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In this paper a multivariate discrete-time, discrete-state stochastic inventory model for perishable
items is discussed. This model draws on earlier works by the authors and the fractional thinning
operator of Steutel and van Harn. Items in stock are assumed to belong to one of M possible cate-
gories (representing qualities). At each time t items in the stock may stay in the same class, move
to one of the M—1 classes or perish. The movement between classes is assumed to be regulated by
a multinomial thining operator (to be defined below) which is dependent on some vector-valued
parameter process. Recursive estimates for the parameter process are proposed for three possible
scenarios.

PaccmoTpena croxacTuyeckas MOZEIb yIpaBJIeHHUs 3allacaMyd ¢ MHOTUMH CIIy4aifHBIMH Iepe-
MEHHBIMH, TUCKPETHAsI BO BPEMEHH U [IPOCTPAHCTBE, ISl CKOPOIIOPTSIIUXCS TOBApOB. Moenb
IIOCTPOEHA HA OCHOBE MPEIbIAYLINX PAOOT aBTOPOB C UCIOJIB30BAaHUEM APOOHOIO OIEpaTopa
paspexennst Crenrena u Ban Xapna. Ilpeanonaraercs, 4To ToBaphl Ha CKJIa/e OTHOCATCS K
OHOH 13 M BO3MOKHBIX KaTETOPHI KadecTBa. B kaXIbIii MOMEHT BpeMEHH { TOBApHI HA CKIIA/Ie
MOT'yT OCTaBaTbCsA B OAHOM M TOM XKC KJlacC€, NEPECXOAUTh B OIUH W3 M-1 knaccoB wuIn
noptuthes. [lpennonaraercs Takke, 4To MepeMelIeHIe MEeXITy KIIacCaMH PeryIupyeTcs MyJIbTH-
HOMHUAJIBHBIM OIEPAaTOPOM Pa3peKEHMs, KOTOPBI 3aBUCUT OT HEKOTOPOTO IpoLecca ¢ BEKTOp-
HO-OLICHHBAaEeMBbIMH TTapameTpamu. sl Tpex BO3MOKHBIX CLEHAPHEB MPEIIOKEHBI PEKYPCHUBHBIE
OLICHKH TTapaMeTPOB IIpoliecca.

K ey words: partially observed inventory model, multinomial thinning operator, optimal
filtering.

1. Introduction. Deterioration (perishability) of items while in stock is a real
fact. Food, electronic components, pharmaceuticals, and drugs are just a few ex-
amples of such items: see [1—3]. In this paper we consider a multivariate dis-
crete state, discrete time stochastic inventory model for perishable items, where
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items are assumed to belong to M +1 possible categories (representing qualities).
Categories are assumed to be ordered so that Category 1 houses the best quality
and quality M houses the pre-perished quality and the perished items are housed in
Category M + 1. At each time ¢, t = 1, ... items in Category i,i=1,..., M, that
have not been sold either stay in the same class, or move to a lower class. The move-
ment between classes is regulated by some multinomial thinning operator to be de-
fined below. As a matter of fact the proposed model builds on an earlier work by the
authors where the Binomial thinning operator « o » is used: see [4, 5] .

To Binomial thinning operator is defined as follows. For any nonnegative
integer-valued random variable X and a €[0,1], let

X
aoX:ZY,
j=1

where Y, 1>, ... is a sequence of of i. i. d. random variables independent of X,
such that P(Y;=1)=1-P (¥;=0) = o. We assume that cco X =0 if X <0. The
operator « © » was used by [6, 7] to examine integer-valued time series and to
model count data.

Here we shall assume that the inventory consists of a single item. Let X ,’, ,i=
=1,.., M+ 1,n=1, ... be the level of stock of the item in category i, at time 7.
We also assume that within period », an item of quality 7 either keeps its quality
with probability o} or move to any of the M —i lower qualities i+1, i+2, ..., M
with probabilities o L0l 0, or perish with probability 1-a!,, —
o, o 2ol

The inventory dynamics now take the form

1 1 1 1
Xn =0 Oanl +Un _Vn >

2 1 1 2 2 2
X (X20Xn71 +(x'20anl _Vn>

(1

M _ 1 1 2 2 M _yM M
X Oy oX, tay o X, +otoy o X, 0 =V,",

n =
M+ _ 1 1 2 2 M M
Xy =0y o X F 0y o X ety g 0 X,

where Uis a Z_ -valued process representing the replenishment process which is
assumed to be predictable with respect to the filtration generated by the inven-
tory process, and

v.ew! v, ..M oy 2

isa Z ™ -valued random variable with distribution ¢ , representing the demand at
each epoch n.
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Now we introduce the multinomial operator 0. This operator can be seen as a
natural generalization of the binomial thinning. Let X be an non-negative, inte-
ger-valued random variable. For a given value of X, suppose that a random ex-
periment consists of classifying each of X objects into one of M + 1 categories
with probabilities o, a5, ...,0L , ,0L )/, such that o, +a, +.. 4+ ), +0,,, =L
Write

M+1
Sy ={£= (Crsenl )DL :X},
i=1

where /,...,/ ,,,, are nonnegative integers. Let

aé(ocl,ocz,...,ocMH ). 3)
Then o 0X = Y €1 (Y =£),where Y=(Y', .., Yy, Y'is the (random) num-
leSy
ber of objects that result in class i.
Then with e; denoting the M-dimensional standard unit vector with 1 in the
i-th position and zeroes elsewhere, the dynamics in (1) take the form

¥ )
Xn _Za <Xn—1’ei>+Un _Vn’
i=l
where
[ ol ] 0 ] 0
1 oy
‘an C]n 1 2
o o 0
X, 0ol 2 ; ? w
)(n = 'n ’ l]n = . o= : , a” = 5 s ey AU = )
: M
) GL Oy Oy
XM+] 0
n 1 2 M
L0 ara L ar41 L a1

V, is given in (2).

A generalization of the operator ¢ [8] was proposed in [9]. In both articles
this operator or its generalization gave rise to some new integer-valued time se-
ries where their properties were examined. The present paper take a different ap-
proach and focusses on estimating dynamically the parametersa.', ...,a. ™ . To do

that we shall consider three possible scenarios. Initially, we shall adopt a
Bayesian point of view and assume that parameters o', ...,a. ™ have some given

prior density. Based on observing the level of stock of the items, recursive esti-
mate for the posterior density is proposed. This is done in the next section. In the
second scenario, it is assumed that the parameters o Lo aM areno longer static

in time but dynamic and changes according to some Markovian rule. Also, based
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on observing the inventory history recursive estimates are proposed in section 3.
The final scenario builds on the fact that the assumption of full observation of the
level of stock is not always valid as transaction errors, spoilage, product quality and
yield render full observation of the level of stock difficult. In this paper, we shall
consider the zero balance walk proposed by [10, 11], where at each period demand
is only observed when the inventory level drops to zero. The paper concludes with
the analysis of the zero-balance walk model and some general remarks.

2. Recursive parameter estimation. In this section we derive recursive es-
timates for the parameters o', ...,a . We suppose that each o’ takes values in
a measurable space (@i, Bi, pi). The values of a',..,a™ are unknown and, in

this section, we suppose they are constant.

Write £, for the complete history generated by the observed inventory
X, k=0,1,...,n,and g, for the complete history generated by the inventory and
the parameters al, ey O M.

To make computations easy: see [12] we shall work under a reference prob-
ability measure P where the process X is a sequence of i.i.d. random variables

with probability distribution . SetA, =1, and for k£ > 1

M .
d)n[zal Y <Xn—1’el>+Un_an
i=1

7\4k: - 5 An: 7\'/(
v(X,) g

It can be shown that the process {A,, } is a martingale with respect to the filtration

G, . Therefore, we can relate P and P by setting Zﬁ g 2N,

We shall call the probability measure P the «real world» measure. Using
similar arguments to those used in [12], we can also show that under the «real

M .
world» measure P that the dynamics in (4) hold where V/, éz a'0(X, e )+
i=l
+U, —X,, and under P, V, has distribution ¢,
Now, from observing the inventory level, we are interested in computing

M
E{H[ (a'e dGi)\ Z, } A generalized version of Bayes Theorem: see [12]
i=1

gives:

i=]

y E{Aﬁ I(a'e do")|%, }
E{H I(a'e dO")| % }: .

i=l

E[A,4]
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The numerator of the above expression represents a unnormalized condi-
tional expectation. Write

M
E{AnH I(a'c d0')| % }éqn(ﬂ L0y au' @'y . du™@©@M).
i=l1

The normalizing denominator E [A,,| %, ]is given by

q,0", ...,0") du'@") ..du™@©") .

O'x... xeM

The next theorem provides a recursion for ¢, (0 ',..,0") .

Theorem 1. Suppose /4 (0,...0 ") is the prior density for a', .., a™.
Then ¢,@',...,0")=1 (0", ..,0"), and the updated estimates are given recur-
sively by

q,0",..,0") =

M .
p ¢(Zl: (' +U, —XMJ y i
= = ) ] n-1 X
izzll res v(X,) H(f’-fl j

i
i=t \ Ll U

x(09) 10, 1. (00,,) " f(0,..,8") g, (0,..,08").

Here

M+1

Sy, = (0 =01, Uy ) D =X,
i=1

2 2 92 2 & 2 2

Sy =1 =0,05,0 s ) L= X0

i=2

Syu =M =(0,0, .., 5y O )+ =X

n—14
X _ X
e e M) ket

0 T
0, 0
2
el 912 , 02_ 62 s OM_ 0 ,
eM
2 M
elM“ 6M+1 _eﬂﬁjllﬂ_

ISSN 0204-3572. OnekTpoH. MoaenupoBaHue. 2007. T. 29. Ne 1



Lakhdar Aggoun, Lakdere Benkherouf

/! 0 0
2 .
0 = £ 2= 6,2 ., M= 0
M
/! 02 EMM
M+l M+ L0

Proof. Let f be a test function then by definition:
E[A,f (0. a)| F =

= j £,0,..,0") ¢ (0., 0M) du'(8")..du™(0M).

0'x. xeM
However
E[Af(@,.,a") |7 =
y i
¢n[2 a'0(X, ,e)+U, —an
=E| A,  — = f(d,., a")E |=

v(X,)

(I)n(i 0i<><Xvn—lﬂei>+(]n _XnJ
=E~ J‘ i=1

f(05,.,0)
('-)lx..,x(-)M \V(Xn)

¢ (0,0 )xdu'(0")..du™ (@ )£ =

o ¢(f 0+ U, —X”j o
=2 2 F =l [Ty =e,
i=1 ('eS

; O'x. xoM \V(Xn) i=1

n—1

£(8.8") g, (8.,0")dn'(8") .. du"(8")] fn_l}

M
¢n[2 €1+Un _an M xi
= H( igi n_li ]X
L leS ;i 0'x.xeM v(X,) i=t \Liliylarn

n—1

M=

1
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x(81)"1(81,) "1 (8%) M1 £ (0,..., 0 M) x
xq,(0,.,0")ydu'(0")...du™(0")

Since f is an arbitrary test function the result follows.

3. A finite state case with Markovian dynamics. In this section we assume that

1 1 1 2 2 2 M
each group of parameters o =(0t,..,0 ;1) O =(05, e,y )y ooy O =

=(a 7,0 hr., ) is a set of dependent finite-state Markov chains. For the sake of

simplicity we suppose that the Markov chains in group 7 have state spaces equal
to K'. More precisely we have for n > 0:

1 1 K! 1 1 K!
(M) E{P 1 sees P11 Soeens O gy (1) € {Pl(M+1) >""pl(M+l)}’

2 1 K? 2 1 K?
a5(n)€{pryss P2y }res Wiy (n) € {Pz(M+1) s Po(M+1) 3

M M
o %(I’l) € {p}le 50 pg\(/IM }’0“ AAj[[-H (l’l) < {p%\/[(M-H)’ it p]/\</[(M+l)} :
Without any loss of generality, we identify the state space of each Markov chain

in group 7, with the set of standard unit vectors R® §
Write £, for the complete filtration generated by the observed inventory X,

and g, for the complete filtration generated by the inventory and the processes
1 1 1 2 2 2 M M oM
a =(Otl,...,OLM+1), a =(OLZ,...,OLM+1), ceey (04 =(OLM,OLM+1).

Now we define the probability transitions of the above processes. With ®
denoting the tensor product of two vectors we assume the following:

M+1 1 M+1 1
P[/@)l a,(n)= €®] esfgnl}:

M+1 . M+1 : . .
:P{ZQZOI OL[(n)Z g)l esé Otl(l’l—l), ...,(XM+1(I1—1):|,

M+1 5 M+1 )
P[fgaf(n):é%eségnl}:

M+l ) M+l ) ) )
:P{ g)zocé(n): g)z ey, (ax(n-1), ...,(1M+l(n—l):| ,

P |:(X. %(}’Z) ®a %ﬁ-l(n) :es% ®e§/‘;+1 ‘gn—l ]jl =
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P[aM(n)cmMﬂ(n) e, ®e (x%(n—l),...,ocgﬂ(n—l)]

Write

M+1
p[ ® al(n)= @ e {(n—l):eil,...,(xlﬂﬂl(n—l):eiml}:

1
=a, 1 .. L
St e Sy 15715 0 T 1

M +1
P{ ®a’(n)= ® e %(n—l)zerzz,...,aﬁ,lﬂ(n—l):erim}=

2

=d, o2 2 2
S2 s Sppa 157205 s T 1

P[ 2 (M) ®ajy ()= e ®e oy (n=1)= e g (n=1)= erM+]:|=

aM .
- M )
SM»~’SM+1’rM9'arM+l

1 1 1 1 1
b8 eSSy oV s Py =120, K

_{al 19 M+10 "1 M+ 1

1
SlwaSMﬂ,Vla-, "M+ 1

2 2 2 2 2
—{a2 2 a2 b SysensSips By sees Fopy =125, K7,
S5 s S 15725 0 gy 1

M _ ¢ M M M M M _ M
A —{as% M 7%1},SM,‘..,SM+1,I”M,I’MH—1,2,...,K .

We have the following representations [12, 13]:

M+1

®a H(n)=4" ®a Y n=-1)+w),

M +1 5 2M+1 5 5 (5)
_®20c,.(n)=A %ai(n—1)+Wn,...

S0 (M @y (m) =AY oy (n=1)®a . (n=1) + 17,

Here W' is a martingale increment process with respect to the filtration generated
by the processes a.1,..,a',,,, W? is a martingale increment process with re-

spect to the filtration generated by the processes a.3,...,0 3., W™ is a martin-
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gale increment process with respect to the filtration generated by the processes

M M .
O 35 O aryg - SInce

M+1 ] M+1 q 1 S R
Elaf(”)z g e, || oy (m)=pj, .. Oy (n) = Piva)

M+1 ’ M+1 » ) 22 G2M+ 1)
/%a,e(”)zgz €, |e<=| &2 (n)=pr, - O‘M+1(”) Pz(M+1)

s,}MM ?JW(M+
oy (7)) ®ayy, (n) =) ®esM = o g ()= Plpay -0 ag (1) = Pm(m+)
Therefore
11
Pfl
Kl pSIZ
1
[NV e :
o RICTSH
pl(M+l)
1 Sll l(M 1)
xI[oy(n)=pip, 0‘M+1(”) pl(M+1)]
0
) K pizz2
an<><Xn_1,ez>: <><Xn_1,ez>><
$22 LMD 2(M+ )
Pz(M+1)
2 S22 2(M+1)
xI[oy(n)=py, - 0‘M+1(”) Pz(M+1)]
-0 ]
KM :
M
a, X, Ley)= D) 0 |O(X,1,ey)x
MM M) pj\/[ iy
ML
| PM(Mm+1) |

MM M(M+l)
XI[OLM(”) pMMaaM-H(H) pM(M+1)]

and the dynamics in (4) take the form

X, Za 0(X,_1,e)+U,—V,. ©)

ISSN 0204-3572. OnekTpoH. MoaenupoBaHue. 2007. T. 29. Ne 1 11
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Write
Sll 0 O
P . :
e Py
1_| P2 2 _ M _
p= " P e P = ?MM
Sl(.M+ I s2M+D Pum
Pim+1) P+ MO D)
| P M (m+1) |

We shall adopt a similar approach to that used in the previous section and
work under a reference probability measure P where the process X is a sequence
of iid. random variables with probability distribution y. Set A, =1, and

=0
M
%(Zai 0 (Xyy.€;)+U,; —ij
i=l1

A = Jk=1,....
v (Xy,)

It can be shown that the process {A, } is a martingale with respect to the filtration

G, . Therefore, we can relate P and P by setting ca; " éAn.

The probability measure P is the «real world» measure. Using similar argu-
ments to those used in [12], we can also show that under the «real world» mea-
sure P that the dynamics in (6) hold. We shall be interested in computing

M+1 | M+1 | M+1 ) M+1 ) w u o o
EK g a,(n), /:®1 €, >< ﬁC:)zag(n), f(:)z e, > ...<a v (1) ®a M+1(n),eSM Qe >\fn }
(7)

A generalized version of Bayes Theorem: see [12] shows that equation (7) is
equal to:

M+1 M+1 M+1 M+1
S+ 1

Fal 1 1 2 2 M M M M
E[A,,< ®ai(n), ®e, ) &aj(n),® esf>...<0tM(n)®0L Ma(n)el ®elt E ]

E[A,|7,]

The numerator of the above expression represents a unnormalized condi-
tional expectation. Let this expression be denoted by g, (s', 5%, ..., s*), where

1 1 1 2 2 2 M M M
S :(Sl,...,SM+1),s :(S2""’SM+1)’ cees 8 :(SM ’SM+1)'

The next theorem gives a recursion for g, (sl, s°, sM).
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Theorem 2. Suppose p, is the probability distribution of a',...,a . Then

for n > 1the updated estimates are given recursively by

1.2 M
q,(s,8%,..,8" )=

K, K, Ky
Z Z Z 1 2
—_ oee a 1 1 1 1 a 2 2 L2 2 .es
1 1 2 2 M M Spsees SPp 1577 5 oo g 1 525 oo Shp 15725 o0 Tagg 1
s T 120 155 o Tipe 1= Tags Tige 1 =1

) Zm“ﬁ’#Un—Xn

v M '(' J m i
a by 3 i [l :
SM>"SM+1’rM"’rM+1 ’
i=l 1+1 M+1

tes i \V(Xn) i=
Xn—l
l( +1) '( +1) 1 M
X(Pu ) (1—7,(1+1)) (PI(M+1)) Y (P e ).

Here
1 1 1 2 2 2 M
2(7'1 ,...,I"MH),I' 2(7’2 ,...,rM+1), ...,I‘ Z(I" ,rM+1)

P r o o f. First note that
o M+1 | M+1 | M+1 ) M+1 ) o v "
E [An< g O('Z(n)s /<>=<)1 esé >< /6:()2 O('Z(n)s l€<>:<)2 esé > <O(‘M(n)®O('M+1(n)aesM ®
o >f} _F [An1<M5a;<n),Méleg ><M5a3<n)f"éle§ >
M1 =1 =1 I\ =2 =2t

< (I’l)@(l M+1(n)’eSM ® eSM+1>

Using the representations in (5) this is

M .
¢n(2plo<an’ei>+Un _Xn]
i=1

v(X,)

|7

M+1 M+1

:E{A <A1 ®a(n 1), ®e ><A2 ® o (n-1), ®e >
(AM o (n=D)®ay . (n=1), e ® e ),

¢n(zplo< nl’ >+U XJ
i=1

v(X,)

% |-

n

ISSN 0204-3572. OnekTpoH. MoaenupoBaHue. 2007. T. 29. Ne 1 13
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K, K
2
= E E E a 1o U2 R TR B SR
1 : 5 2 M ST v ShE 15 s oo Tl 1 52 s S 1575 o0 Tigi 1
EERES R R W e

M+1 M +1 M +1 M +1

wa o ow o E[A, <®a§(n—1),®e;><@af(n—l),®e§>,.,
i=1 (=1 ]\ i=2 =2

SM> s Sy 15T Mo -+ VM+1

(g (=D ®ajr, (n-D),el ® et ),

¢n(§pi0< w1:¢)TU, XJ

o %00
K, K, )
= Z Z Z a | S 72 T S SR SR
> 51’- o SMA 1T oo T 10 525 o S 15725 o Tl 1
V17-=VM+1*1’2,-JM+1*1 VM,VMH*

M ¢n[i ﬁi +U” _X”J m i
2 i=1
.“aSAA},.,SM+1>rM>'5rM+IZ i; \j,l(Xn) th €l+1 M-%—1J><

=1 i=l1

i
n—1

L(L+1) 1(M+ )]

X(pu ) (p[(l+1)) (p[(M+l)) n—](rla'"er)'

Here
1 1 2 2 2
:(rl"“’rMJrl): r :(rz""’rM+1)’ _(rMarMH)

4. A partially observed inventory. In this section we assume that the in-
ventory level is not observed at all time. However, the management observes the
event when the inventory falls to zero and cannot observe the inventory when it
is positive. To study such partial observations of the inventory levels, we intro-
duce a signal (message) random variable

ZIAI(X! =0), n=0,1,2, ...

The processes Z i=1, .., M are discrete-time Markov Chains with the state
space the set {0,1} where 1 means an empty inventory and 0 means a nonempty
one. Write

6,=0{X,, 7}, a' i=1,..M,U,V,, k<n}

F, =c{Z,§,i=1,...,M,Uk,Vk,kSn}.
We shall suppose that:
P(Z,=m|, 1=P[Z] —m‘ iU

n—1><*n-1>

V.1

n—172

14 ISSN 0204—-3572. Electronic Modeling. 2007. V. 29. Ne 1
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Write

(X, sU, \V, )=P[Z,=m| Z, =0,X, U, .V, ]

n—1° n—1° n—1°

We shall work under a reference probability measure P where the the pro-
cess X is a sequence of i.i.d. random variables with probability distribution v,
and the processes Z ' are i.i.d. random variables uniformly distributed on the set
{0, 1}. SetA, =1 and for k> 1,

M .
7\'/{: =1 X
v (Xy)

M . .
[T TT Cano(Xit:Usy s Vi ) B Zia=h,

i=l (,m=0,1

and A, = Hk «- It can be shown that the process {A, } is a martingale with re-
k=0

spect to the filtration g, . Therefore, we can relate P and P by setting ZZ: s, éAn.

Under the «real world» measure P the dynamics in (6) hold. We wish to find a re-
cursion for

E{AnI(Xn :x)ﬁl(af e do')| F |.

i=1
Let this expression be denoted by ¢, (s',s%...s™), where
1 1 1 2_;2 2 M M M
S =08y s Spra 1 8T =085 ees Shps1 s oo 8 =(Shr> Shrar )

Theorem 3. Suppose % (x,0',..., 0 ) is the prior density for X, o', ...
vy o M Then q, (x, 0, ..,0")=h(x,0' .., 0") and the updated estimates
are given recursively by

M ; i_ i -
0,601, 0" =3 [T T @l (00,1, 57050

z i=l {,m=0,1

£ yolSeundiil,,
% ¢, £ +U,—x [i i i Jx
i=l l'es,; i=l it \Lilig ol

x(0)(01,) " (®) M g, (2,0, 81,
For the notation see Theorem 1.

ISSN 0204-3572. OnekTpoH. MoaenupoBaHue. 2007. T. 29. Ne 1 15



Lakhdar Aggoun, Lakdere Benkherouf

Proof. Let f be a test function then by definition:
E[ANI(X,=x)f (a',.,a")|F =
= j 10,0y q (x,0',..,0") au'®").. an™ @) .

0'x..xeM

However

E[A(X, =x) f(a .., a")|Z =

Yo' 0(X, .e)+U, - J

ZE ](Xn Zx)An—l [Z =

X

v (x)

M : i i _
XH H (2a;n,f(Xn—l ’Un—l 3Vn—1 ))I(Zn_m’Z”_l_f) f(ala - . )}”:| i

i=1 (,m=0,1

|: nl(l)n(za nl’ z +U J

M . i_ i _
T TT Qe (X Uy Vo ) G500 fal ™ )}Jz

i=1 (,m=0,1

= : .
=TT T @ahi(z.U, .V, ) “7m=0 %

z i=l (,m=0,1

M
xE[I(X, =z)A”_1<|)n(Z a'0(z,e;)+U, —x] fla', ., a)Z]=
i=1
M

=S T 11 @dhi(aU, ¥, ) Grmdm=)

z i=l (,m=0,1

M
xE[ j n(Ze’o (z,e;,)+U, —x]f(e1 0 M)x
0'x... xoM

i=1

xq, (2,0 .,0 )yau'(0")..du" (0 M)}n_l}:

- i .
:Z H H (261;,4(z,Un71,anl))l(Z,’,:nzZ,’,,I:/)x

z i=l (,m=0,1
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Filtering of an Inventory Model with a Multinomial Thinning Operator

DS VN B D L (PR
=l fleS ;i @'x.xeM \i=l i=1 \itiet m

(0D 1(01,) 1.0 .) M1 £(0,..0") g, (.0 ,..0") x
xdp'(0 ). .du” e M).

Since f is an arbitrary test function the result follows.

In this paper we proposed a multivariate discrete-time, discrete state sto-
chastic inventory model for perishable items. The proposed model is based on
the multinomial thinning used in integer-valued time series analysis and for
modeling count data. The present paper was concerned with estimating the vec-
tor valued parameter process of the multinomial thinning where recursive esti-
mators were proposed from the Bayesian point of view, the dynamic view and fi-
nally the partial observed case.

Po3risiHyTO CTOXaCTHYHY MOJEINb YIPaBIIiHHSA 3anacaMy 3 OaraTbMa BHIIAJAKOBUMH 3MIHHHMH,
JIMCKPETHY Yy 9aci Ta IpOCTOpi, JUIS TOBapiB, IO IIBHJKO ICYIOTHCS. Mojenb 6a3yeThest Ha
Morepe/IHiX poboTax aBTOPIB 3 BUKOPUCTAHHSIM JIPOOOBOTO orepaTopa po3pimkeHHs CTeHTena
ta Ban Xapna. IIpuifHATO IPUIYIIEHHS IIPO Te, 1110 TOBAapU Ha CKJIaJi HajexaTh 10 0JHOI 3 M
MOXJIMBHX KaTEropii sIKOCTi. Y KOXKHY MHTh 4acy ¢ TOBapH HA CKJIaJAi MOXKYTb 3QJIUIIATUCD B
OJIHOMY 1 TOMY 3K KJIaci, epeXouTH B ofuH i3 M—1 kinaciB, abo nicyBaTuch. [IpumyckaeTbes
TaKOJXK, 10 HEePeCyBaHHs MOMDXK KJIACAMHU PETYIIOEThCSA MYJIBTHHOMIAIBHIM ONEPaToOpoOM Po3-
PUKEHHS, SIKHI 3aJIeKHUTh BiJl IESKOTO MPOILIECY 3 MapaMeTpaMH, 110 BEKTOPHO OI[IHFOKOTHCS.
JU1s TPhOX MOSKIIMBHX CIICHApIiiB 3aIIPOIIOHOBAHO PEKYPCUBHI OLIHKH ITapaMeTpiB IpoLecy.
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