the boson (antiboson)
number can be written as:

1
_[Rnlom nlor}(b b)

2
/ /E2Ep k[E

_ 93P, g, k-)
Ep + Ep,k + wk

911 (p, q, k)
- Ep x —wk

16 (p)b(p), (35)



1
[Rnlom nlor] (d d)

/ / 95 (P, 4, k)
E2Ep k Ep - Epfk — Wk
921(]3’ q-,k-) +
— d"(p)d(p). 36
oy e GLOCCNENCD
One can show that from the condition
1
Méz)(a) + i[Rnloca anoc]2bos = 07 (37)
where
[Rnloca anoc]2bos
= [Rnloca anoc}(bTb) + [Rnlom anoc](deT)
+[Rnlom nloc](db) [ nlocs nloc](d d)
it follows
dk g1 (p g, k
) = - [ e
wkEp_k Ep — Ep_k — Wk
_ g%l(pv Q—vk—) (38)
Ep + Ep,k —+ wk ’
dk g1 (p g, k
)= [ nlp.a. )
wkEp_k Ep — Ep_k — Wk
g%l (pa q—, k*) (39)

Ep+ Ep g +wik

Similarly one can obtain the non-diagonal coefficients

2 2
m{3 (p) = m5? (p)
dk
== — k _k_
/wkEp_kgll(pqu )921(177(1 9 )
1 1
X — 40
[Ep—Ep,k—wk Ep—I-Ep,k-l-wk] ( )
o (2) (2)
myy (p) = myy (p)
dk
= - / _gll(p7 q, k)921(p7 q—, k—)
Wk
X[+ ]
w2 —2pk  p2+2p_k
/—911 (0, ¢, u)g21 (P, g, u—)
X( L)
2[u3 —pq] —p? o 20 +pg | —p2”

where u = (Ep_q,P — Q).

Thus the clothing procedure has allowed us to get
analytical expressions for the interaction operators
between the clothed particles. Moreover, we have
obtained some prescriptions when finding the coef-
ficients in the “mass renormalization” operators.

At last, one should emphasize that if one starts
from expansion

’I’L?(‘

Z HE.(x)

(42)

with the second-order contribution H,(fq)c = Ms(z) +
Ms(z) = 0, then the RI would be violated at the be-
ginning because of the obvious discrepancy between

[Hp, DP) = [Np, HiZ] + [Np, Hl,  (43)
and
[P, DY) = i6 HE), (p=2,3,..).  (44)
By using previous equations, we obtain
—/X[HF,HSC(X)]dx
= [Hp,Ny] + [H;, Ny + [Hpse, NF]. (45)
Evidently, this equation is fulfilled if we put
N;=Np=- /stc(x)dx, (46)
[Hse,N;| = /de/dx se(X), Hge(x)]
= [Np + Ny, Hpscl- (47)
In a model with H,,,. = 0 the latter reduces to
/ e PXIPXIX =0, (48)
where
1= [ vl (o), (=50 (19)

One should note that we have arrived to previous
equation being inside the Poincaré algebra itself with-
out addressing the Noether integrals.

At this point, we put Ny = Np + D,

[HF,D] = [NB —+ D, HSC} + [NF +Npg + D,Hnsc],
(50)
that replaces commutator [H,N] = iP and deter-

mines displacement D. Assuming that scalar density
H,.(x) is of the first order in coupling constants in-
volved and putting

Hyse(x) = Y HEL (), (51)
p=2
we will search operator D in the form:
D=> D, (52)
p=2

i.e., as a perturbation expansion in powers of the in-
teraction Hg.. Here label (p) denotes the p-th order
in these constants. One should keep in mind that
higher (p > 2) terms are usually associated with per-
turbation series for mass and vertex counterterms.

By substituting H,s. and D we get the chain of
relations:

[Hp,D®] = [Np, Hs.] + [Np, H2)],

nsc

(53)

[Hp, D®] = [D® H, ]+ [Np, H3)] + [Np, H?)],

nsc nsc

(54)
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[Pk, DPI] =0, (p=2,3,...) (55)

Further, after such substitutions into the commuta-
tors
[Py, N;| = idg; H, [Jx, N;]

[Nk’Nj] =

= iek; Ny,

—iekjdi

we deduce, respectively, the following relations:

[Py, D(” | =ibk HE)., (p=2,3,...) (56)
[, D) = ey DY, (57)
[Nk, Npjl + [NBk, Npj] =0, (58)
[Npw, DP] + DY, Npj) + [Nk, Npj] = 0, (59)
[Npk, D (3)] + DY, Nrj] (60)
+ [Npw, D) + DY, Nj] = 0,
(p=2,3,...).

6. DISCUSSION. TOWARDS WORKING
FORMULAE

We see that our algebraic approach in combination
with the UCT method makes our consideration more
and more appropriate for practical applications (in
particular, as one has to work with the vertex cut-
offs). The formulae for the 2 — 2 interactions become
more tractable if we assume that

gs’s(plvpa k)

p = (=1)pl[k = (=1)°'p' +(=1)°p)).

(61)
One can verify the nonlocal model with such cutoffs
possesses necessary properties. In terms of the v,/
functions we get

/ U21
EpEy_ k

’

= Us’s([k+ (_1)6

— (Ep + Ep—x)?)
E +Ep k + Wk

U12 wk (E +EP k) )] (62)
Ep + Ep,k — Wk ’
dp
my? (k) = = | Fova (k= (Bp + Bpid)?)

X U12(Wk - (Ep + Epfk)Q)

1 1
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“ETmE Tk (63)

Now, by handling the charge-independent cutoffs,

vi2() = va1(x) = f(x), (64)

we obtain , ,

m{® (k) = m$ (k)

dp f*(wi = (Ep + Epix)?)
EP lu’s + 2pk

68

dp f*(wi — (Ep + Ep-x)?)

Ep 13— 2pk .
In other words, the option (64) yields the momentum-
independent coefficients m§2)(k) = méz)(k) = m?.
Indeed, along with the Lorentz invariant denomina-
tors the integrand in the r.h.s. of (65) contains func-
tion f(I) whose argument

I(pvk) Ewl%_

= Mi - 2#2 —2EpEpx —

(65)

(Ep + Ep—k)2

2p(p — k)

does not change under the simultaneous transforma-
tion p = p’ = Ap and p—k = A(p — k) on the mass
shells p? = p? and k* = p2. Now, we can reduce the
triple integral to the simple one:

S 2 20,2 2 2
m(2) = 81 t=dt f (/”Ls — 417 — 4:U’b) (66)
’ o VE+pg AP+ Ay — gl
Furthermore, it has turned out:
2
m{? (p) = m (p)
= _/ dk [vfl(wi (Ep — Ep—x)*)
wkEp_k Ep — Ep_k — Wk
U21(wk (E + EP k) )] (67)
E + Ep—k + Wk ’
2 2
m{3 (p) = m$ (p)
dk
== / WTHUH(OU%{ - (Ep - Ep—k)Q)
XV21 (W12< - (Ep + Epfk)Q)
1 1
J. (68)

X —
[Ep — Ep,k — Wk Ep + Ep,k + wk

Evaluation of these coefficients is simplified once we
put

Ep—k)2) = U21(W12< - (Ep + Ep—k)2)
= f(Wﬁ — (Ep + Epfk)2)v
D) = mi () = m ()
_ 2/%f2(‘“12< — (Ep + Ep—k)2)
o Wk E]2)7k — (Ep — (.Uk)2
(Ep + Ep—k)2)
(Ep + Ep—k)2

v (wip — (Bp —
(69)

m

dk 2wl —

+2
Ep

- (70)
k

or
my? (p) = C1(p) + Ca(p),
o [k fA(wi = (Bp + Ep-x)?)
Cilp) = /wk 2pk — p?
dq f*(p3 — 20 — 2pq)
Eq p2—2p3 —2pq

Evidently, the second integral does not depend upon
P SO

b

Ca(p) =2

dq f? (43 — 247 — 2uEq)
Eq 42 =243 —2mEq

Ca(p) = C2(0) =2



* g*dg f* (3 — 2p5 — 2 Eq)

=87
o Ea p2-2u3 —2mEqg

(71)

It is not the case for integral C(p). Thus the boson
“mass renormalization” coefficients may be momen-
tum dependent.

7. CONCLUSIONS

In order to avoid ultraviolet divergences typical of
many field theories we have introduced some co-
variant cutoff functions in momentum space in the
Wentzel field model, that makes our model nonlocal.
For this model we retain the property of the interac-
tion density to be Lorentz-scalar.

We have shown how in the framework of the non-
local meson-boson field model one can build interac-
tions between the clothed mesons and bosons. More-
over, the mass renormalization terms, that are com-
pulsory to ensure the relativistic invariance of the the-
ory as a whole (in Dirac’s sense), turn out to be ex-
pressed through certain covariant integrals. They are
convergent in the field model with appropriate cutoff
factors.
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HEJIOKAJIBHOE PACHHIMPEHUWE MO/JIEJIN BEHTIEJISA B IIPEJJCTABJIEHUNA
OJETHIX YACTHUI]

A.B. Illebexo, II.A. Pponos

st Toro 9To0bI M30€KATh YABTPAMDUOIETOBBIX PACXOAUMOCTEH, TUMMMIHBIX /I MHOTHX ITOJIEBBIX TEOPHii,
BBO/ISITCSI KOBAPUAHTHBIE 00pe3aloriye (DyHKIMH B MMITYJIbCHOM MpOCTpaHcTBe B Moaenun Bentnesnsa. [Toka-
3aHO, KAKUM 00pa30M B paMKaX HEJOKAJHHON Me30H-OO30HHOM IMOJIE€BOH MOMEIN MOXKHO MTOCTPOUTH B3aM-
MOJIEHCTBUST MEXKIY OJeThIMU Me30oHamu u Oo3oHamu. Kpome TOro, MaccoBble TIEPEHOPMUPOBOYHBIE UJIEHBI,
KOTOpPBIE 00S3aTeIbHBI i 00eCIIedeHnsT PeIITUBUCTCKON WHBAPUAHTHOCTH TEOPUU B IIEIOM (Ho ,HHpaKy),
OKAa3bIBalOTCA BbIPDA2KEHHBIMH Y€pDeE3 OIIpeae/I€HHbIE KOBAPDUAaHTHBIE MHTErDAJIbI. 9TI/I HHTErpaJibl CXOAATCA B
[TOJIEBOH MOJIETH C COOTBETCTBYIOIIUMIU 00PEe3Ar0NuMu (PyHKITASIMH.

HEJIOKAJIBHE PO3IMIINPEHHA MOAEJII BEHTIIEJIA ¥ SOBPAKEHHI
OJATHEHNX YACTMHOK

O.B. IlIe6exo, II.0. ®@posos

o6 yrukHyTH yabTpadioseToBux po30iKHOCTEN, TUIIOBUX Jjid 0AraThoX MOJLOBUX TEOPiil, BBOAATHCI KO-
BapianTHi 00pe3aioui MyHKINI B iMmyabcHOMY TpocTopi B Mozesi Benrress. Iloka3ano, sk B paMKax HEJIO-
KaJIbHOI Me30H-0030HHOI TOJILOBOI MOJIEl MOYKHA MMOOYIYyBATH B3a€MOIl MiXK OJSTHEHUMH Me30HaMu i 6o-
3oHamMu. KpiMm TOro, MacoBi mepeHOpMipOBOYHI WiIeHU, IKi 000B’SI3KOBi jisi 3a0e3MmedeHHs PeTaTUBICTCHKOL
inBapianTHOCTi Teopii y uisomy (3a Jdipakom), BUABJISIOTHCH BUPA2KEHMMU Y€pe3 [IeBHI KOBapiaHTHi iHTerpa-
nu. Jlami inTerpanu 36irafoTbCs B MOJTBOBii Moesi 3 BiamoBiguuMu obpe3atoanmu (pyHKITISIMHA.
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